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Abstract

In this paper, we consider the random effect panel data model which
has fixed and random effects as well as the experimental error term.
By using the properties of mixed model, we can represent random
panel data model as a mixed model. Bayesian approach is employed
to make inferences on the resulting mixed model coefficients. We
investigate the posterior density and identify the analytic form of the
Bayes factor.

1. Introduction

Statistical data is important to study most of phenomena in economical,
social, psychological phenomena, etc. The analysis of this data via the
statistical methods gives the researcher or the decision maker more
information about the studied phenomenon to make the suitable decision.
The data availability needs to limit a mathematical model and put into
consideration the type of the available data. One of these data is panel which
can be represented by one of the models (fixed effect model or random effect
model). One of the aims of science is to describe and predict events in the
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world in which we live. One way this is accomplished by finding a formula
or eguation that relates quantities in the rea world. The linear model
involves the simplest and seemingly most restrictive statistical properties:
independence, normality, constancy of variance, and linearity. However, the
model and the statistical methods associated with it are surprisingly versatile
and robust. More importantly, mastery of linear model is a prerequisite to
work with advanced statistical tools because most advanced tools are
generalizations of the linear model. The linear model is thus central to the
training of any statistician, applied or theoretical. Panel (or longitudinal)
data are cross-sectional and time-series. There are multiple entities, each of
which has repeated measurements at different time periods. Panel data have
across-sectional (entity or subject) variable and a time-series variable. Panel
data usually give the researcher alarge number of data points, increasing the
degrees of freedom and reducing the collinearity among explanatory
variables. Panel data models have become increasingly popular among
applied researchers due to their heightened capacity for capturing the
complexity of human behaviour as compared to cross-sectional or time-
series data models. As a consequence, more and richer panel data sets also
have become increasingly available. Linear mixed effects modelling is a
widely used statisticad method for analyzing repeated measures or
longitudinal data. Such longitudinal studies typically aim to investigate and
describe the trgjectory of a desired outcome. Longitudinal data have the
advantage over cross-sectional data by providing more accuracy for the
model. Linear mixed effects models are important class of statistical
models that can be used to analyze correlated data. Such data include
clustered observations repeated measurements, longitudinal measurements,
multivariate observations, etc. Linear mixed effects models allow researchers
to account for random variation among individuals and between individuals,
[1-8, 11-14].

In this paper, we consider the random effect panel data model which has
fixed and random effects as well as the experimental error term. By using the
properties of mixed model, we can represent random panel data model as a
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mixed model. Bayesian approach is employed to make inferences on the
resulting mixed model coefficients. We investigate the posterior density and
identify the analytic form of the Bayes factor.

2. Panel Data Model and the Prior Distribution
Consider the model:
K
Vi =m+ > BiXjit +& i=L.. N, t=1.,T, (1)
j=1
where y;; isthe value of response variable for ith unit at timet, Xjj; arethe
explanatory variables, u, BJ-, ] =1 ..., K arefixed parametersand ¢j; isan
id )
error termwith ¢;; ~ N(O, o), [9].
Now, if the parameter p is specified as:

u=Po+u, (2)

where u; ~ N(0, 62), then the model (1) is
K
Yit = Bo + ijlBijit + U + gt (©)
The model (3) isrewrite asfollows:
K
Yit ZBO"‘ZJ-:lBijit + Ojt, (4)

where oy = U + &, o ~ N(0, 62), 62 =62+ 62, thus by using the
properties of mixed model, we can represent the model (4) asfollows:

Y = FO + Zu + ¢, 5

where Y = [Yll’ ceny YlT’ Y21, ey YNl’ . YNT]T has Iength NT, F = [e, X]
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isan NT x (K +1) design matrix of fixed effects, e = [1, 1, ..., 1]T has length
NTand X =[Xy, Xp, ..., Xn]' isan NT x K matrix, 6 = [Bg, By, - B ]"
haslength K +1, u=[uy, ..., uN]T haslength N x1, Zisan NT x N design
matrix of random effects, & = [g11, ..., £1T, €21y <res €27+ s ENLs wons ENT I
has length NT with & ~ N(0, 62l y7) and u ~ N(O, 621y ). The model (5)
isrewritten as follows:
Y = CO* + o, (6)
then we have
Y|0*, 62, 62 ~ N(C0*, 62Iy) and u~ N(O, 62ly),
where 0* = [0, u]" and C = [F, Z].

