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Abstract 

For a subalgebra A of ( ) ,XCc
∗  we show that the sup-norm on A is 

invariant if and only if all dense ideals in A have dense cozero-sets in 
X. Moreover, we show that the maximal ring of quotients ( )AQc  of A 

is metrically dense in the maximal ring of quotients ( )XQc  of ( ).XCc  

1. Introduction 

Throughout this paper, X will be denoted a zero-dimensional topological 
space. ( )XCc  denotes the R -subalgebra of ( )XC  consisting of all functions 

with countable image. This subalgebra has been introduced and fully 

investigated in [4]. ( ) ( ) ( ),XCXCXC cc ∩∗∗ =  where ( )XC∗  is the set 

consisting of all bounded elements of ( ).XC  If A is a subring of ( )XC           
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and ,Af ∈  then we denote by ( ) ( ){ }0: =∈= xfXxfZ  and =fcoz  

( ).\ fZX  For an ideal I of A, we define ∪ If fcozIcoz ∈=:  and ( ) =IZ  

.\ IcozX  A subring A of ( )XCc  is called cz -determining, whenever, the set 

( ){ }AggZ ∈:  is a base for the closed sets in X, or equivalently, the set 

{ }Aggcoz ∈:  is a base for the topology on X. 

By [4, Theorem 4.4], a topological space X is a zero-dimensional           
space if and only if it is a c-completely regular space, that is, for each      

closed set F and ,Fx ∉  there exists ( )XCf c
∗∈  such that ( ) 0=xf  and 

( ) .1=Ff  Moreover, X is zero-dimensional if and only if the set ( ) =:XZc  

( ) ( ){ } { ( ) ( )}XCggZXCffZ cc
∗∈=∈ ::  is a base for the closed sets in X. 

Hence ( )XCc  and ( )XCc
∗  are cz -determining. A subset V of X is said to be 

dense in X, when each nonvoid subset of X meets it, nontrivially. 

An ideal in a commutative ring A is also called a (rationally) dense  ideal 
when its only annihilator in A is 0. By definition, a commutative ring         
with unity ( )AB ⊇  is a ring of quotients of A if for every ,Bb ∈  the ideal 

{ }AabAaAb ∈∈=− ::1  is dense in B. A ring A is called semi-prime, if 

02 =a  for any ,Aa ∈  then .0=a  We recall that each subring of ( )XC  is 

a semi-prime ring. 

Theorem 1.1 [3]. Let .AB ⊇  If A is semi-prime, then B is a ring of 

quotients of A if and only if ( ) 01 ≠− Abb  for all ,0 Bb ∈≠  that is for 

;0 Bb ∈≠  there exists Aa ∈  such that .0 Aba ∈≠  

Proposition 1.2 [3]. If B is a ring of quotients of A and D is a dense ideal 
in A, then D is dense in B. 

An R -algebra A is said to be a normed algebra if A satisfies                    
all properties of a norm ϕ, that is, a non-negative real valued function 

R→ϕ A:  such that for any Aba ∈,  and :R∈r  (i) ( ) 0=ϕ a  if and only 
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if ,0=a  (ii) ( ) ( ),arra ϕ=ϕ  (iii) ( ) ( ) ( ),baba ϕ+ϕ≤+ϕ  (iv) ( ) ≤ϕ ab  

( ) ( ).ba ϕϕ  It is often required that ( ) .11 =ϕ  

Note that ϕ defines a metric d on A given by ( ) ( ),, babad −ϕ=  so that 

A with d is a metric space and one can set up a topology on A by defining 
( ) ( ){ }rxadAxraB <|∈= ,:,  called open balls for any Aa ∈  and ,0>r  

as members of its basis. 

The next result is known and its proof can be deduced from                  
[12, Theorem 11.8] and (iii) above. 

Corollary 1.3. A norm ϕ on a normed R -algebra A (induced by ϕ) is 
continuous. 

2. Dense Ideals and their Corresponding Cozero-sets 

If X is a zero-dimensional space and A is a subring of ( ),XCc  then 

( );AQc  the maximal ring of quotients of A is characterized by ( ) =AQc  

( ){ DD :Hom∪  is a dense ideal in },A  where its proof is similar to the proof 

of [3, Corollary 1.9]. Moreover, ( );XQc  the maximal ring of quotients of 

( ),XCc  has been characterized as the union of ( ),VCc  where V ranges over 

all dense open sets in X, see [10, Theorem 2.12]. In this section, we show that 
( ) ( )XQAQ cc ⊆  if and only if every dense ideal in A has a dense cozero-set 

in X. 

