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Abstract 

In 2013, Golchin and Mohammadzadeh introduced a generalization of 
Condition (P) called Condition ( )P′  and gave a characterization of 
monoids by this condition of their (Rees factor) acts. Also in 2012, 
Qiao and Wei introduced the GP-flatness property of acts, as a 
generalization of principal weak flatness. In this paper, first we 
introduce Condition ( ),PG ′  a generalization of Condition ( )P′  of acts 

over monoids and then we will give general properties of it. We also 
give a characterization of monoids all of whose acts satisfy this 
condition. Furthermore, many known results are generalized. 

1. Preliminaries 

For a monoid S, a non-empty set A is called a right S-act, if S acts on                  
A unitarily from the right, that is, there exists a mapping ,ASA →×  

( ) ,, assa  satisfying the conditions ( ) ( )statas =  and ,1 aa =  for all 

Aa ∈  and all ., Sts ∈  Left S-acts are defined similarly. The notations SA  
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and BS will often be used to denote a right or left S-act and  S is the

one-element right S-act. The study of flatness properties of S-acts in general

began in the early 1970s, and a comprehensive survey of this research (up

until the year 2000) is to be found in [8]. In [4], Golchin and

Mohammadzadeh defined a generalization of Condition (P), which was

called Condition  .P  In this paper, we introduce Condition  ,PG   as a

generalization of Condition  ,P  and will give some general properties. We

show that Condition  P  implies Condition  ,PG   but the converse is not

true in generally, and Condition  PG   implies GP-flat, but the converse is

not true too. Also a characterization of monoids for which this condition

transfers from products of acts to their components will be given. Then,

we will give a characterization of a monoid S over which all right S-acts

satisfy Condition  PG  and a characterization of a monoid S for which this

condition of right S-acts has some other properties. Also we will a

characterization of a monoid S for which all right S-acts satisfying some

flatness properties have Condition  .PG 

Throughout this article, S will always denote a monoid. For basic

concepts and terminologies relating to semigroups and acts over monoids we

refer the reader to [7] and [8].

2. General Properties

In this section, we introduce Condition  PG   and give some general

properties of it. We show that Condition  P  implies Condition  ,PG   but

the converse is not true, also that Condition  PG   implies GP-flat, but the

converse is not true. We show that Condition  PG   can be transferred from

product of S-acts to their components, for commutative monoid S. Also we

give a characterization of monoids for which Condition  PG   transfers from

products of acts to their components.
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Definition 2.1. We say that a right S-act SA  satisfies Condition  PG  if

for every taatSzttAaa S  ,,,,, and zttz  imply that there

exist SvuAa S  ,,  and n such that vaauaa  ,  and

.nn tvut 

Theorem 2.2. The following statements hold:

(1) If the right S-act SA satisfies Condition  ,PG  then every retract of

SA satisfies Condition  .PG 

(2)  Ii iS AA  , where IiAi , are right S-acts, satisfies Condition

 PG  if and only if iA satisfies Condition  ,PG  for every .Ii 

(3) If  IiBi  is a chain of subacts of SA and every IiBi , satisfies

Condition  ,PG  then  Ii iB satisfies Condition  .PG 

(4) SS satisfies Condition  .PG 

Proof. Proofs are obvious, by definition. 

We recall from [4] that S-act SA satisfies Condition  ,P  if for every

,,,,, SzttAaa S 

     .and,,, tvutvaauaaSvuAazttztaat S 

Clearly, Condition  P  implies Condition  ,PG   but not the converse,

see the following example.

Example 2.3. Let  feT ,,0 be a null semigroup, 1TS  and let

 21, aaA  be regarded as an S-act in such a way that ii aa 1 and

,1asai   for 2,1i  and every .Ts   Obviously SA is a right S-act,

which does not satisfy Condition  .P  Otherwise, faea 21  and 00 fe 

imply that there exist SAa  and Svu , such that ,1 uaa  vaa 2

and .vfue  Now vaa 2 implies that 2aa  and .1v  Then

,fue   for every ,Su   which is a contradiction. Therefore, SA does not

satisfy Condition  .P  On the other hand tasa 11  and ,00 ts   for every
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., Sts   Then 111 aa   and .11 22 fs  Also tasa 21  and ,00 ts  for

every .,1 Sst   Then 1, 2221 aaeaa  and .1 22 tes  Therefore, SA

satisfies Condition  .PG 

The S-act SA is called GP-flat, if for every ,Ss   and ,, SAaa 

sasa  in SA SS  implies the existence of a natural number n such

that nn sasa  in n
SS SsA  (see [16]).

Proposition 2.4. If the right S-act SA satisfies Condition  ,PG  then

SA is GP-flat.

Proof. Suppose that SA satisfies Condition  PG   and let ,saas  for

SAaa , and .Ss  Then there exist SvuAa S  ,, and n such

that vaauaa  , and .nn vsus   Therefore,

,nnnnnn sasvavsausasuasa 

in ,n
SS SsA   and so SA is GP-flat as required. 

The converse of Proposition 2.4 is not true, see the following example.

Recall from [11] that a right ideal K of a monoid S is called left stabilizing, if

for every Kk  there exists ,Kl  such that .klk 

Example 2.5. Let  0,,,1 feS  be a semilattice, where .0ef

Consider the right ideal  0,eeSK  of S. Since K is left stabilizing and

S is right reversible, KS is flat by [8, III, Theorem 12.17], and so it is

GP-flat. But it is easy to see that S-act KS does not satisfy Condition  .PG 

Now, for a commutative monoid we can show Condition  PG   can be

transferred from products of acts to their components.

Proposition 2.6. For a commutative monoid S, if  Ii iA , where

IiAi , are right S-acts, satisfies Condition  ,PG  then iA satisfies

Condition  ,PG  for every .Ii 
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Proof. This is clear. 

The right S-act SS  equipped with the right S-action    ,,, tusuuts 

for Suts ,, is called the right diagonal act of S and will be denoted by

 .SD  Left diagonal act  SSS  is defined dually. By a similar argument

as in the proof of [13, Theorems 3.7 and 3.8], we can show the following

theorems, respectively.

Theorem 2.7. The following statements are equivalent:

(1)  SD satisfies Condition  PG  and   ;2SE

(2) S is right cancellative.