Thelikelihood function of Y | 0", csf, 0'5 can be expressed as

L(Y 0", c§, GLZJ)
—NT
2 1 T -1 *
~ o Inr ) exp|-5 (Y - 08" (o2lr) Y - 00"
We assume that the prior distribution on the model (5) is 6 ~U(0, 1),
the prior distribution of uis N(0, o2l ), and the prior distributions of c2

and GLZ, are inverse gamma parameters o, B, o, and B, respectively,

i.e.,

mo(0?) = 5y (02 Y exp(—%j,

r(OLu) 0-5

rolo2) = P4 <ca>—<au+1>exp[-f‘—uj,
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where a,, B, are hyperparameters that determine the priors and must be

chosen by the statistician, [10]. Then the prior distribution of 6* is
*y _ "l 2 1%
no(6”) = mo(u) x mg(0) = 6™ (cglN) 0

T 0 0
= 0" (c2)re*, where T = [ KO+1 | J
N

3. Posterior Distribution

The posterior distribution of 6" is
m(0"|Y, o2, of)
o« L(Y|0", 62, 62) x mp(6")
-NT -
«(2) 2 | oPin [2 expl-5(Y ~Co) (027 ) (Y ~C6)+ 0T (o) 10" . (7)
Also, we note that the exponent of (7) is
.
(Y = CO") (6217 ) HY - CO") + 0% (c2)T0*
T
= YT (cZINT) Y = 20" CT(cZInT) Y
W T, 20 \len* . af ( 2\-Lrn*
+0" CT(c?lIyr)2Co + 0% (o) 'ro
T
=YT(cZInt) Y + 0" [CT(cZInT)7'C + (05) 'T]0"
W T, 2 -1 2\-1 T2 -1
-20" [C' (ogInT) C + (o) T][C (ofInT)C
2\-11~T 2, -1
+(og) T C (ogInT) Y

Al T, 2 1 2\ 1A% ARl (AT, 2 1 2\-1~1A%
+6" [C'(ozlnT) C+ (o) T]6" 0" [C (oglnT) C+ (o) T]6
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T
= YT (oZINT) Y + 07 [CT (071 nT)™'C + (o) 110"
T O A
—20" [CT(cZInT) "C + (o) 10" + 6" [CT (o2 n7)'C + (o) 'T]6"

~. T ~
—0" [CT(cZInT)C + (of) 'T]6"
= (0" -0 [CT(c2InT)IC + (o7)7IT] (0" - 07) +v*. ©®
Then

m(0%[0Z, oG, Y)

o exp{_%[(e* ~0")'[CT (cZInT) 'C + (o) T](0" - é*)]}’

where v* = YT (6217 ) 2Y = 8% [CT (621 ) C + (02)1r]6".
Therefore, it follows that
0" 1Y, o, of ~ N(©", [CT(cZInT) 'C + (o5) T, 9
where
6" = [CT (o2 InT)'C + (of) TICT (o2l Nr) Y

o

2 -1
= (CTC + EFJ cly. (10)

Proposition 1. The posterior distribution of 6" is
0*|Y, 62, 62 ~ N[c2T'C' (62l + Co2rcT )Ly,

62T - (s2)’TCT(CT62rC + 6217 ) ter].
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5 -1
Proof. Since E(0*|Y, 62, 62) = [CTC + G—EFJ C'Y, where
Ou

o c Cg

-1

2 \1 2 -1
CTC+G—§FJ CTY[CT(lNTJrCG—gFCT] c} c'y

Su G¢

2 1
= {C‘{INT + cc—grcTJcT }CTY

O¢

4 2
= {C_ICT + G—%FJ c’y

Gg¢

2 2

-1
- "—gr "—grc—lcT cl+cTly
C¢ Gu

2 4.2 71
=G—gr(cTCT c’—;rc:—lcc:—1+cTcT c’cct

G¢ Su

of o

2 42
=EFCT(CT G—SFC_1+INTJY

-1
=o2rc’|cT iZFC‘lJrileT Y
Oy Og

33

-1
42 2
(INT+CT “—;rc—lchcT(lNT+cG—grcTJ C,
u

JY

= o2rCT(Co?rC’ + o2iyr ) Y. (11)

We now prove the form of covariance.