Lemma 2.1. Let X be a zero-dimensional space and A be a cz -

determining subalgebra of ( ).XCc
∗  Then an ideal D in A is a dense ideal if 

and only if Dcoz  is dense in X. 

Proof. First, suppose that Dcoz  is dense in X. We must show that D is a 

dense ideal in A. Let Ag ∈  such that .0=gD  So for each .0, =∈ gdDd  

Hence .∅=dcozgcoz ∩  Therefore, .∅=Dcozgcoz ∩  By assumption, 

∅=gcoz  and hence .0=g  This shows that D is a dense ideal. For the 
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converse, we note that the set { }Aggcoz ∈:  is a base for the topology on 

X. Now, if the basic open set gcoz  misses Dcoz  ( ),.,e.i ∅=Dcozgcoz ∩  

then for each ,Dd ∈  ( ) .∅== dcozgcozgdcoz ∩  Consequently, ,0=gd  

for every .Dd ∈  By density of D (in A), we have 0=g  and hence 

.∅=gcoz  Thus Dcoz  is a dense subset of X and we are done.  

The next example shows that the sufficiency in the above lemma may be 
wrong, if the condition cz“ -determining of A” is omitted. In other words, a 

cozero-set of a dense ideal of A is not dense in X necessarily, even when X is 
compact and A is metrically dense in ( ).XCc  

Example 2.2. Let { } .:10
⎭⎬
⎫

⎩⎨
⎧ ∈±= NnnX ∪  Then X is a compact       

zero-dimensional space and hence ( ) ( ) ( ) ( ).XCXCXCXC cc
∗∗ ===  Let 

{ }1,0,11 −=A  and ∪ mp pm AnmnA <≤⎭⎬
⎫

⎩⎨
⎧ ∈±= 2 ,\:1 N  where p and m are 

prime numbers. Define 

( )
⎪⎩

⎪
⎨
⎧

∈

∈
=

.,1
,,0 1

mAxm

Ax
xd  

Furthermore, suppose that A is the algebra generated by all polynomials 
on X and d and; (d) be the principal ideal in A generated by d. We see that 

( ) ( ) ( ) { }
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∈= ∑
=

0andonpolynomialais:
0

∪NkXxpxdxpA
k

i
i

i
i  

and each element of (d) has the form ( ) ( )∑ =
+k

i
i

i xdxp0
1 .  We claim that A is 

a metrically dense subspace of ( ),XCc
∗  furthermore, (d) is a dense ideal in A, 

where its cozero-set is not dense in X. Suppose that ( )XCg c
∗∈  and 

( ) { ( ) }ε<−∈= ∗
ε gfXCfgB c :  is a neighborhood at g. Since the 
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closed subspace X is C-embedded in [ ],1,1−  the function g can be extended 

to any function g  on [ ].1,1−  Let { }np  be any sequence of polynomials 

converging to g  uniformly. Take kp  such that .ε<− gpk  So ∈kp  

( ) .AgB ∩ε  This means A is dense in ( ).XCc
∗  

Now, assume that Af ∈  and ( ) .0=df  So .0=fd  Note that ( ) =xf  

( ) ( )∑ =
k
i

i
i xdxp0  and ( ) ( ) ( ) ( )∑ =

+ == k
i

i
i xdxpxdxf 0

1 .0  By a direct 

calculation, we show that .0=f  We can suppose that the degree of         

each ip  is n and it has the form ( ) =++++= ni
n

iii
i xaxaxaaxp 2

210  

( )∑ = ≤≤n
j

ji
j kixa0 .0  So 

3

0

22

0

1

0

0 dxadxadxafd
n

j

j
j

n

j

j
j

n

j

j
j ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
+⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
+⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
= ∑∑∑

===

 

