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Abstract 

Expression for primitive idempotents in the semi-simple group algebra 

npFC4  of the cyclic group npC4  of order np4  over finite field F are 

obtained. Generating polynomials, dimensions and minimum distance 
bounds for the corresponding cyclic codes are also calculated. 

1. Introduction 

Let F be a Galois field of order q, where q is some prime power of the 
form 14 +k  and mC  be a cyclic group of order m such that ( ) .1,... =mqdcg  

Then the group algebra mFC  is semi-simple having finite cardinality of 

collection of primitive idempotents which equals the cardinality of collection 
of q-cyclotomic cosets modulo m. Let t be the multiplicative order of q 

modulo .np  Then ( )npt φ≤≤1  [6]. Pruthi and Arora ([2, 8]) computed the 

primitive idempotents of minimal cyclic codes of length m in case, when 
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( )mt φ=  and .2,,4,2 nn ppm =  The primitive idempotents of length np  

with order of q modulo np  is ( )
2

npφ  were obtained by Arora et al. [1] and 

minimal quadratic residue codes of length np  by Batra and Arora [4]. Cyclic 

codes of length np2  over F, where order of q modulo np2  is ( )
2

2 npφ  were 

obtained by Batra and Arora [5]. Minimal cyclic codes of length ,qpn  where 

p and q are distinct odd primes were obtained by Sahni and Sehgal [9]. The 

minimal cyclic codes of length qpn  were obtained by Bakshi and Raka [3]. 

Further, for ( )npt φ=  the minimal cyclic codes of length ,8 np  were 

discussed by Singh and Arora [10]. Li et al. obtained irreducible cyclic codes 

of length np4  and ,8 np  where ( )8mod3≡q  and ( )1−qp  [7]. 

In present paper, we obtained cyclic codes of length np4  over F, where 

order of q modulo np  is ( ) .2

npφ  The q-cyclotomic cosets modulo np4  are 

obtained in Section 2 and corresponding primitive idempotents in Section 3. 
In Section 4, we discussed generating polynomials and dimensions for the 

corresponding cyclic codes of length .4 np  The minimum distance or the 

bounds for minimum distance of these codes are obtained in Section 5. 
Appropriate example supports the theoretical results. 

2. Cyclotomic Cosets 

Lemma 2.1. Suppose ( )
2

npφ  be the order of q modulo .np  Then the 

order of q modulo inp −  is ( )
2

inp −φ  for all i, .10 −≤≤ ni  

Proof. Proof is on similar lines as that of ([5], Theorem 2.5). ~ 

Lemma 2.2. If ( )
2

npφ  is the order of q modulo ,np  then for 

,10 −≤≤ ni  
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 (i) order of q modulo inp −2  is ( ) .2

inp −φ  

(ii) order of q modulo inp −4  is ( ) .2

inp −φ  

Proof. (i) Since ( )
2

npφ  is the order of q modulo ,np  by Lemma 2.1 

order of q modulo inp −  is ( ) .11,2 −≤≤φ −
nip in

 Hence 

( )
( ).mod12 in

p
pq

in

−
φ

≡

−

 (2.1) 

Since q is of the form ( ).2mod1,14 ≡+ qk  Hence, 
( )

( ).2mod12 ≡

−φ inp

q  

As ( ) ,1,2... =−inpdcg  so 
( )

( ),2mod12 in
p

pq

in

−
φ

≡

−

 since order of q 

modulo inp −  is ( ) .2

inp −φ  This implies that ( )
2

inp −φ  is the smallest integer 

for which equation (2.1) holds. Hence, order of q modulo inp −2  is 
( ) .2

inp −φ  

(ii) Proof holds similar to that of (i). ~ 

Lemma 2.3. For ,10 −≤≤ ni  and ( ) ≡/+−φ≤≤
−

n
in

ppk 21,120  

( ).4mod ink pq −  

Proof. Proof can be obtained by using Lemma 2.1 and Lemma 2.2. ~ 

Lemma 2.4. Let p be an odd prime. Then there exists an integer g, 
pg 41 <<  such that g is primitive root modulo p, order of g modulo 4                        

is 2. Further, if q is any prime power and ( ) ,1,... =pqdcg  then ∉g  

{
( )

}....,,,,1
1

22 −
φ p

qqq  
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Proof. Consider the complete residue system, { }1...,,2,1,0 −= pS p  

modulo p, { }1,02 =S  modulo 2, and { }12...,,2,1,02 −= pS p  modulo 2p. 

