Far East Journal of Mathematical Sciences (FIMS)
© 2018 Pushpa Publishing House, Allahabad, India
A http://Aww.pphmj.com
http://dx.doi.org/10.17654/M S104020277
Volume 104, Number 2, 2018, Pages 277-284 I SSN: 0972-0871

ALIED ~ NDIA

CHARACTERIZATIONS OF REAL HYPERSURFACES
IN A NONFLAT COMPLEX SPACE FORM WITH
RESPECT TO STRUCTURE TENSOR FIELD

DongHoLim

Department of Mathematics Education
Sehan University
Jeollanam-do 526-702, Republic of Korea

Abstract

Let M be areal hypersurface in a complex space form My(c), ¢ = 0.

In this paper, we prove that if the structure tensor field is (i) Lie
E-paralel and (ii) &-parallel, then M is a Hopf hypersurface. We
characterize such Hopf hypersurfaces of M, (c).

1. Introduction

A complex n-dimensional Kaehlerian manifold of constant holomorphic
sectional curvature c is called a complex space form, which is denoted by
M, (c). Asiswell-known, a complete and simply connected complex space

form is complex analytically isometric to a complex projective space R,C,

a complex Euclidean space C" or a complex hyperbolic space H,C,

accordingtoc>0,c=00r c<O.
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In this paper, we consider a real hypersurface M in a complex space
form M,(c), c#0. Then M has an amost contact metric structure

(¢, 9, & m) induced from the Kaehler metric and complex structure J on
Mp(c). The Reeb vector field ¢ is said to be principal if Af = af is
satisfied, where A is the shape operator of M and o = n(AE). In this case,

it is known that o is localy constant [4] and that M is called a Hopf
hypersurface.

Typical examples of Hopf hypersurfacesin RB,C are homogeneous ones,
namely those real hypersurfaces are given as orbits under subgroup of
the projective unitary groups PU(n + 1). Takagi [10] completely classified
homogeneous real hypersurfaces in such hypersurfaces as six model spaces
A, A, B, C, D and E. On the other hand, real hypersurfacesin H,C have

been investigated by Berndt [1], Montiel and Romero [6] and so on. Berndt
[1] classified all homogeneous Hopf hyersurfaces in H,C as four model

spaces which are said to be Ay, A, A and B. A rea hypersurface of A or
A in BCor Ay, A, A in H,C, issaid to beatypeA for simplicity.

As a typica characterization of real hypersurfaces of type A, the
following is due to Okumura [8] for ¢ > 0 and Montiel and Romero [6] for
c<0.

Theorem 1.1 [6, 8]. Let M be a real hypersurface of M(c), c # 0,
n> 2. It satisfies Ap — oA = 0 on M if and only if M is locally congruent
to one of the model spaces of type A.

For the structure tensor field ¢ on M, we define the Lie derivative L
by (L)X = [E, $X] - ¢[&, X], and (Ve0) X with respect to a unit vector

field X. We cdl the Lie derivative and covariant derivative in the Reeb
vector field € direction of the structure tensor field as &-Lie parallel and
E-parallel. Several workers have studied real hypersurfaces with certain
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conditions and obtained results on the classification of real hypersurfaces in
complex space form M (c).

As for the differential operator, Maeda and Udagawa [5] and Lim and
Jun [4] have proved the following theorems:
Theorem 1.2 [5]. Let M be a real hypersurface of B,(c). Then the

following are equivalent:

(i) L¢¢ =0, where L. is the Lie derivative on M, namely, & is an
infinitesimal automor phism of ¢.

(ii) M islocally congruent to one of homogeneous real hypersurfaces of
types A, and A,.

Theorem 1.3 [4]. Let M be a real hypersurface of M (c). Then we have

(Lele) X = (Vele) X on M if and only if M is locally congruent to one of

the model spaces of type A.

Theorem A is ageneralization of Theorem 1.2, the proof of this theorem
is dso different from Maeda and Udagawa [5] paper because it classifies
the real hypersurface according to the kind of principal curvature under
the Hopf hypersurface hypothesis. Also, from Theorem 1.3, it is found
that the different derivatives of structure Lie operator have the geometrical
properties of the real hypersurface. Therefore, Theorem B investigates the
characteristics of the real hypersurfaces through these differentiations of the
structure tensor field. In other words, we prove the following theorems:

Theorem A. Let M be a real hypersurface satisfying £:¢ =0 in a
nonflat complex space form M (c). Then M is a Hopf hypersurface and it is
locally ¢ congruent to one of the model spaces of type Ain M, (c).

Theorem B. Let M be a real hypersurface satisfying L:¢ = V¢ ina

nonflat complex space form M (c). Then M is a Hopf hypersurfaceand it is

locally congruent to one of the model spaces of type Ain M (c).
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All manifolds in the present paper are assumed to be connected and of

class C” and the real hypersurfaces supposed to be orientable.
2. Preliminaries

Let M be area hypersurface immersed in a complex space form M (c),

and N be a unit normal vector field of M. By V we denote the Levi-Civita
connection with respect to the Fubini-Study metric tensor g of My(c).