.01

0
=⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
++ +

=
∑ k

n

j

jk
j dxa  

If ,mAx ∈  then 

∑ ∑∑
= =

+

=

++

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛+

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛+⎟

⎠
⎞⎜

⎝
⎛

k

i

k

i

i
i

k

i

i
i

i
i xmaxmama

0

2

0

1
2

0

1
1

1
0

111  

.01

0

1
=

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛++ ∑

=

+
n

k

i

i
i
n xma  

Hence, for each ,0 nj ≤≤  we have ∑ =

+
=⎟

⎠
⎞⎜

⎝
⎛k

i

i
i
j ma0

1
.01  Now, consider 

the polynomial ( ) ,132210 +++++= kk
jjjjj tatatatatq  which has infinitely 

many zeros such as m
1  for all .2≥m  Hence 0=i

ja  for each .0 ki ≤≤  So 
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.0=f  Since the open set { }1  does not meet ( ) ,\ 1AXdcoz =  the latter set is 

not dense in X. Moreover, A is not cz -determining. To see this, consider the 

closed set { },1  again. 

Theorem 2.3. Let A be a subring of ( )XCc  and ν be the set consisting of 

all those dense open sets V of X such that ,VDcoz ⊆  for some dense ideal 

D of A. Then 

(1) ( ){ }ν∈= VVCS c :: ∪  and ( ){ DDcozCS c :: ∪=′  is a dense ideal 

in }A  are R -algebras. Moreover, ( )XQS c⊆  and ( ) .SAQc ′⊆  

(2) S ′  is a homomorphic image of S. 

Proof. (1) We prove the theorem for S. The proof for S ′  is done 
similarly. Let ., Sgf ∈  Then there exist ν∈21, VV  and dense ideals ,1D  

2D  in A such that ( ),1VCf c∈  ( )2VCg c∈  and ( ) 121 DcozDDcoz =∩  

.212 VVDcoz ∩∩ ⊆  Since 21 DD ∩  is a dense ideal in A, .21 ν∈VV ∩  

This shows ., Sgffg ∈+  Furthermore, S has the constant functions 1 and 

–1. So S is a ring containing .R  Now, [10, Theorem 2.12] shows that 
( ).XQS c⊆  Furthermore, according to [10, Lemma 2.8], ( ) .SAQc ′⊆  

(2) Define SS ′→ϕ :  by ( ) ,Dcozff |=ϕ  where ( ),VCf c∈  for some 

.ν∈V  It is clear that ϕ is a ring homomorphism. If ,Sg ′∈  then for       

some dense ideal D of A, we have ( ).DcozCg c∈  Recall that ∪Dcoz  

( )DcozX \  is a dense open subset of X. Now, we define 

( )
( )

⎩
⎨
⎧

∈

∈
=

.\,0

,,

DcozXx

Dcozxxg
xg  

Therefore, Sg ∈  and ( ) .ggg Dcoz =|=ϕ  This gives ϕ is onto. The result 

can be summarized below: 

 ( ) ( ).XQSSAQ cc ⊆←′⊆
ϕ
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Proposition 2.4. Let S, S ′  and ϕ be as defined in Theorem 2.3. Then            
ϕ is a one-one function if and only if each dense ideal in A has a dense 
cozero-set in X. 

Proof. (⇒) Let D be a dense ideal in A such that .XDcoz ≠  Consider 

the function  f  below: 

( )
⎩
⎨
⎧

∈

∈
=

.\,1

,,0

DcozXx

Dcozx
xf  

It is obvious that for the nonzero continuous function f, we have ( ) .0=ϕ f  

So ϕ is not one-one. The sufficiency is now proved. 

(⇐) Suppose that Sf ∈  and ( ) .0=ϕ f  So for some ν∈V  and a dense 

ideal D of A, we have ( )VCf c∈  and .0=| Dcozf  Since Dcoz  is dense in 

X (by hypothesis), .0=f  This means ϕ is one-one.  

The next corollary is the main result of this section and it can be deduced 
from Theorem 2.3 and Proposition 2.4, immediately. 

Corollary 2.5. ( ) ( )XQAQ cc ⊆  if and only if all dense ideals in A have 

dense cozero-sets in X. 

3. Invariant Norms 

Let ϕ be a norm on A, D be an ideal in A and .Af ∈  Then we define 

( ) ( )
( ) .sup

0 d
fdf

Dd
D ϕ

ϕ=ϕ
∈≠

 

If ( ) ,0=ϕ fD  then ( ) 0=ϕ fd  for each ,Dd ∈  and hence .0=fd  

Therefore, .0=fD  Note that this does not imply 0=f  in general. So Dϕ  

is not a norm on A, necessarily. But if D is considered to be a dense ideal in 
A, then Dϕ  will be a norm. Now, for two norms ϕ and ,Dϕ  the inequality 

( ) ( ) ( )dffd ϕϕ≤ϕ  gives that ( ) ( ).ffD ϕ≤ϕ  So we always have .ϕ≤ϕD  
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In the special case, if ϕ is considered as the sup-norm on A, then 
,ff D ≤  for all Af ∈  and all dense ideals D of A. 