Theorem 2.8. For an idempotent monoid S, the following statements are

equivalent:

(1)  SD satisfies Condition  ;PG 

(2)  .1S

Corollary 2.9. For an idempotent monoid S, the following statements

are equivalent:

(1)  SD satisfies Condition  ;P

(2)  SD satisfies Condition  ;PG 

(3)  .1S

Here we give a characterization of monoids for which property  PG 

transfer from products of acts to their components. First we recall from [4]

that a submonoid P of S is called weakly right reversible if  Pss  ,

      ., svusPvuzsszSz 

Theorem 2.10. The following statements are equivalent:

(1) If  Ii iA satisfies Condition  ,PG  then iA satisfies Condition

 ,PG  for every ;Ii 
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(2) S satisfies Condition  ;PG 

(3) S is weakly right reversible.

Proof. This is similar to the proof of [13, Theorem 3.10]. 

We recall from [6] that for ,, Sba   the set     ;,:, SStsbaL 

,tbsa  is either empty or else a left S-act.

Also, we recall that if S is a monoid and I is a non-empty set, then the set

of all maps from I to S, equipped with the right S-action      ,sxxs   for

mapping SsSI  ,: and ,Ix   is a right S-act, denoted by   .S
IS

Theorem 2.11. The following statements are equivalent:

(1) I
SS satisfies Condition  ,PG  for every non-empty set I;

(2) for any  baLSba ,,,  is either empty or else, if there exists

Sz  such that   ,ker, zba  then there exist Svu , and n such

that      .,,, nn baLvuSbaL 

Proof. (1) (2). Suppose   ,, baL  for Sba , and suppose there

exists Sz such that   .ker, zba  Suppose also that  baL ,  is indexed

by I, that is,     .,:, IiyxbaL ii   Let yx, be the elements of ,IS

whose i-th components are ,, ii yx  respectively. Then byax  and .bzaz 

By assumption there exist SvuSz I  ,, and n such that vzyuzx  ,

and .nn vbua   Thus,        ,,,,,, vuzyxbaLvu iii
nn  where iz is the

i-th component of .z  Therefore,      ,,,, nn baLvuSbaL   as required.

(2)  (1). Let     byax IiIi  and ,bzaz   for      S
I

IiIi Syx ,

and .,, Szba   Then    ,,, baLyx ii   for every .Ii  Thus, by

assumption there exist Svu , and n such that      vuSbaL ,,

 ., nn baL  Since    ,,, baLyx ii   for every ,Ii   thus for every ,Ii 
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there exists Swi  such that    ,,, vuwyx iii   that is uwx ii  and

,vwy ii  for every .Ii  Hence,         vwyuwx IiIiIiIi  , and since

     ,,,, nn baLvuSvu  we have .nn vbua   Thus, the right S-act

 S
IS satisfies Condition  ,PG  as required. 

Theorem 2.12. The following statements are equivalent:

(1)  SD satisfies Condition  ;PG 

(2) for any  baLSba ,,,  is either empty or else, if there exists

Sz   such that   ,ker, zba  then for every      baLyxyx ,,,, 2211 

there exist Svu , and n such that      ,,,, nn
ii baLvuSyx 

for .2,1i

Proof. (1)  (2). For ,, Sba   let   baL , and   ,ker, zba 

for .Sz   Now let      ,,,,, 2211 baLyxyx   for .,,, 2211 Syxyx 

Then we have byax 11  and ,22 byax  and so     ,,, 2121 byyaxx 

which with   zba  ker, imply that there exist Svuww ,,, 21 and

n such that        vwwyyuwwxx 21212121 ,,,,,  and ,nn vbua 

that is uwxvwyuwx 221111 ,,  and .22 vwy   Therefore,

       ,,,,, nn
iii baLvuSvuwyx 

for ,2,1i  as required.

(2)  (1). Let    byyaxx 2121 ,,  and ,bzaz   for  ,, 21 xx

   SDyy 21,  and .,, Szba  Then ,, 2211 byaxbyax   and so

     baLyxyx ,,,, 2211   and   .ker, zba  Thus, by assumption there

exist Svu , and ,n  such that      ,,,, nn
ii baLvuSyx   for

,2,1i  and so, there exist Sww 21, such that    ,,, vuwyx iii  for

,2,1i  that is, uwx ii  and ,vwy ii   for .2,1i Hence,   21, xx

 uww 21, and     ,,, 2121 vwwyy  and since      vuSvu ,,
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 ,, nn baL we have .nn vbua   Therefore,  SD  satisfies Condition

 .PG  

3. A Characterization of Right Acts by the Condition  PG 

In this section, we give a characterization of monoid S by Condition

 PG   of right S-acts.

Let J be a proper right ideal of a monoid S. If x, y, z are different

symbols not belonging to S, define          ,\,: JzJSyxJA    and

a right S-action on  JA  by

 
 

 










,if,,

,if,,
,

Jususz

Jususx
sux

 
 

 










,if,,

,if,,
,

Jususz

Jususy
suy

   .,, uszsuz 

Clearly,  JA  is a right S-act.

Lemma 3.1. Let J be a proper right ideal of S. Then  JA does not

satisfy Condition  .PG 

Proof. For every ,Jj   we have     jyjx 1,1,  and .jjjj   If

there exist     SvuJArw  ,,, and n such that     ,,1, urwx 

   vrwy ,1,  and ,nn vjuj   then the equality    urwx ,1,  implies

that ,xw   and the equality    vrwy ,1,  implies that .yw   Thus,

,yx   which is a contradiction. 

Recall from [2] and [3] that the S-act SA satisfies Condition  ,PE if

for every ,,,, SzssAa S 

   .and,, suusuauaaSuuAazsszsaas S 
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The S-act SA satisfies Condition (EP), if for every ,,, SssAa S 

     .and, suusuauaaSuuAasaas S 

Theorem 3.2. The following statements are equivalent:

(1) All right S-acts satisfy Condition  ;PG 

(2) all R -torsion free right S-acts satisfy Condition  ;PG 

(3) all right S-acts satisfying Condition  PE satisfy Condition  ;PG 

(4) all right S-acts satisfying Condition (EP) satisfy Condition  ;PG 

(5) all right S-acts satisfying Condition  E satisfy Condition  ;PG 

(6) all right S-acts satisfying Condition (E) satisfy Condition  ;PG 

(7) S is a group.