Since

o

2 -1
[CT (c§| NT )71C + (GS )71F]71 = GE(CTC + &F] ,
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we have

2 2
CTC+"—;r:cT(|NT+CT G—ZFC_lJC
Sy

u

5 -1 P -1
—>(CTC+G—;F] {CT@NT +CT lc—;rc:‘l]c}

Ou u

162 1
=cY iy +c” Zrct| cT
Sy

(ol N 16?2 4 - 102 4 N 71
=ct|cm Zrc?| ¢’ Zrc It +CT 2&TC c
Oy Oy Oy
2 2

-1
2
¢ G 1o _
==4r-2Up| Iy +C' =5rct
Cg o oy

oy 2

2| AT oZ - 2 2 710l 1 -
_>68 C C+_Zr ZGUF—GUF INT +C —8FC_
Gy

=62 -(c2)’rCT(CT62rC + 621 ) 2Cr. (12)

Itisalso clear from (11)

2

CGEFCT + og

2
NT = Gg(l NT + CG—‘ZJFCTJ = G§|NT + [CcsﬁFCT],

€

.
by spectral decomposition, we obtain CI'C' =P*D*P* , where D* =
diag(dy, dy, ..., d:l*), N* = NT isthe matrix of eigenvalues and P* isthe

orthogonal matrix of eigenvectors. Thus

;
62Nt +[Co2TCT ] = 62l g7 + P*62D*P*

T T
P*c2I\TP* + P*c2D*P*
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2 LT
_PG(INT+G“DJP

G¢

2
T
_ p* 2 *\ o _ Oy
=Poi(Int +VD)P ,wherev_?.
€

Then the conditional density of Y given cg and v can be written as:

:
m(Y|o2, V) = — = - L exp{— L YT (I +vD*) 2P* Y}
68

(2n62) 2 det[I v +vD" 2

1 1

*

(2r0%) 2. [Htlll‘[i”:l L+ vel} ]}
_1 (3T N

.
O =PRY.

N~

where a = (&, ..., a

We take m; = (03, v) to be proportional to the product of an inverse
gamma density for 082 and the density of an F(b, a) distribution for v (for
suitable choice of ., a., band a, a, b > 0). The posterior density of v

given Y, and the posterior mean and covariance matrix of 6" are described in
the following theorems:

Theorem 1. The posterior density of v given Yis

LA -1

m[Y) = — J: | T e i
2

(a+vb)

(ZBS +Zt 12' 11+ vd

J—(N*+2ag+2)/2



36 Ameera Jaber Mohaisen and Saja Y aseen Abdulsamad

Pr oof.

m(vIY) = [ mY |62 v) (v b, &) (02, o, B,)do?

2 bb/ 299/2 v(%) *

J. [Ht 1H [L+ vt } B(b, a) a+b

(2n02) 2 (a+ vb) 2

o)L [T N _af 210D o] Be | g2
eXp{ 262 [ztlzilu vdf{]} r(a )( o) P2 o

€

(27t)7NT* pb/2 (bj

" T(a,) B, a) _a+b .”:Ht 1H| -1 [L+ vdy }

(a+vb) z
2
1 T N & 2\—(N*+20,+2)/2 4 2
expy— 2B, +  —L (o e do
p{ ZGS(BS Ztlzllmd;}}( 2 :
* b
N
(2n) 2 bb/2 ( J

= @) . B, 3) =% ,”:Ht 1H| o [1+ vdy :|
(a+vb) z
T N a?
{ [ZBS Zt 12 —11+vd J}[ZBS * Zt:lZi:llj\;di*J
N* +20, +2

2 B N* +2a +2
T N aj 2 2=
d2p > > ] (c5) 2
( t=1 |*11+ Vdit
N*+20, +2 N*+20, +2
2 7 2

(2) ) do?

oz 2

N
- (21"1215 B(b, a) b .[|:Ht 1H| -1 [1-+ vd j‘

(a+vb)
2682

T N af
(ZBS + thlzi:11+ \;dii J}

N*+20,+2
2
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[ZBg +zt 12' 11+ vd

J(N*+2aa+2)/ 2

2

T N a?
. 2[3 + S —
( ¢ Zt=1Z'=11+vd{§

N
(2n) 2

(26 2) (N*+20,,+2)/ 2
O¢

bb/2

Ja)

~(N*+20,+2)/ 2 N 420, +2
(272 do?

-1

(o)

"B(b, a)

(a+vb)

= [ [Ht T e v }

1 T N a?
expi————1 2 it
ol LT

2

Pe +Zt 12' 114—vdt

2(58

{

(a

(N*+20,+2)/ 2

2

2BS+zt 12' 11+vd

Joh

+ vb)

do?