Since ( ) .1,2... =pdcg  So there exists an integer pSv ∈  such that 

.12 =− pv  Let a be any primitive root mod p in .pS  For ( ),4mod1≡p  let 

( ).4mod232 pappavg ++≡  Then, ( ).mod pag ≡  Hence, g is primitive 

root modulo p. Now, ( ),4mod232 appavg ++≡  so ( ),4mod3≡g  as p 

is of the form .14 +k  Hence, order of g modulo 4 is 2. Further, for 
( ),4mod3≡p  let ( ).4mod2 ppavg +≡  Then, as for the case of 

( ),4mod1≡p  g is primitive root modulo p and 4 both. Let ∈g  

{
( )

}....,,,,1
122 −φ p

qqq  So iqg =  for some ( ) .121 −φ≤≤ pi  This implies 

( ) ( ).iqogo =  Here, order of q modulo 4p is ( ) .2
pφ  So ( ) ( )

2
pqo i φ≤  

modulo 4p. This implies ( ) ( )
2
pgo φ≤  modulo 4p. But order of g mod 4p is 

( ).pφ  Hence {
( )

}....,,,,1
122 −

φ

∉
p

qqqg  ~ 

Lemma 2.5. There exists a fixed integer g satisfying ( ) ,12,... =pqgdcg  

,41 pg <<  ( ),mod pqg k≡/  where ( ) ,120 −φ≤≤ pk  such that for ≤0  

,1−≤ nj  the set {
( )

,,,...,,,,1
1

22 gqgqqq

jnp
−

φ − ( )
},...,,

122 −φ − jnp
gqgq  

forms a reduced residue system modulo jnp −  and the set 

{
( ) ( )

...,,,,,...,,,,,...,,,,1 2122122 qqgqgqgqgqqq

jnjn pp
λλλ

−
φ

−
φ −−

 

( ) ( )
},...,,,,,

122212 −φ−φ −−

λλλλλ

jnjn pp
gqgqggq  

forms a reduced residue system modulo ,4 jnp −  where .21 np+=λ  
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Proof. By Lemma 2.1, order of q modulo p is ( ) .2
pφ  Therefore, the 

numbers 
( ) 122 ...,,,,1

−
φ p

qqq  are incongruent modulo p. But there are 
exactly ( )pφ  numbers in the reduced residue system modulo p. Therefore, 
there exists a number g satisfying ( ) ,12,... =pqgdcg  ,41 pg <<  ≡/g  

( )pqk mod  for ( ) .120 −φ≤≤ pk  Then the set {
( )

,,...,,,,1
122 gqqq

p −φ

 

( )
}

122 ...,,,
−

φ p
gqgqgq  forms a reduced residue system modulo p. Since for 

( ) ( ).mod,120 pqgpk k≡/−φ≤≤  It follows that; ( ),mod jnk pqg −≡/  for 

( ) .120 −φ≤≤
− jnpk  Hence, the set {

( )

,,,,...,,,,1 21
22 gqgqgqqq

jnp
−

φ −

 

( )

},..,
1

2
−

φ − jnp

gq  forms a reduced residue system modulo ,jnp −  j≤0  
.1−≤ n  

Similar result holds to show that the set  

{
( ) ( )

,...,,,,,...,,,,1
1

221
22 −

φ
−

φ −− jnjn pp

gqgqgqgqqq  

  
( ) ( )

},...,,,,,...,,,,
1

221
22 −

φ
−

φ −−

λλλλλλλλ

jnjn pp

gqgqgqgqqq   

forms a reduced residue system modulo .4 jnp −  ~ 

Theorem 2.6. The ( )48 +n  q-cyclotomic cosets modulo np4  are given 
by 

{ } { } { } { }n
p

n
p

n
p ppp nnn 3,2,,0 320 =Ω=Ω=Ω=Ω  

and for ,10 −≤≤ ni  

{
( )

}
122 ...,,,,
−φ −

=Ω

in

i

p
iiii

sp
qspqspqspsp   

for .,4,2,,,4,2,1 ggggs λλ=  
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Proof. { }00 =Ω  is trivial. 