Proof. Implications (1) (2) and (1) (3) are obvious and implications

(3) (4) (6), (3) (5) (6) are obvious, because      ,PEEPE 

and      .PEEE 

(2) (6). This is obvious, since all right S-acts satisfying Condition (E)

are R -torsion free, by [17, Proposition 1.2].

(6)  (7). Suppose ,SsS   for .Ss   Then the right S-act  sSA

satisfies Condition (E), by [8, III, Exercise 14.3(3)], and so by the

assumption that  sSA  satisfies Condition  ,PG   which is a contradiction,

by Lemma 3.1. Hence, ,SsS   for every ,Ss  and so S is a group.

(7)  (1). This is obvious, by [4, Theorem 2.5], since Condition  P

implies Condition  .PG  

Theorem 3.3. The following statements are equivalent:

(1) All right S-acts satisfy Condition  ;PG 

(2) all generator right S-acts satisfy Condition  ;PG 
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(3) all generator finitely generated right S-acts satisfy Condition  ;PG 

(4) all generator right S-acts generated by at most three elements satisfy

Condition  ;PG 

(5) SAS  satisfies Condition  ,PG  for every generator right S-act

;SA

(6) SAS  satisfies Condition  ,PG  for every generator finitely

generated right S-act ;SA

(7) SAS  satisfies Condition  ,PG  for every generator right S-act

SA generated by at most three elements;

(8) SAS  satisfies Condition  ,PG  for every right S-act ;SA

(9) SAS  satisfies Condition  ,PG  for every finitely generated right

S-act ;SA

(10) SAS  satisfies Condition  ,PG  for every right S-act SA

generated by at most two elements;

(11) the right S-act SA satisfies Condition  ,PG  if   ;, SS SAHom

(12) the finitely generated right S-act SA satisfies Condition  ,PG  if

  ;, SS SAHom

(13) the right S-act ,SA generated by at most two elements, satisfies

Condition  ,PG  if   ;, SS SAHom

(14) S is a group.

Proof. Implications (1)  (2)  (3)  (4), (1)  (5)  (6)  (7), (1)

 (8) (9) (10) and (1) (11) (12) (13) are obvious.

(7)  (2). Let SA be a generator right S-act, taas  and ,tzsz   for

.,,,, SztsAaa S  Since SA is generator, thus there exists epimorphism

.: SS SA   Let   1 a  and .SaSaaSBS    Since SSB SB
S

 :
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is an epimorphism, thus SB is a generator right S-act, which generated by

at most three elements, and so by the assumption that SBS  satisfies

Condition  .PG  Now      taasaa  ,, and tzsz  imply that

there exist   SvuBSbw S  ,,, and n such that     aa ,

    aaubw  ,,,  vbw, and .nn vtus   Therefore, bvabua  ,

and ,nn vtus  and so SA satisfies Condition  ,PG   as required.

(13) (2). Let SA be a generator right S-act, taas  and ,tzsz   for

.,,,, SztsAaa S  Since SA is generator, thus there exists epimorphism

.: SS SA   Let .SaaSBS    Since SSB SB
S

 : is a homomorphism,

thus   ., SS SBHom Also SB is generated by at most two elements and

so by the assumption that SB satisfies Condition  .PG   Now taas  and

tzsz  imply that there exist SvuABa SS  ,, and n such that

vaauaa  , and .nn vtus   Therefore, SA satisfies Condition  ,PG 

as required.

(10) (14). Suppose ,SsS   for .Ss   Then the right S-act  sSA  is

generated by two different elements  x,1  and  ,,1 y and so by the

assumption that  sSAS   satisfies Condition  .PG   Since    sx,1,1

  sy,1,1 and ,1.1. ss   thus there exist  yxwSltvu ,,,,,  and

n such that            vwtlyuwtlx ,,,1,1,,,,1,1  and .nn vsus 

Therefore,    uwtx ,,1  and     ,,,1 vwty  and so ,ywx  which is a

contradiction. Hence, ,SsS   for every ,Ss   and so S is a group.

(2)  (10). Let SA be a right S-act, generated by at most two elements.

It is obvious that the mapping SS SAS  : with   ,, sas   for all

Ss  and SAa  is an epimorphism in Act-S, thus SAS  is a generator,

by [8, II, Theorem 3.16], and so by the assumption that SAS  satisfies

Condition  .PG 
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(4)  (2). Let SA be a generator right S-act, taas  and ,tzsz   for

.,,,, SztsAaa S  Since SA is generator, thus there exists epimorphism

.: SS SA   Let   1 a  and .SaSaaSBS    Since SSB SB
S

 :

is an epimorphism, thus SB is a generator right S-act, which generated by at

most three elements, and so by the assumption that SB satisfies Condition

 .PG   Now taas  and tzsz  imply that there exist  SBa

SvuAS ,, and n such that vaauaa  , and .nn vtus 

Therefore, SA satisfies Condition  ,PG   as required.

(14) (1). This follows from Theorem 3.2. 

We recall from [8, I, Definition 5.7], that an S-act SA is called

indecomposable if there exist no subacts SSS ACB , such that

SSS CBA  and .SS CB 

Theorem 3.4. The following statements are equivalent:

(1) All indecomposable right S-acts satisfy Condition  ;PG 

(2) all finitely generated indecomposable right S-acts satisfy Condition

 ;PG 

(3) all indecomposable right S-acts generated by two elements satisfy

Condition  ;PG 

(4) S is a group.

Proof. Implications (1) (2) (3) are obvious.

(3)  (4). Suppose that ,SsS   for ,Ss   and let 
sS

S SSA .  As we

know SA is an indecomposable right S-act generated by two elements, and

so by the assumption that SA satisfies Condition  ,PG   which is a

contradiction, by Lemma 3.1. Hence, ,SsS  for every ,Ss   and so S is a

group.
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(4) (1). This is obvious, by Theorem 3.2. 