Definition 3.1. A norm ϕ on A is called an invariant norm, whenever 
ϕ=ϕD  for every dense ideal D of A. 

In this section, we suppose that A is a subalgebra of ( ).XCc
∗  We show 

that the sup-norm on A is invariant if and only if all dense ideals in A have 
dense cozero-sets in X. We also show that ( )AQc  is metrically dense in 

( ).XQc  

Lemma 3.2. Let A be a subalgebra of ( ),XCc
∗  D be an ideal in A           

and .0 Dcozx ∈  Then for every ,R∈r  there exists Ddr ∈  such that 

( ) .0 rxdr =  

Proof. Take Df ∈  such that ( ) .0 0 axf =≠  Let ( ) ( ) .2

2

a
xfxg =         

Note that Dg ∈  and ( ) .10 =xg  Since g is bounded, we can suppose that 

( ) nxg ≤≤0  for some positive integer n and all .Xx ∈  Now, define 

( )
n

n
xnrxxp ⎟
⎠
⎞⎜

⎝
⎛ −+= 1    and   ( ) ( )( ).xgpxdr =  

We observe that ( ) .1 An
gnrg

gp
g

d n
r ∈⎟

⎠
⎞⎜

⎝
⎛ −+==  So obviously, Ddr ∈  

and ( ) ( )( ) ( ) .100 rpxgpxdr ===   

Theorem 3.3. Let X be a zero-dimensional space and A be a metrically 

dense subalgebra of ( ).XCc
∗  Then the sup-norm on A is invariant if and only 

if every dense ideal in A has a dense cozero-set in X. 

Proof. Sufficiency: Recall that ( )XCc  (and also ( ))XCc
∗  is cz -

determining. So the set ( ){ } { ( )}XCggcozXCffcoz cc
∗∈=∈ ::  is a 
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base for the open sets in X. Suppose that D is a dense ideal in A such that           

its cozero-set is not dense in X. Therefore, there exists ( )XCg c
∗∈≠0          

such that .∅=Dcozgcoz ∩  So ( ) .⎟
⎠
⎞

⎜
⎝
⎛=⊆ g

gZgZDcoz  Hence we can 

suppose that .1=g  Since A is metrically dense in ( ),XCc
∗  there exists 

( ) .
2
1 AgBf ∩∈  So 2

1<− fg  and for each ,Dcozx ∈  ( ) .2
1<xf  

The inequality ffgg +−≤=1  now gives that .2
1>f  Notice 

that 

( ) ( ) ( ) ( )xdxfxdxffd
DcozxXx ∈∈

== supsup  

( ) ( ) .2
1sup dxdxf

Dcozx
<=

∈
 

Therefore, 

.2
1sup

0
fd

fdf
Dd

D <≤=
∈≠

 

This shows that the sup-norm on A is not invariant, where it contradicts with 
the hypothesis. Hence Dcoz  is dense in X. So the proof of this part is now 

complete. 

Necessity: Suppose that D is a dense ideal in A such that Dcoz  is dense 

in X. We must show that .ff D =  Obviously, .ff D ≤  Recall 

that for a dense subset V of X, we always have 

( ) ( ) .supsup xfxff
VxXx ∈∈

==  

Therefore, ( ) .sup Dcozxxff ∈=  Let .0>ε  Then ε−f  is not an 

upper bound for the set ( ){ }.: Dcozxxf ∈  So for some ,0 Dcozx ∈  
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( ) .0 ε−> fxf  If we take 1=r  in Lemma 3.2, then ( ) .1 101 dxd ==  

Hence 

( ) ( ) ( ) .sup 0010
1
1

0
ε−≥=≥≥=

∈≠
fxfxdxfd

fd
d
fdf

Dd
D  

Since ε is arbitrary, .ff D ≥  The proof is now complete.  

According to Theorem 3.3, the following corollary is now immediate: 

Corollary 3.4. The sup-norm on ( )XCc
∗  is invariant. 