Since q is of the form ,14 +k  so ( )nnn ppqp 4mod≡  and hence 

{ } { } { }.3,2,
32

n
p

n
p

n
p

ppp nnn =Ω=Ω=Ω  

By Lemma 2.2, 
( )

( ).4mod12 in
p

pq

in

−
φ

≡

−

 Equivalently, 
( )

≡

−φ
2

inp
iqp   

( ).4mod ni pp  Therefore, {
( )

}....,,,,
122 −φ −

=Ω

in

i

p
iiii

p
qpqpqpp  

Similarly, {
( )

}
122 ...,,,,
−φ −

=Ω

in

i

p
iiii

sp
qspqspqspsp  for ,,4,2 λ=s  

.,4,2, gggg λ  

Obviously, .10 =Ω  Also, ,1
32

=Ω=Ω=Ω nnn ppp
 and 

iiii pppp λΩ=Ω=Ω=Ω 42 =Ω=Ω=Ω= iii gpgpgp 42
 

( ) .2

in

gp
p

i

−

λ
φ=Ω  

Therefore, 

( ) ( ) ( ) ( )∑ ∑
−

=

−

=

−−− φ+φ+φ=φ=Ω
1

0

1

0

21

2222

n

i

n

i

nnnin

p
pppp

i  

( ) .
2

1
2

−
=

φ
++

npp  

Hence, 

nn pp 20 Ω+Ω+Ω ∑ ∑
−

= λλ= ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

Ω+Ω+
1

0 ,4,2,,,4,2,1
3

n

i ggggt
tpp in  

.4 np=  ~ 
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3. Primitive Idempotents 

Throughout this paper, we consider that α is th4 np  root of unity in 

some extension field of F. Let sM  be the minimal ideal in 4 npR =  

[ ] ,414
nn pp

FC
x

xF
≡

−
 generated by ( )

( ) ,14

xm
x

s

pn
−  where ( )xms  is the minimal 

polynomial for ., s
s s Ω∈α  We denote ( ),xsθ  the primitive idempotent                 

in ,
4 np

R  corresponding to the minimal ideal ,sM  given by ( ) =θ xs  

∑
−

=
ε

14

0
,

4
1

np

t

ts
in x

p
 where ∑

Ω∈

−α=ε
ts

ist
i  and ∑

Ω∈
=

ts

s
t xC .  

Lemma 3.1. For any odd prime p and a positive integer k, if β is 

primitive thpk  root of unity in some extension field of F, then the following 

holds: 

 (i) If q is quadratic residue modulo ,kp  then 

( )

( )

∑
−φ

= ⎩
⎨
⎧

≥
=−

=β+β

12

0
.2,0
,1,1

k

tt

p

t

gqq
k
k

 

(ii) If q is primitive root modulo ,kp  then 

( )

∑
−φ

= ⎩
⎨
⎧

≥
=−

=β
1

0
.2,0
,1,1

k
tp

t

q
k
k

 

Proof. By Lemma 2.5, the set {
( )

...,,,,,...,,,,1 2122 gqgqgqqq

kp
−

φ

 

( )
}

12 −
φ kp

gq  is a reduced residue system ( ).mod kp  Then, 
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( )

( )

∑ ∑ ∑ ∑
−

φ

=

−

= = =

−

β−=β−β=β+β

12

0

1

0 ,1 1

1

.