For every weakly right reversible monoid S, there exists a right S-act

,SA  such that SA is not indecomposable, but satisfies Condition  .PG   For

this let S be a weakly right reversible monoid and  ,, 21 A  which

,21  ,iis   for every .2,1,  iSs

Obviously, SA is a right S-act that satisfies Condition  ,PG   but since

   ,21  SA  1 and  2 are subacts of ,SA  thus SA is not

indecomposable.

We recall from [8] that SA is (strongly) faithful, if for Sts , the

equality ,atas   for (some) all SAa  implies that .ts   Now by using a

similar argument as in the proof of Theorem 3.4, we can show the following

theorem.

Theorem 3.5. The following statements are equivalent:

(1) All faithful right S-acts satisfy Condition  ;PG 

(2) all finitely generated faithful right S-acts satisfy Condition  ;PG 

(3) all faithful right S-acts generated by two elements satisfy Condition

 ;PG 

(4) S is a group.

Notation:  rl CC  is the set of all left (right) cancellable elements of S.

Lemma 3.6. The following statements are equivalent:

(1) There exists at least one strongly faithful (left) right S-act;

(2) there exists at least one strongly faithful cyclic (left) right S-act;

(3) there exists at least one strongly faithful monocyclic (left) right

S-act;

(4) there exists at least one strongly faithful finitely generated (left) right

S-act;
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(5)   ,sSSs as a (left) right S-act, is strongly faithful, for every ;Ss 

(6) there exists ,Ss  such that   ,sSSs as a (left) right S-act, is

strongly faithful;

(7)   ,SS SS as a (left) right S-act, is strongly faithful;

(8)   ,lr CsSCSs  for every ;Ss 

(9) there exists ,Ss  such that   ;lr CsSCSs 

(10) S is (right) left cancellative.

Proof. Implications (3) (2) (4) (1), (5) (6) (1), (10) (8)

 (9) and (7) (1) are obvious.

(7) (3). This is obvious, since  ,, ssSSS SSS  for every s.

(1)  (10). Let SA be a strongly faithful right S-act and ,stsl   for

.,, Stls  Then ,astasl   for .SAa   Since SA is strongly faithful and

,SAas   thus .tl   Therefore, S is left cancellative.

(10)  (7). Let S be left cancellative and ,stsl   for Stl , and

.SSs   By assumption ,tl  and so SS is strongly faithful, as a right

S-act.

(9)  (10). Let ,lCsS   for Ss  and ,rlrt   for .,, Sltr   Then

    .lsrtsr  By assumption ,lt   and so S is left cancellative.

(10)  (5). Let ,sklskt   for sSsk  and ., Slt   By assumption

,lt   and so sS is strongly faithful, as a right S-act. 

Theorem 3.7. The following statements are equivalent:

(1) All strongly faithful right S-acts satisfy Condition  ;PG 

(2) all finitely generated strongly faithful right S-acts satisfy Condition

 ;PG 
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(3) all strongly faithful right S-acts generated by two elements satisfy

Condition  ;PG 

(4) either S is not left cancellative or, S is a group.

Proof. Implications (1) (2) (3) are obvious.

(3)  (4). If S is not left cancellative, then we are done. Now let S be

left cancellative, and let there exist Ss  such that .SsS   Put

 .sSAAS  We have:

      SSS CsSsSStytSsSsSSlxlB   \,\,

and .SSS CBA   Since S is left cancellative, SS is strongly faithful, by

Lemma 3.6, and so SB and SC are strongly faithful. That is, SA is strongly

faithful, and so by the assumption that SA satisfies Condition  ,PG   which

is a contradiction, by Lemma 3.1. So, ,SsS   for all ,Ss   and S is a

group.

(4)  (1). Let S be not left cancellative. Then there exists no strongly

faithful right S-act, by Lemma 3.6, and so (1) is satisfied. Otherwise, S is a

group, and all right S-acts satisfy Condition  ,PG   by Theorem 3.2, as

required. 

Theorem 3.8. Every strongly faithful cyclic right S-act satisfies

Condition  .PG 

Proof. Let SAS  be a strongly faithful cyclic right S-act. Then S is

left cancellative, by Lemma 3.6, and so .ker S  That is, SAS 

.ker SS SSS   So SAS  satisfies Condition  ,PG   by

Theorem 2.2. 

We say that S is right PCP, if all principal right ideals of S satisfy

Condition (P). The S-act SA is called strongly (P)-cyclic, if for every

SAa  there exists Sz  such that za  kerker and zS satisfies

Condition (P) (see [5]). The proof of the following theorem is similar to that

of [5, Theorem 2.6].
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Theorem 3.9. The following statements are equivalent:

(1) All strongly (P)-cyclic right S-acts satisfy Condition  ;PG 

(2) all finitely generated strongly (P)-cyclic right S-acts satisfy

Condition  ;PG 

(3) all finitely generated strongly (P)-cyclic right S-acts generated by

two elements satisfy Condition  ;PG 

(4) eS is a minimal right ideal of S, for every idempotent ,Te  where T

is the greatest strongly (P)-cyclic right ideal of S.

Corollary 3.10. All cyclic strongly (P)-cyclic right S-acts satisfy

Condition  .PG 

Proof. This is obvious, by definition. 

Lemma 3.11 [5, Lemma 2.3]. If all cyclic subacts of a right S-act SA

are simple, then for every ,, SAaa  either SaaS  or .SaaS 

Theorem 3.12. The following statements are equivalent:

(1) All regular right S-acts satisfy Condition  ;PG 

(2) all finitely generated regular right S-acts satisfy Condition  ;PG 

(3) all regular right S-acts generated by two elements satisfy Condition

 ;PG 

(4) eS is a minimal right ideal of S, for any idempotent ,Te  where T

is the greatest regular right ideal of S.

Proof. Implications (1) (2) (3) are obvious.

(3)  (4). Let Te  be an idempotent. If eS is a minimal right ideal,

then we are done. Otherwise, there exists a right ideal SK of S such that

.eSKS  Let .eSeSA
K

S  Then SA is regular by [8, III, Proposition

19.11], and so by the assumption that SA satisfies Condition  .PG   Now let

.SKeu  Then    uyeuxeeu ,,  and ,uuuu   imply that there exist
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SvvAa S  21,, and n such that     21 ,,, avyeavxe  and

.21
nn uvuv   Then equality   1, avxe  implies that  ,, xta   for some

,\ SKeSt  similarly,  ,, yta   for some ,\ SKeSt   that is ,yx 

which is a contradiction.