Then the Gauss and Weingarten formulas are given, respectively, by
VY =VyY +g(AX, Y)N, VN =-AX,

for any vector fields X and Y tangent to M, where g denotes the Riemannian
metric tensor of M induced from g, and A is the shape operator of M in

M (c). For any vector field X on M, we put
IX =X +n(X)N, JIN =-¢,

where J is the amost complex structure of Mj(c). Then we see that M

induces an almost contact metric structure (¢, g, &, n), thatis,
$°X =X +n(X)E, ¢£=0, n(E)=1

g(eX, oY) = g(X, Y) —n(X)n(Y), n(X)=g(X, ), (1)

for any vector fields X and Y on M. Since the almost complex structure J
isparalel, we can verify from the Gauss and Weingarten formulas that

V& = 0AX, 2

(Vx9)Y = n(Y)AX — g(AX, Y)E. ©)

Since the ambient manifold is of constant holomorphic sectional
curvature c, we have the following Gauss, Codazzi equations and operator of
Lie derivative, respectively:



Characterizations of Real Hypersurfaces ... 281

c

R(X, Y)Z = Z{g(Y, Z)X = g(X, Z)Y + g(@Y, Z)6X — g(éX, Z)¢¥
—29(0X, Y)oZ} + g(AY, Z)AX — g(AX, Z)AY, (4
(VXA)Y = (VyA)X = 2 In(X)$Y = n(Y)éX - 208X, )&}, (5)

for any vector fields X, Y and Z on M, where R denotes the Riemannian
curvature tensor of M.

Let Q be the open subset of M defined by
Q={peM|AL-af =0}, (6)
where a = n(Ag). We put
AL = & + pW, (7
where Wis a unit vector field orthogonal to & and p does not vanish on Q.

3. Some Lemmas and Proof of the Theorems

In this section, we prove Theorems A and B. Now we state the following
without proof:

Lemma 3.1 [4]. If & is a principal curvature vector, then the
corresponding principal curvature a islocally constant.

Lemma 3.2 [9]. Assume that & is a principal curvature vector and the
corresponding principal is o.. Then

(08 Cc
AGA =3 (Ad-+ §A) = £ ¢ = 0. ®)

Proof of Theorem A. We assume that £:¢ = 0 for any vector field X.

Then we have
(Led)y = [& oX]=0g, X] = Ve(9X) = Vyx& — (Ve X — V&)

= (Ve0) X — GAGX — AX + n(AX)E,
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for any vector field X. Since Lie derivative of structure tensor field is zero,
the above equation can be expressed as

(Ved) X = 9APX + AX — n(AX)E. (9)

If we now use equation (3), then we obtain
PADX + AX = n(X) AL, (10)

If weput X =W into (10), then we have
OABW + AW = O. (12)

If we take inner product of & into (11), then we immediately obtain © = 0 on

Q and it is a contradiction. Thus the set Q is empty, and hence M is a Hopf
hyersurfacein M (c).

The assumption L:¢ = 0 isequivalent to
OAPX + AX =0 (12)
by use of (1) and (3).

For any vector field X (L&) on M such that AX = AX, it follows from
(8) that

o 1 c
If A= %, then we see from (13) that ¢X is aso principal direction, say
AdX = poX.

From equation (12) and using the first equation (1), we have A =pn
and hence ApX = pAX. If & = % then it is easily seen that ApX = HAX.
Therefore, we have $A— Ap = 0 on M. Thusfollows Theorem A. O

Now, we will characterize the real hypersurfaces of a nonflat complex
space form satisfying L:¢ = V¢ for any vector field X on M, we can state
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Proof of Theorem B. By Theorem A, the real hypersurface M satisfying

Led = Ved isequivalent to

PAPX + AX = n(AX)E, (14)

for any vector field X on M.

If we put X =¢ into (14) and make use of (6), then we obtain

AE = a&. Hence, by virtue of (6), the set Q is empty and hence M is a Hopf

hypersurface.

Since M is a Hopf hypersurface and satisfies (12), we conclude that M is

locally congruent to one of the model spaces of type A. O

Acknowledgement

The author would like to express their sincere gratitude to the referee

who gave them valuable suggestions and comments.

(1]

(2]

(3]

[4]

(5]

(6]

References

J. Berndt, Rea hypersurfaces with constant principal curvatures in complex
hyperbolic space, J. Reine Angew. Math. 395 (1989), 132-141.

U.-H. Ki and Y. J. Suh, On real hypersurfaces of a complex space form,
J. Okayama Univ. 32 (1990), 207-221.

U.-H. Ki, 1.-B. Kim and D. H. Lim Characterizations of real hypersurfaces of type
Ain acomplex space form, Bull. Korean Math. Soc. 47 (2010), 1-15.

D. H. Lim and S. A. Jun, On rea hypersurfaces with the derivative condition
of structure Lie operator in a complex space form, Far East. J. Math. Sci. (FIMS)
102(1) (2017), 151-159.

S. Maeda and S. Udagawa, Real hypersurfaces of a complex projective space in
terms of holomorphic distribution, Tsukuba J. Math. 14 (1990), 39-52.

S. Montiel and A. Romero, On some real hypersurfaces of a complex hyperbolic
space, Geom. Dedicata 20 (1986), 245-261.



284
[7]

(8]

[9]

[10]

Dong Ho Lim
R. Niebergall and P. J. Ryan, Real hypersurfaces in complex space forms, Tight
and Taut Submanifolds, Cambridge University Press, 1998, pp. 233-305.

M. Okumura, On some real hypersurfaces of a complex projective space, Trans.
Amer. Math. Soc. 212 (1975), 355-364.

M. Kimura and S. Maeda, On rea hypersurfaces of a complex projective space,
Math. Z. 202 (1989), 299-311.

R. Takagi, On homogeneous real hypersurfaces in a complex projective space,
Osaka J. Math. 10 (1973), 495-506.