k
k k k

tt

p

t

p

t

p

tpt

p

t

ptttgqq  

If ,1=k  then .1−=β− p  

If ,2≥k  then ,1≠βp  therefore ( )∑
−

=

−β++β+β=β
1

1

11
kp

t

pkpppt   

( ) .0
1
1

=
−β

−β
β= p

p
p

k

 For the remaining part see [3, Lemma 4]. ~ 

Lemma 3.2. For cyclotomic cosets iii ppp
ni Ω=Ωλ−≤≤Ω 2,10,  

.ipλ
Ωλ=  

Proof. Since ( ),4mod12 np≡λ  the required result holds. ~ 

Lemma 3.3. (i) If ( ),4mod1≡p  then .1Ω−=Ωλ  

(ii) If ( ),4mod3≡p  then .1Ω−=Ωg  

Proof. Since p is an odd prime, ( )
2

npφ  is odd if and only if 

( ).4mod3≡p  

(i) If ( )4mod1≡p  and ( ),4mod1≡q  then ( )4mod1−≡λ  and 

( )
( ).4mod14 ≡

φ np
q  So, 

( )
( ).4mod14 −≡λ

φ np
q  Also, ( )npmod1≡λ  and 

( )
( ),4mod14 n

p
pq

n

−≡
φ

 thus, 
( )

( ).mod14 n
p

pq

n

−≡λ
φ

 

But ( ) .1,4 =np  So, from above relations, 
( )

( ).4mod14 n
p

pq

n

−≡λ
φ

 

Hence, .1Ω−=Ωλ   
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(ii) If ( ),4mod3≡p  then ( )4mod1−≡g  and ( ),4mod1≡kq  so 

( ).4mod1−≡kgq  Now, 
( )

( )n
p

pq

n

mod12 ≡
φ

 and ( )
2

npφ  is odd, thus 

( )nk pq mod1−≡/  for ( ) .120 −φ≤≤
npk  

Also the set {
( ) ( )

},...,,,,,...,,,,1
122122 −

φ
−

φ nn pp
gqgqgqgqqq  forms 

a reduced residue system modulo ,np  so ( ).mod1 nk pgq −≡  Since 

( ) .1,4 =np  So, 
( )

( ).4mod14 n
p

pgq
n

−≡
φ

 Hence .1Ω−=Ωg  ~ 

Notations: For ,10 −≤≤ nj  define: 

∑ ∑ ∑
Ω∈ Ω∈ Ω∈

α=α=α=
jgp jp jgp

s s s

sj
j

sj
j

sj
j pCpBpA

2

,,,  

∑ ∑ ∑
Ω∈ Ω∈ Ω∈

α=α=α=
jp jgp jp

s s s

sj
j

sj
j

sj
j pFpEpD

2 4 4

.,,  

Here, ,j
q
j AA =  so .FAj ∈  Similarly, jjjj EDCB ,,,  and jF  all are 

in F. 

Lemma 3.4. (i) 
⎩
⎨
⎧ −==+

−

.,0
,1,1

otherwise
njpDC

n
jj  

(ii) 
⎩
⎨
⎧ −=−=+

−

.,0
,1,1

otherwise
njpFE

n
jj  

Proof. (i) By definition, 

( ) ( )

( )( )

∑ ∑
−

φ

=

−
φ

=

γ+γ=α+α=+

12

0

12

0

22 ,

n n

tttjtj

p

t

p

t

qgqqpqgp
jj DC  

where .2 jpα=γ  
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Observe that, ( ),4mod22 nsjtj pqpqp ≡  if and only if ≡tq  

( ),2mod jns pq −  if and only if ( ) .2mod ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ φ≡
− jnpst  Then it follows that 

( ) ( )

( )( )

∑ ∑
−φ

=

−φ

=

−

γ+γ=γ+γ

12

0

12

0
.

n jn

tttt

p

t

p

t

qgqjqgq p  

As the set {
( ) ( )

}
122122 ...,,,,,...,,,,1
−φ−φ −− jnjn pp

gqgqgqgqqq  is a 

reduced residue system ( ),2mod jnp −  therefore the above sum is 

( )

( )