Proposition 3.5. If A is a cz -determining subalgebra of ( ),XCc
∗  then it 

has a cz -determining ring of quotients B in ( ).XCc
∗  

Proof. Since A is a ring of quotients of itself, it suffices to take      
.AB =   

The converse of the above proposition is not true in general. The next 
example shows that an algebra may have a cz -determining ring of quotients 

while it is not a cz -determining algebra. 

Example 3.6. Let ;, cba Q∈  the set of irrational numbers, and =X  

[ ] ., cba Q∩  Let { ( ) ( ) ( )}.: bfafXCfA c =∈= ∗  We observe that X is           

a zero-dimensional space and A is an R -subalgebra of ( ).XCc
∗  Since the 

closed set { }b  cannot be written as an intersection of zero-sets of members of 

A, this algebra is not cz -determining. We claim that ( )XCc
∗  is a ring            

of quotients of A. To see this, let ( ).0 XCg c
∗∈≠  So there exists Xx ∈0  

such that ( ) .00 ≠xg  We claim that { }.,0 bax ∉  Otherwise, the irrational 

sequences naxn
1+=  and ⎟

⎠
⎞⎜

⎝
⎛ >−≥−= NabNnnbyn

1and1  converging 

to a and b, respectively. So ( ) ( ).0 bgag ==  Therefore, ,0=g  which is a 

contradiction. Hence { }.,0 bax ∉  Now, the point 0x  and the closed set 



Invariant Norms on the Subalgebras of ( )XC  ... 177 

{ }ba,  are c-separated, i.e., for some ( );XCf c
∗∈  ( ) 10 =xf  and ( ) ( )bfaf =  

.0=  This shows that .0 Afg ∈≠  Now, by Theorem 1.1, the cz -determining 

algebra ( )XCc
∗  is a ring of quotients of A. 

Proposition 3.7. If the subalgebra A of ( )XCc
∗  has a cz -determining 

ring of quotients B in ( ),XCc
∗  then the sup-norm on A is invariant. 

Proof. According to Theorem 3.3, it is sufficient to show that every 
dense ideal in A has a dense cozero-set in X. Let D be a dense ideal              
in A. Then it is dense in B too, see Proposition 1.2. Note that the set 
{ }Bggcoz ∈:  is a base for the topology on X. The remainder of the proof 

is similar to the proof of sufficiency in Lemma 2.1 and we leave it.  

The converse of the above proposition may be false. To see this, consider 
.R=A  Since the field R  is rationally complete, it has not any proper ring 

of quotients. On the other hand, for every subset F of ,R  ( ) ∅=FZ  or X. 

Thus A is not cz -determining, while the sup-norm on A is invariant. 

We conclude this article with the following theorem: 

Theorem 3.8. Let X be a zero-dimensional space and A be a                

cz -determining subalgebra of ( ).XCc
∗  Then ( )AQc  is metrically dense in 

( ).XQc  

Proof. First, we show that ( ) ( ) ( ).XQAQXQ cc
l
c ⊆⊆  Let ( ).XQf l

c∈  

Then for some dense open set V of X, we have ( ) ( ),VCVLf cc ⊆∈  see            

[9, Section 3]. Define { }.:: 1 AfgAgAfD ∈∈== −  Clearly, D is an ideal 

in A. Take Vx ∈  and ( ) .rxf =  So ( )rf 1−  is an open set in V (and hence  

in X). Since A is cz -determining, the set { }Aggcoz ∈:  is a base for the 

topology on X. So ( ),1 rfgcozx −⊆∈  for some .Ag ∈  To show that 

,Dg ∈  we show that the function fg has an extension on X. We define 
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( )
( ) ( )

( )⎩
⎨
⎧

∈

∈
=

.,0

,int\,

gZx

gZXxxrg
xfg  

The function fg  is now continuous on two closed sets whose union is X.          

So it is continuous on X. In fact, it is an extension of fg on X. Hence 

.Argfg ∈=  Thus Dg ∈  and ,DcozV ⊆  moreover Dcoz  is dense in           

X. Lemma 2.1 now gives that D is dense in A. Therefore, ( ) ⊆∈ Df Hom  

( ).AQc  The proof of the first inclusion is now complete. The second 

inclusion can be deduced from Corollary 2.5. By [9, Theorem 3.3], ( )XQl
c   

is metrically dense in ( ).XQc  Hence ( )AQc  is too. The proof is now 

complete.  
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