(4)  (1). Let SA be a regular right S-act, and let .SAa   Then aS is

projective, and so there exists  SEe   such that .eSaS  Since T is the

greatest regular right ideal of S, we have TeS  and so .Te  By the

assumption that eS is a minimal right ideal of S, and so aS is too.

Therefore, aS is simple. Now, suppose taat  and ,zttz  for

.,,,, SzttAaa S   Then ,SaaS   and so ,SaaS   by Lemma

3.11. Thus, ,1asa   for some ,1 Ss   and so .1tasat   Since eS satisfies

Condition  PG   and ,eSaS  thus there exist Svu , and n such

that avaasaua  1, and ,nn tvut   that is, SA satisfies Condition

 ,PG   as required. 

Theorem 3.13. Every regular cyclic right S-act satisfies Condition

 .PG 

Proof. This follows from definition. 

As we saw in Section 2, weak flatness of acts does not imply Condition

 .PG   Now it is natural to ask for monoids S over which weak flatness

implies Condition  .PG 

An element s of S is called left e-cancellable, for an idempotent ,Se 

if ses  and .kerker es   The monoid S is called right PP if every

principal right ideal of S is projective, as a right S-act. This is equivalent to

saying that every element Ss  is left e-cancellable for some idempotent

Se  (see [1]). The monoid S is called left PSF if every principal left ideal

of S is strongly flat, as a left S-act. This is equivalent to saying that S is right

semi-cancellative, that is, whenever ,ussu   for ,,, Suss   there exists

Sr  such that ruu  and rssr  (see [12]).
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Theorem 3.14. The following statements are equivalent:

(1) S is right cancellative;

(2) S is left PSF and all torsion free right S-acts satisfy Condition

 ;PG 

(3) S is left PSF and all principally weakly flat right S-acts satisfy

Condition  ;PG 

(4) S is left PSF and all weakly flat right S-acts satisfy Condition  ;PG 

(5) S is left PSF and all flat right S-acts satisfy Condition  .PG 

Proof. (1)  (2). It is obvious that every right cancellative monoid is

left PSF. Suppose SA is a torsion free right S-act, taat  and ,zttz   for

SAaa , and .,, Sztt  Then by assumption ,tt   and so .taat   Now

since SA is torsion free, thus .aa  Therefore, SA satisfies Condition

 ,PG   as required.

Implications (2) (3) (4) (5) are obvious.

(4)  (1). If S is not right cancellative, then sSsI  { is not right

cancellable} is a proper right ideal of S, and so  IA  is flat, by [15, Lemma

2.11]. Thus, by the assumption that  IA  satisfies Condition  ,PG   which

is a contradiction, by Lemma 3.1. 

Recall from [10] that an element s of S is called left almost regular

if there exist elements Ssssrrr mm ...,,,,...,,, 211 and right cancellable

elements ,...,,, 21 Sccc m  such that

111 srcs 

2122 rscs 



mmmm rscs 1

.rsss m
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A monoid S is called left almost regular if all its elements are left almost

regular.

Notice that the above theorem is also valid when left PSF is substituted

by left PP or left almost regular.

By a similar argument as in the proof of [8, IV, Proposition 9.3], we can

show the following theorem.

Theorem 3.15. If all finitely generated flat right S-acts satisfy Condition

 ,PG  then    .1SE

By a similar argument as in the proof of [14, Theorem 2.9], and

Theorems 3.14 and 3.15, we can show the following theorem.

Theorem 3.16. The following statements are equivalent:

(1) S is right cancellative;

(2) there exists a regular left S-act and   ;1SE

(3) there exists a regular left S-act and all principally weakly flat right

S-acts satisfy Condition  ;PG 

(4) there exists a regular left S-act and all weakly flat right S-acts satisfy

Condition  ;PG 

(5) there exists a regular left S-act and all flat right S-acts satisfy

Condition  .PG 

Theorem 3.17. The following statements are equivalent:

(1) S is right cancellative;

(2) S is left PSF and all GP-flat right S-acts satisfy Condition  ;PG 

(3) there exists a regular left S-act and all GP-flat right S-acts satisfy

Condition  ;PG 

(4) left diagonal act  SSS  is regular and all GP-flat right S-acts

satisfy Condition  .PG 
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Proof. (1)  (4). Left diagonal act  SSS   is strongly faithful, by

duality of [13, Corollary 4.8], and so  SSS   is regular, by [8, III,

Proposition 19.13]. By using a similar argument as in the proof of (1)  (2)

of Theorem 3.14, we have all GP-flat right S-acts satisfy Condition  .PG 

(4) (3). This is clear.

(3)  (1). Since every principally right S-act is GP-flat, thus by the

assumption that every principally weakly flat right S-act satisfies Condition

 ,PG   and so S is right cancellative, by Theorem 3.16.

(1) (2). This is similar to the proof of (1) (2) of Theorem 3.14.

(2) (1). This is similar to the proof of (4) (1) of Theorem 3.14. 

Notice that the above theorem is also valid when left PSF is substituted

by left PP or left almost regular.

For fixed elements Svu , define the relation vuP , on S as

   .,, , SyxvyuxPyx vu 

For ,, Sts  let ,kerker, tsts  and for any right ideal I of S

let I denote the right Rees congruence, i.e., for ,, Syx 

  yxyx I ,  or ., Iyx 

The what follows sS is the right Rees congruence on S by the principal

right ideal sS.

Lemma 3.18. For any ,,,,,  nSvuts the following statements are

equivalent:

(1) ;, 1,,,1, ttssvu
nn PPPvtus  

(2) ;1,,,1,1,,,1 ttssvuttss
PPPPP nn  

(3) .1,,,1,1,,,1 ttssvuttss
PPPPP nnnn  
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Proof. (1)  (2). Let ,, 21 Spp   and   .,
1,,,121 nn ttss

PPpp  

Thus, there exist Syy 21, such that     ,,,, ,21,111 tss
yyPyp n 

  .,
1,22 nt

Ppy   So   .kerker,,, ,212211 tsts
nn yyytpysp 

Then by [8, I, Lemma 4.37], there exist Szz m ...,,1 such that

mm szszszszszsy  13211 

21 tztz   .2tytzm 

Consequently,

,221111 vpyvtzvtzvtzusyusup n
m

nnnn  

and so   ,, ,21 vuPpp   as required.