∑ ∑ ∑ ∑ ∑
−φ

= = = = =
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
γ+γ−γ−γ=γ+γ

− − − −12

0

2

1

2

,1

2

2,1

2

2,1
.

n
jn jn jn jn

tt

p

t

p

t

p

tpt

p

tt

p

tpt

ttttjqgq p  

As ,1,1,1 2 ≠γ≠γ≠γ p  therefore, ∑ ∑ ∑
− − −

= = =
=γ=γ=γ

jn jn jnp

t

p

tpt

p

tt

ttt
2

1

2

,1

2

2,1
.0  

Hence, ∑ ∑
− −−

= =

−

⎩
⎨
⎧ −==γ=γ=+

jn jnp

tpt

p

t

n
ptjtj

jj
njpppDC

2

2,1 1

1
2

1

.otherwise,0
,1,  

(ii) Proof of part (ii) can be derived directly as of part (i) by using the 

fact that {
( ) ( )

}
122122 ...,,,,,...,,,,1
−φ−φ −− jnjn pp

gqgqgqgqqq  is a reduced 

residue system modulo ( )jnp −  and using Lemma 3.1. ~ 

Lemma 3.5. For ,10,0 −≤≤≤≤ njni  

∑ ∑ ∑
Ω∈ Ω∈ Ω∈

λλ

λ

α−=α=α
jp jp jp

iii

s s s

sgpsgpsgp  

( )

⎪
⎪
⎩

⎪
⎪
⎨

⎧

−≤+

≥+αφ−
=

+

− +

.1,1

,,2

njiifA
p

njiifp

jij

p
jn ji
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Proof. Here 

( )

( )

∑ ∑
λ

−

+

Ω∈

−φ

=

+λ α=α
jp

jn

tjini

s

p

t

qgppsgp
12

0

21 2
 

( )

∑ ∑
−φ

= Ω∈

−

+
α=α=

12

0
.

jn

jp

itji

p

t s

sgpqgp  

Let .
jip +

α=β  Then, 

( )

∑ ∑
Ω∈

−φ

=

−

β=α
jp

jn

ti

s

p

t

gqsgp
12

0
.  

If ,nji ≥+  then β is 4th root of unity. 

( )
( )

∑ ∑
Ω∈

−φ

=

−

−

++
αφ−=α=α

jp

jn

jitjii

s

p

t

p
jn

qgpsgp p
12

0
.2  

If ,1−≤+ nji  ( )ngqgq p
rl

4modβ≡β  if and only if ≡lgq  

( )jinr pgq −−4mod  if and only if ( ) ,2mod ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ φ≡
−− jinprl  therefore 

( )( )

∑ ∑ ∑
Ω∈

−φ

=

−φ

=
+

+

− −−

=β=β=α
jp

jn jin

tti

s

p

t

p

t
jij

gq
j

ji
gqsgp A

pp
p

12

0

12

0
.1  ~ 

Proof of following lemmas can be obtained on similar lines as of Lemma 
3.5 and using Lemma 3.2 

Lemma 3.6. For ,10,0 −≤≤≤≤ njni  
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∑ ∑ ∑ ∑
Ω∈ Ω∈ Ω∈ Ω∈

λλ

λ λ

α=α=α=α
jp jgp jgp jp

iiii

s s s s

spsgpsgpsp  

∑ ∑
Ω∈ Ω∈

λλ α−=α−=
jp jgp

ii

s s

sgpsp  

( )

⎪
⎪
⎩

⎪⎪
⎨

⎧

−≤+

≥+αφ

=
+

− +

.1,1
,,2

njiifB
p

njiifp

jij

p
jn ji

 

Lemma 3.7. For ,10,0 −≤≤≤≤ njni  

 (i) 

( )

∑ ∑
Ω∈ Ω∈ +

−

λ

⎪
⎪
⎩

⎪⎪
⎨

⎧

−≤+

≥+φ−
=α=α

jp jp

ii

s s jij

jn

sgpsgp

njiifC
p

njiifp

2
.1,1

,,22  

(ii) ∑ ∑ ∑ ∑
Ω∈ Ω∈ Ω∈ Ω∈

λλ α=α=α=α
jp jgp jp jgp

iiii

s s s s

sgpspsgpsp

2 2

22  

( )