€

J(N*+2cxg+2)/2

J.[Ht 1H| N [1+ vd; }

1 T N a?
. ——— |2 _ Gt
oof g3 ZLTL )

2

T N 3
2, + . Gt
(2 TLE

{

((N*+20,+4)/ 2)-1

2B+

205

T
t=1

=114 vdi

2
N &

>

~(N*+20,+2)/ 2
dcgz

37
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V(%)_l N* + 20 + 4 N " _?1
oc a+b r( 2 & ][Ht—lHi—l[l+ Vdi’; ]}

(a+vb) 2~

- N*+2a8+2]

TSN ag [ 2
'[ZBS " Zt:lZi:ll+ vdf{]

S LT e

(a +vb) T2~

N*+20, +2
2

T N i 7[
.[2[3g + Zt_lzi_lfﬁ;;]

O

Theorem 2. The posterior mean and variance-covariance matrix of 6

are E(0*|Y) = TCTP*E{(I + vD*) Y| Y}a, and

* 1 T %
var(0'|Y)=—FE| 2B, + - rc p
©m N* [BS Z—lz' 11+vd] N*

g + +1

Ut 5 2

KZBS+Z_1Z e d J +vD*)_1|Y}

+ E[R*(VR* (V)" |Y].

Proof. From (11), we have

E(0*|Y) = 62I'CT (62l 7 + Co2rCT ) Ly
2 -1
= 62I'C (Gg(u NT + "—LzlcrcT D Y
GS

2
o T T 1
= =5 TC' (Iny + PVD'P" )Y

G¢
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2 -1 )
=2UrcTP* (g +W*) TPy

G¢

2 T
= U rcTP* (I +VvD*) P Y.

o;
. * . . . 1 wl
Since P is the orthogonal matrix of eigenvectors, P° =P and
P*T_l _ P*
Therefore,

;
E(0*|Y)=TCTVP*{(Iny + VD*) IP* ¥
=TCTP*E{(I\y +vD*) |Y}a,

where the expectation E{(I 7 +VD*)™2|Y} istaken with respect to my(v|Y)
(see Theorem 1 above).

Furthermore, the posterior variance-covariance matrix of 6" is given by
E[Var(6*|Y)] + Var[E(6"|Y)]
= E[62T - (62)’TCT (62l \7 + Co2ICT)ter] + Var {E[R*(v)| Y],
where
R*(v) = E(0*|Y) = TCTP*E{(In7 + VD*) |Y}a

2
Var(0*|Y) = E{GSF —(c2)’rc’ iz[l NT + c"—grcT)cr}

Og Og

+E[R'(V)RW)" |Y]

o;

PR () o2 T_l
— E|ofr -2l rcT| 1y +c2urcT | cr

O¢

+E[R'(VR'W)" Y]
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2\2 2 _
- E[Gﬁr—@r&(lm +P* 2L p*p* J CF}

O¢ G¢

+ E[R'(V)R'(W)" | Y]
o2 2 -1
- E[ 2r_%u 2rcT(P ) (INT +G—L2‘D*J (P*)1CF]

ER MR Y]
= E[62l — vo2rcT (P* ) Y157 + vD*) (P er]
+ EIR'WR'W)" Y]
— E[62T —vo2ICTP* (I +vD*) 1P Cr]+ E[R (V)R*(W)T Y],
) w1 W7 T
snceP" =P and(P" ) =P

Therefore, the posterior variance-covariance matrix of 0 is given by

szzt D

O +

— = r1Cc'P* EHZBS—FZ_]_ZI a1 d ](IN +vD*) }

N*
Og +7+1

E[R*(vV)R* (V)" |Y].
4. Bayes Factor
We would like to choose between a Bayesian mixed panel data

model and its fixed counterpart by the criterion of the Bayes factor for two

hypotheses:

Ho = FO + ¢ versus Hy = FO + Zu + &. (14)
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We compute the Bayes factor By;, of Hg relative to Hy for testing
problem (14) asfollows:

Boy(Y) = % (15)

where m(Y |H;) is predictive density of Y under themodel H;, i =0, 1. We

have
m(Y [Ho) = [ £(¥]0, 02)m(c?)do?,

where under Hg, mo(c2) induced by mo(6*, 62, 62) is the only part
needed, and

m(Y [Hy) = [ 1(Y]0°, 8, 62), (0", of, 62)d0"doFdo?,

where (o2, o2) will be constant in 6*. Therefore,
m(Y|Hop)

= [ (Y10, 6?)mo(0?)do?