(2) (3). Let ,, 21 Spp   and   .,
1,,,121 nnnn ttss

PPpp    Thus,

there exist Syy 21, such that   ,,
,111 ns

Pyp    ,,
,21 nn ts

yy 

  .,
1,22 nt

Ppy  So   nnn sts
nn yyytpysp  ker,,,

,212211

.ker nt
  Then there exist Szz m ...,,1 such that

m
n

m
nnnnn zszszszszsys  13211 

21 ztzt nn   .2ytzt n
m

n 

Obviously, we have       ,,1,1,1,1,
1,,,1 nn t

n
tss

n PtPs   and so

  ,, ,1,,,1 vuttss
nn PPPts nn   which implies .nn vtus  Consequently,

,221111 vpyvtzvtzvtzusyusup n
m

nnnn  

and so   ,, ,21 vuPpp  as required.
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(3)  (1). Obviously, we have   ,1,
,1 ns

n Ps    ,1,1
, nn ts



  ,,1
1,nt

n Pt   and so   ,, ,1,,,1 vuttss
nn PPPts nnnn    which implies

.nn vtus  

Theorem 3.19. The following statements are equivalent:

(1) All fg-weakly injective right S-acts satisfy Condition  ;PG 

(2) all weakly injective right S-acts satisfy Condition  ;PG 

(3) all injective right S-acts satisfy Condition  ;PG 

(4) all cofree right S-acts satisfy Condition  ;PG 

(5) for any tzszSzts  ,,, implies that there exist Svu , and

n such that   vu
nn Pts ,,  and the following conditions hold:

(i) ;1,,,1, ttssvu PPP  

(ii) ;ker sSu 

(iii) ;ker tSv 

(iv) ;kerker , tsvtus  

(6) for any tzszSzts  ,,, implies that there exist Svu , and

n such that the following conditions hold:

(i) ;1,,,1,1,,,1 ttssvuttss
PPPPP nn  

(ii) ;ker sSu 

(iii) ;ker tSv 

(iv) ;kerker , tsvtus  
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(7) for any tzszSzts  ,,, implies that there exist Svu , and

n such that the following conditions hold:

(i) ;1,,,1,1,,,1 ttssvuttss
PPPPP nnnn  

(ii) ;ker sSu 

(iii) ;ker tSv 

(iv) .kerker , tsvtus  

Proof. Implications (1)  (2)  (3)  (4) are obvious, and

implications (5) (6) (7) are follows, from Lemma 3.18.

(4)  (5). Let there exist Szts ,, such that ,tzsz   and for any

Svu , and n either nn vtus  or one of the Conditions (i)-(iv) does

not hold. Let 1S and 2S be sets such that ,21 SSS   and let

1: SS  and 2: SS  be bijections. Let    ,21, SSSX ts

and define mappings XSgf :, as follows:

 
 

 












,\,

,;,
,

sSSxx

syxSyy
xf ts

 
 

 












.\,

,;,
,

tSSxx

tyxSyy
xg ts

If there exist Syy 21, such that 21 sysy  or ,21 tyty   then

  ,, ,21 tsyy   and respectively,        2211 ,,
syfyysyf

tsts
   or

       ,2211 ,,
tygyytyg

tsts
  that is, f and g are well defined.

According to the definition, .gtfs   Since SX is cofree, by [8, II,

Proposition 4.8], thus by the assumption that SX satisfies Condition  ,PG 
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and so there exist SvuXSh  ,,: and n such that ,, hvghuf 

and .nn vtus  Now there are four possibilities that can arise:

If one of conditions (i)-(iii) does not hold, then a similar argument as [9,

Proposition 2.2], leads to a contradiction. So we suppose that condition (iv)

does not hold. Then there exist Spp 21, such that   uspp  ker, 21

.\ker , tsvt   That is,

         .,, ,21212121 tsppvtpvtpuspuspSpp 

If ,21 uspusp   then          22111 sphuusphusphsphuspf 

 .2spf  By definition of f and g, we have     ,
,, 21 tsts

pp    and so

  ,, ,21 tspp   which is a contradiction. If ,21 vtpvtp   then analogously

it leads to a contradiction.

(5)  (1). Suppose SA is an fg-weakly injective right S-act. Let

taas  and ,tzsz  for SAaa , and .,, Szts   By assumption, there

exist Svu , and n such that nn vtus  and conditions (i)-(iv) hold.

Define the mapping   SS AvSuS  : as follows:

 











.;,

,;,

vqxSqqa

upxSpap
x

If there exist Sqp , such that ,vqup   then by (i) there exist

Syy 21, such that   ,, ,11 sPyp    tsyy ,21,  and   ., 1,2 tPqy 

That is 21, tyqsyp  and    ,kerker, 21 tsyy   i.e., there exist

Szz m ...,,1 such that

mm szszszszszsy  13211 

21 tztz   .2tytzm 
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Consequently,

.22111 qatyatzatzatzaaszasyap m  

Suppose that there exist Spp 21, such that .21 upup  If ,21 pp 

then .21 apap   If ,21 pp   then by condition (ii), there exist Syy  21,

such that 11 ysp  and .22 ysp  Then 2211 yusupupyus  and so

  ,ker, 21 usyy   which by condition (iv) implies that    tsyy ,21,

 ,kerker ts   and so

mm szszszszszys  13211 

21 tztz   .2yttzm 

Hence,

.22221111 apyasytatzatzatzaaszyasap m  

If there exist Sqq 21, such that ,21 vqvq   then by using the

conditions (iii) and (iv), we get analogously that .21 qaqa   Then  is a

well defined homomorphism. By fg-weak injectivity of SA there exists a

homomorphism SAS  : which extends . Let  .1a  Then

      ,1 uauuua   and       .1 vavvva  Thus,

SA satisfies Condition  ,PG   as required. 