⎪
⎪
⎩

⎪⎪
⎨

⎧

−≤+

≥+φ−
=

+

−

.1,1
,,2

njiifD
p

njiifp

jij

jn

 

(iii) ∑ ∑ ∑ ∑
Ω∈ Ω∈ Ω∈ Ω∈

λα=α=α=α
jp jp jp jp

iiii

s s s s

sgpsgpsgpsgp

2 4 4

444  

( )

⎪
⎪
⎩

⎪⎪
⎨

⎧

−≤+

≥+φ+
=

+

−

.1,1
,,2

njiifE
p

njiifp

jij

jn
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(iv) ∑ ∑ ∑ ∑
Ω∈ Ω∈ Ω∈ Ω∈

α=α=α=α
jp jp jgp jp

iiii

s s s s

spsgpspsp

2 2 4

4444  

∑ ∑ ∑ ∑
Ω∈ Ω∈ Ω∈ Ω∈

λλ α=α=α=α=
jp jgp jgp jgp

iiii

s s s s

sgpsgpsgpsp

4 4 4

44  

( )

⎪
⎪
⎩

⎪⎪
⎨

⎧

−≤+

≥+φ

=
+

−

.1,1
,,2

njiifF
p

njiifp

jij

jn

 

Theorem 3.8. The explicit expression for the ( )48 +n  primitive 

idempotents in np
R

4
 are given by 

( ) ⎢⎣
⎡ +++=θ nnn pppn CCCC

p
x 3200

4
1  

{∑
−

=
λ +++++

1

0
42

n

i
gppppp iiiii CCCCC  

  } ,
42 ⎥⎦

⎤+++
λ iii gpgpgp

CCC  

( ) ⎢⎣
⎡ α+−α−=θ n

n
nn

n
n p

p
pp

p
np

CCCC
p

x
320

22

4
1  

{ i
in

iii
in

p
p

pp

n

i
p

p CCCC λ

−

=

++
α−−+α−∑ 42

1

0
 

  } ,42 ⎥⎦
⎤α+−+α− λ

++
i

in
iii

in

gp
p

gpgpgp
p CCCC  

( ) {
⎢
⎢
⎣

⎡
−−−+−=θ ∑

−

=

1

0
23202 4
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( ) ,220

jn
p

p
p pj

n
j −φ=ε−=ε  

( ) ,23

jnj
n

j
n

p
jn

p
p

p
p

p +
αφ−=ε−=ε

−
 

( )

⎪
⎪
⎩

⎪⎪
⎨

⎧

−≤+−

≥+αφ−
=ε−=ε

+

−

λ

+

,1if,1
,if,2

njiB
p

njip

jij

p
jn

p
p

p
p

ji
j
i

j
i  

( )

∑
Ω∈ +

−

λ

⎪
⎪
⎩

⎪⎪
⎨

⎧

−≤+

≥+φ−
=α=ε

jp

ij
i

s jij

jn

spp
p njiD

p

njip

,1if,1
,if,22

2
 

( )

∑
Ω∈ +

−

λ

⎪
⎪
⎩

⎪⎪
⎨

⎧

−≤+

≥+φ

=α=ε
jp

ij
i

s jij

jn

spp
p njiF

p

njip

,1if,1
,if,24

4
 

( )

∑
Ω∈ +

−

λ

⎪
⎪
⎩

⎪⎪
⎨

⎧

−≤+−

≥+αφ

=α=ε

+

jp

ji
ij

i
s jij

p
jn

sgpp
gp njiA

p

njip

,1if,1
,if,2  

( )

∑
Ω∈ +

−

λ

⎪
⎪
⎩

⎪⎪
⎨

⎧

−≤+

≥+φ−
=α=ε

jp

ij
i

s jij

jn

sgpp
gp njiC

p

njip

,1if,1
,if,22

2
 

( )