- j[(z@‘—f(cg)‘—f exp{— 2—12 (Y - FO) (Y - Fe)}

. Bg —(0g+1) B_s 2

_ (27:)% FEEZ : I (Gg)_[““N—;”] oxp - B + %(Y -Ger)T (Y - FO) 02
- (2n) 2 r( 5 .[( 2){%%%](38 + %(Y - FO)T (Y - Fe)j[a“NT*ﬂ]
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N* 1 T
Og+——+ e +5(Y-F0) (Y-F6
y p_[s Lo Foy )}I :

2 (o}
€
o;

: (Bg + %(Y —Fo)T(Y - Fe))_[

N Ed
e +7+1]

*®
-N Qg

=2 1y I(BS * %(Y - FO)T (Y - Fe)j[a

*
[ag +NT+1]

{;38 +%(Y —FO) (Y - FG)J

exp

(c?)

of

(B, + XY - FO) (Y - Fo) _[%+7+1j do?
(03 )

exp

G T | =

N*
o +——+1
CN* R {Bg +%(Y ~FO)T (Y - FG)J[ 2 ]

B (238 +(Y - FO) (Y - FO)J

2(55

(2B, + (Y = FO)T (Y - Fe))_[“8+NT*+1J do?

exp

=(2n) 2 =~ 5

N poe || B+ %(Y —FO)T (Y - FO) [%+N7+2}1
(o) I o2
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2

C¢

{;38 +%(Y —FO) (Y - FG)J

[Be+ 5 (v = FO) (v = Fo) e +7*“]ng

*
*
-N Qg

N PRL
=) 2 r%x S)r(% + NT + 2}(38 + %(Y —FO) (Y - Fe)j [ 2 l]. (16)

Further, using (13), it follows that

2
m(Y‘ Hlv Gg¢, V)

ety [Tl o (5

Therefore,
m(Y[Hy)

= J.m(Y| Hy, G(g, V)no(cg, V)dcgdv

j(zn) (02) [Ht TT 1+vd,t}lexp{ zz(zt S L ]} o)

Be® | 2\(ag+l) Be |42
1ﬂ(%)( ) exp( cgjdcgdv

= N—*+ag+l
F( )(ZTE) J‘(Gg [ ]|:Ht 1H [1+ vd;; :| TEO(V)
2
[ 2t e
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*
[N—+a8+l]

1—( )(2) J.(Gg [Ht 1H l+vd,t} (V)

SR N L
{red- 3035050 2 et

*
N—+ocS +1J

o -
1T N & [2
'(Bs +§Zt=1zi=11+vd;;}

) ( Nz* +olg +1J
7’; (Ba ZZt 1Z| 11+Vd J
(Tﬂxgﬂ)

(c2)

2
exp{—c—:%(ﬁ et %2;112:111 +31\;d;; H I [Ht 1H [1+ veli } TEO(V)

= T(oy) 2V

*

1 - N a,z —[ 5 +ong+1J
. = . | S
[BS * 2 Zt:lZi:11+ Vdf{J dv

1 T N alz (Nz* +(l£ +2J—1
. it

- Bs + §Zt:12i:11+ v’

S N

of

IR (G o
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.
LT e el ot

1 T N aIZ _[ Nz* +og +1J
B+ 2 No_a v
[B 2 Zt=12|:11+ Vdi"EJ
oN* go N
2 85
= (2r) (o) F(T +og + 2]
T N 5
*1| 2
' I[Ht=1Hi=1[1+ Vd“]}
N*
1 T N ai% —[ 5 +cx5+1]
7o (V) [Bg 5D D T ] dv. (17)
5. Conclusion
o2
(1) The posterior density of v given'Y, where v = —‘é‘, is:
G¢
% -1 -1
V T N 1] 2
m(v]Y) = ﬁ[HtﬂHi L vdit]}
(a+ vb)

j—(N*+2a£+2)/2

2

T N 3t
12 + o —0
CRS B

(2) The posterior mean of 0" given Yis:

E(0*|Y) = TCTP*E{(In7 +VD*) |Y}a
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(3) The posterior covariance matrix of 0 given Yis:

* 1 T p*
Var(6"|Y) = El 28, + Irc'p
O )= [ Pe Zt 12' 11+ vd ] N*

Qe +T+1 a8+7+1

2
EHZBS Py 11+a'\;di,; J (It + vD*)_1|Y}

+ E[R*(VR* (V)" |Y].

(4) Bayes factor for testing the two models Hy = F6 + ¢ versus Hy =
FO+ Zu+¢ is

Box(Y) = TR

where m(Y |H;) is predictive density of Y under themodel H;, i =0, 1. We
have

m(Y|Hg)

*

_(m) & F[ii) FL% ; NT ; 2} [Bg N %(Y —FO)T (Y - FG)T(%+ ; +1J

and
+ 2]
-1

j {11[ ﬁ [L+ v }_no(v)

i = 20) © |y

t=1 i=1

*
N_+% +1]

[ o @ T
{BS * Zthlzi:11+ Vdf{}

dv.
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