Lemma 3.20. For any monoid S, and for any :Ss 

  .ker 1,,1 Ssss sSsSPP  

Proof. Let ,, 21 Spp   and   .ker, 1,,121 sss PPpp    Then there

exist Syy 21, such that       ,,,ker,,, 1,2221,111 sss PpyyyPyp 

and so .,, 222111 sypsysysyp  That is,     ,, 21 SsSsSpp  

as required. It is easy to see the reverse inclusion. 
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Corollary 3.21. Let S be a monoid such that the set of all left

cancellable elements is commutative. Then all cofree right S-acts satisfy

Condition  PG  if and only if S is a group.

Proof. Necessity. Let .Ss   There exist ,,,  nSvu  such that

,1,,,1,1,,,1 ssssvussss
PPPPP nnnn  

and so

,kerker 1,,1,1,,1 sssvusss
PPPPP nnn  

by Theorem 3.19, and so     ,, SvuS
nn sSsSPSsSs    by

Lemma 3.20. Let .ker Su  Then there exists   upp  ker, 21 such

that .21 pp   By Theorem 3.19, ,ker sSu  and so there exist

,, 21 Syy   such that 11 syp  and .22 syp  Since ,21 upup  thus

,21 usyusy   and so   .ker, 21 usyy  Again by Theorem 3.19,

,kerker , sssus  and so ,21 pp   which is a contradiction. That is,

.ker Su  By a similar argument we can show that .ker Sv   Hence,

u, v are cancellable elements, and so by assumption they commute. Now,

    ,, , vusSsSPuvvuuv Svu  

    ,1;ker1,1 ,,  sxSxsSsSPP Svuuuu 

and so ,SsS  for every ,Ss   that is, S is a group.

Sufficiency. If S is a group, then all right S-acts satisfy Condition

 ,PG   by Theorem 3.2. 

Corollary 3.22. Let S be a commutative monoid. Then all cofree right

S-acts satisfy Condition  PG  if and only if S is a group.
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Corollary 3.23. Let S be a finite monoid. Then all cofree right S-acts

satisfy Condition  PG  if and only if S is a group.

Proof. Necessity. Let .Ss   By a similar argument as in Corollary 3.21,

there exist Svu , and n such that Svu  kerker and

    ., SvuS
nn sSsSPSsSs   So, ,ker SSSuS Su 

and so .SuS   Since S is finite and ,SuS   the last equality implies

that .SuS   Thus, there exists Sx  such that ,vux   and   vuPx ,1, 

  ,SsSsS    hence 1x  and so .vu   Now by a similar argument

as in the proof of Corollary 3.21, S is a group.

Sufficiency. If S is a group, then all right S-acts satisfy Condition

 ,PG   by Theorem 3.2. 

Corollary 3.24. Let S be a monoid such that every left cancellable

element of S has a right inverse. Then all cofree right S-acts satisfy

Condition  PG  if and only if S is a group.

Proof. By assumption, for any   ,, SuSSCu l   and so a similar

argument as in the proof of Corollary 3.23, gives the result. 

Corollary 3.25. Let S be an idempotent monoid. Then all cofree right

S-acts satisfy Condition  PG  if and only if  .1S

Proof. Necessity. If ,Se  then by the proof of Corollary 3.21,

there exist Svu , and n such that Svu  kerker and

  ., Svu eSeSP   Thus,   ,ker1, Suu   and so ,1u  similarly

.1v  Therefore,

   ,kerker ,,1 eSeSeSeSPP SvuuuuS  

since    ,1,1 eSeSS   there exists Sx  such that ,1ex  and so

.1e Thus,  ,1S as required.
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Sufficiency. If  ,1S  then all right S-acts satisfy Condition  ,PG   by

Theorem 3.2. 

Theorem 3.26. The following statements are equivalent:

(1) All right S-acts satisfying Condition  PG  are free;

(2) all right S-acts satisfying Condition  PG  are projective generators;

(3) all finitely generated right S-acts satisfying Condition  PG  are

free;

(4) all finitely generated right S-acts satisfying Condition  PG  are

projective generators;

(5) all cyclic right S-acts satisfying Condition  PG  are free;

(6) all cyclic right S-acts satisfying Condition  PG  are projective

generators;

(7) all monocyclic right S-acts satisfying Condition  PG  are free;

(8) all monocyclic right S-acts satisfying Condition  PG  are projective

generators;

(9)  .1S

Proof. (1)  (9). By the assumption that all right S-acts satisfying

Condition (P) are free, and so by [8, IV, Theorem 12.8],  .1S  By using a

similar argument, it can be seen that other implications to (9), are also true.

(9) (1). This is clear. 

Recall from [8] that an element s of a semigroup S is called aperiodic if

there exists n such that .1 nn ss  A semigroup S is called aperiodic

if every Ss  is aperiodic.

Theorem 3.27. Let S be a monoid such that every idempotent different

from 1 is a right zero. Then the following statements are equivalent:
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(1) All right S-acts satisfying Condition  PG  are regular;

(2) all finitely generated right S-acts satisfying Condition  PG  are

regular;

(3) all cyclic right S-acts satisfying Condition  PG  are regular;

(4) every element of S different from 1 is right zero.

Proof. Implications (1) (2) (3) are obvious.

(3)  (4). If all cyclic right S-acts satisfying Condition  PG   are

regular, then all cyclic right S-acts satisfying Condition (P) are regular.

Thus, all cyclic right S-acts satisfying Condition (P) are projective and so are

strongly flat. Hence, S is aperiodic, by [8, IV, Theorem 10.2]. Thus, for

every Ss  there exists n such that .1 nn ss  That is, ns is an

idempotent. If ,1s then .1ns  Otherwise, 1ns  implies that 1sssn 

or .1 ssn   Since ,1 nn ss   we have ,ssn   and so ,1s  which is a

contradiction. Thus, ,1ns  and so by the assumption that ns is right zero.

,SS  as a cyclic right S-act, satisfies Condition  ,PG   by Theorem 2.2, and

so by the assumption that SS is regular, thus the principal right ideal sS is

projective. Therefore, s is left e-cancellable, for some idempotent ,Se   by

[8, III, Theorem 17.16], that is, ses  and nn ssss 1 implies that

.1 nn eses  Without loss of generality, we may assume that n is the

smallest natural number such that .1 nn ss  Now, if ,1e then

,1 nn ss   which is a contradiction. Thus, ,1e  and so by the assumption

that e is a right zero. Then ,eses   that is, s is a right zero, as required.