∑
Ω∈ +

−

λ

⎪
⎪
⎩

⎪⎪
⎨

⎧

−≤+

≥+φ

=α=ε
jp

ij
i

s jij

jn

sgpp
gp njiE

p

njip

.1if,1
,if,24

4
 



Jagbir Singh and Sonika Ahlawat 1140 

Thus 

( ) ( ) { }⎢
⎣

⎡
α+−α−φ=θ

++−
n

jn
nn

jn
j p

p
pp

p
jn

np
CCCCp

p
x

32024
1  

( ) {∑
−

−=
λ

− ++
α−−+αφ−

1

422

n

jni
p

p
ppp

p
jn

i
ji

iii
ji

CCCCp  

}i
ji

iii
ji

gp
p

gpgpgp
p CCCC

λ

++
α+−+α−

42
 

{∑
−−

=
λ++++ −−−−

1

0
42

1
jn

i
pjipjipjipjij iiii CBCFCDCB

p
 

 } .
42 ⎥

⎥
⎦

⎤
−−−+

λ++++ iiii gpjigpjigpjigpji CACECCCA  

Similarly using Lemmas 3.5-3.7, we can evaluate ( ) ( ),,
42

xx jj pp
θθ  

( ) ( ) ( ) ( )xxxx jjjj gpgpgpp 42
,,, θθθθ

λ
 and ( ).xjgpλ

θ  Further, the relations 

for jjjjj EDCBA ,,,,  and jF  can be obtained by using the relation 

( ) ( ) ( ) 1,0,1 2
2

=αθ=αθ=αθ
j

j
j

j
j

j
p

p
gp

p
p

p
 and ( ) 14

4
=αθ

j
j

p
p

 and 

Lemmas 3.4-3.7. ~ 

4. Dimension and Generating Polynomials 

If α is primitive th4 np  root of unity in some extension field of F, then 

( ) ( )∏
Ω∈

α−=
ss

s
s xxm  denote the minimal polynomial for .sα  

If ( )xms  denote the minimal polynomial for ,, s
s s Ω∈α  then the 

generating polynomial for cyclic code sM  of length np4  corresponding to 
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the cyclotomic coset sΩ  is ( )xm
x

s

pn
14 −  and the dimension of minimal cyclic 

code sM  is equal to the cardinality of the class sΩ  [11]. 

Thus, the dimensions of the codes ,,,,,
320 innn pppp

MMMMM  

,,,,
42 iiii gpppp

MMMM
λ

 ,2 igpM  igpM 4  and igp
M

λ
 are ,1,1,1,1  

( ) ( ) ( ) ( ) ( ) ,2,2,2,2,2

nnnnn ppppp φφφφφ  ( ) ,
2

npφ
 

( )
2

npφ
 and ( ) ,2

npφ  

respectively. 

Theorem 4.1. (i) The generating polynomial for the codes ,,0 npMM  

npM 2  and np
M

3
 are ( ),1 142 −++++

npxxx  ( ) ( )μ+− xx 12  

( ( ) ),1 144 −+++×
npxx  ( ) ( ) ( ( ) )1442 111 −+++−+

npxxxx  and  

( ) ( ) ( ( ) ),11 1442 −+++μ−−
npxxxx  respectively, where 

npα=μ  is 
4th root of unity. 

(ii) The generating polynomial for iiii gppgpp
MMMM

4422
, ⊕⊕  and 

iiii gpgppp
MMMM

λλ
⊕⊕⊕  are ( ) ( ) ( )111 21

+−+
−−−− ininin ppp xxx  

(
( )

) ( ) ( ) ( ) (
ininininipinin pppppp xxxxxx

−−−−−−−−
+++−++× 4244 1111,1

11

 
( )

)
14 −−

+
ipinpx  and ( ) ( ) ( ++−+

−−−− ininin ppp xxx 422 111
1

 

( ) ),14 −− iin ppx  respectively. 