(4)  (1). Suppose SA satisfies Condition  .PG   We have to show

that all cyclic subacts of SA are projective. Let .SAa   Then either for all

aasSs  ,1 or there exists Ss  such that .aas  If for all
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,,1 aasSs  then SaS  : defined by   sas  is an isomorphism,

because if ,atas   then since ,tsss  Condition  PG  implies that there

exist ,, Svu   and n such that .nn vtus   Since ts,1  are right

zero, the last equality implies that ,ts   and so  well defined. Therefore,

aS is projective. If there exists Ss 1 such that ,aas   then by using a

similar argument as above, there exists at most one such s. In this case

sSaS  : defined by   stat  is an isomorphism. Since s is an

idempotent aS is projective, by [8, III, Proposition 17.2(3)]. 

The monoid S is called simple, if S has no proper ideal (see [8]).

Theorem 3.28. For any simple monoid S, the following statements are

equivalent:

(1) All right S-acts satisfying Condition  PG  are regular;

(2) all finitely generated right S-acts satisfying Condition  PG  are

regular;

(3) all cyclic right S-acts satisfying Condition  PG  are regular;

(4)  .1S

Proof. Implications (1) (2)  (3) are obvious.

(3)  (4). By the assumption that all cyclic right S-acts satisfying

Condition (P) are (being regular) projective and so every right reversible

submonoid of S contains a left zero by [8, IV, Theorem 11.8]. Let e1 be

an idempotent. Since S is simple, it has no proper right ideal, and so .SeS 

Therefore, 1e  which is a contradiction. Hence, the only idempotent of S

is 1. Now let .Ss   As we showed in the proof of Theorem 3.27, S is

aperiodic, and so there exists n such that .1 nn ss Since ns is an

idempotent, we have ,1ns and so 1 nn ss implies that .1s  Thus,

 ,1S  as required.
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(4)  (1). If  ,1S then all right S-acts are regular, by [8, IV,

Theorem 14.4]. 

Theorem 3.29. The following statements are equivalent:

(1) All right S-acts satisfying Condition  PG  are divisible;

(2) all finitely generated right S-acts satisfying Condition  PG  are

divisible;

(3) all cyclic right S-acts satisfying Condition  PG  are divisible;

(4) all monocyclic right S-acts satisfying Condition  PG  are divisible;

(5) all left cancellable elements of S are left invertible.

Proof. Implications (1) (2) (3) (4) are obvious.

(4)  (5). By Theorem 2.2, ,SS  as a right S-act, satisfies Condition

 .PG   Since   ,, SS SSssS   for ,Ss   thus by the assumption that

SS is divisible, and so ,SSc   for any left cancellable element .Sc 

Therefore, there exists ,Sx   such that .1xc

(5) (1). This is obvious, by [8, III, Proposition 2.2]. 

We recall from [18] that an act SA is called strongly torsion free if for

any SAba , and any ,Ss  the equality bsas  implies .ba 

Theorem 3.30. The following statements are equivalent:

(1) All right S-acts satisfying Condition  PG  are strongly torsion free;

(2) all finitely generated right S-acts satisfying Condition  PG  are

strongly torsion free;

(3) all cyclic right S-acts satisfying Condition  PG  are strongly

torsion free;

(4) S is right cancellative.

Proof. This follows from [18, Theorem 3.1]. 



P. Khamechi, H. M. Saany and L. Nouri2066

Acknowledgement

The authors thank the anonymous referees for their valuable suggestions

and constructive criticism which improved the presentation of the paper.

References

[1] J. Fountain, Right PP monoids with central idempotents, Semigroup Forum

13 (1977), 229-237.

[2] A. Golchin and H. Mohammadzadeh, On Condition  ,PE  J. Sci. Islam. Repub.

Iran 17(4) (2006), 343-349.

[3] A. Golchin and H. Mohammadzadeh, On Condition (EP), Int. Math. Forum

2(19) (2007), 911-918.

[4] A. Golchin and H. Mohammadzadeh, On Condition  ,P  Semigroup Forum

86 (2013), 413-430.

[5] A. Golchin, P. Rezaei and H. Mohammadzadeh, On strongly (P)-cyclic acts,

Czechoslovak Math. J. 59(134) (2009), 595-611.

[6] V. Gould, Coherent monoids, J. Aust. Math. Soc. (Series A) 53 (1992), 166-182.

[7] J. M. Howie, Fundamentals of Semigroup Theory, London Mathematical Society

Monographs, Oxford University Press, London, 1995.

[8] M. Kilp, U. Knauer and A. Mikhalev, Monoids, Acts and Categories, Walter de

Gruyter, Berlin, 2000.

[9] V. Laan, On classification of monoids by properties of Cofree acts, Semigroup

Forum 59 (1999), 79-92.

[10] V. Laan, Pullbacks and flatness properties of acts, Ph. D. Thesis, Tartu, 1999.

[11] V. Laan, Pullbacks and flatness properties of acts I, Comm. Algebra 29(2) (2001),

829-850.

[12] Z. K. Liu and Y. B. Yang, Monoids over which every flat right act satisfies

Condition (P), Comm. Algebra 22(8) (1994), 2861-2875.

[13] L. Nouri, A. Golchin and H. Mohammadzadeh, On properties of product acts over

monoids, Comm. Algebra 43 (2015), 1854-1876.

[14] H. S. Qiao, Some new characterizations of right cancellative monoids by

Condition (PWP), Semigroup Forum 71 (2005), 134-139.



On a Generalization of Condition  P 2067

[15] H. S. Qiao, L. M. Wang and Z. K. Liu, On some new characterizations of right

cancellative monoids by flatness properties, Arab. J. Sci. Eng. 32 (2007), 75-82.

[16] H. S. Qiao and C. Wei, On a generalization of principal weak flatness property,

Semigroup Forum 85 (2012), 147-159.

[17] A. Zare, A. Golchin and H. Mohammadzadeh, R -torsion free acts over monoids,

J. Sci. Islam. Repub. Iran 24(3) (2013), 275-285.

[18] A. Zare, A. Golchin and H. Mohammadzadeh, Strongly torsion free acts over

monoids, Asian-European Journal of Mathematics 6(3) (2013), 1-22.