Proof. (i) The minimal polynomials for 
nn pp 20 ,, ααα  and 

np3α  are 
( ) ( ) ( )1,,1 +μ−− xxx  and ( ),μ+x  respectively. The corresponding 

generating polynomials are ( ) ( ) ( ) ( +μ+−++++ − 11,1 2142 xxxxx
np  

( ) ) ( ) ( ) ( ( ) )1442144 111, −− +++−+++
nn pp xxxxxx  and ( )12 −x  

( ) ( ( ) ).1 144 −+++μ−×
npxxx  
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(ii) The product of minimal polynomial satisfied by 
ip2α  and 

igp2α  is 

.
1

1
1
+

+
−−

−

in

in

p

p

x

x  Therefore, the generating polynomial for ii gpp
MM

22
⊕  is 

( ) ( ) ( ) (
( )

).1111
11 442 −−−−−−−

++++−+
ipininininin ppppp xxxxx  The 

product of minimal polynomial satisfied by 
ip4α  and 

igp4α  is .
1

1
1
−

−
−−

−

in

in

p

p

x

x  

Therefore, the generating polynomial for ii gpp
MM

44
⊕  is ( )1

1
−

−−inpx  

( )( )(
( )

).111
1442 −−−−−

+++++×
ipinininin pppp xxxx  Also the product of 

minimal polynomial satisfied by 
iii pgpp λααα ,,  and 

igpλα  is .
1

1
12

2

+

+
−−

−

in

in

p

p

x

x  

Therefore, the generating polynomial for ⊕⊕
λ ii pp

MM ii gpgp
MM

λ
⊕  is 

( ) ( ) (
( )

).111
11 4422 −−−−−−

+++−+
ipinininin pppp xxxx  ~ 

5. Minimum Distance Bounds 

Lemma 5.1 [2]. If l is a cyclic code of length m generated by ( )xg  and 

its minimum distance is d, then the code l  of length mk generated by 

( ) ( ( ) )mkmm xxxxg 121 −++++  is a repetition code of l repeated k 

times and its minimum distance is dk. 

Here, we find the minimum distance of the minimal cyclic code sM  of 

length ,4 np  generated by the primitive idempotent :sθ  

Theorem 5.2. The minimum distance of the codes nn pp
MMM

20 ,,  and 

np
M

3
 are ,4,4,4,4 nnnn pppp  respectively. For ,10 −≤≤ ni  the 

minimum distance of the cyclic codes iii pgpp
MMM

422
,,  and igp

M
4

 are 
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greater than equal to ip8  and for the codes iii pgpp
MMM

λ
,,  and igp

M
λ

 

are greater than equal to .4 ip  

Proof. Since generating polynomial for the code 0M  is ( 21 xx ++  

),14 −++
npx  which is itself a polynomial of length ,4 np  hence its 

minimum distance is .4 np  

The minimum distance of the cyclic code np
M  with generating 

polynomial ( )( )( ( ) )1442 11 −+++μ+−
npxxxx  is np4  as it is repetition 

code of length 4 with generating polynomial ( ) ( ),12 μ−− xx  whose 

minimum distance is 4 repeated np  times. 

The minimum distance of the cyclic code np
M

2
 with generating 

polynomial ( ) ( ( ) )14423 11 −+++−+−
npxxxxx  is np4  as it is 

repetition of the cyclic code of length 4 with generating polynomial 

( )123 −+− xxx  whose minimum distance is 4, repeated np  times. In a 

similar way, the minimum distance of the cyclic code np
M

3
 with generating 

polynomial ( ) ( ) ( ( ) )1442 11 −+++μ−−
npxxxx  is .4 np  Since the 

product of generating polynomial for the cyclic codes ip
M

2
 and igp

M
2

                   

is ( ),1
1
+

−−inpx  the minimum distance of this code says C is 2. Now          

consider the cyclic code 1C  of length inp −2  generated by the polynomial 

( ) ( ),11
1

−+
−−− inin pp xx  and then minimum distance of this code is 4, as it 

is 2 time repetition of the code C. Further, the minimum distance of the code 

2C  of length inp −4  generated by the polynomial ( ) ( )11
1

−+
−−− inin pp xx  
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( )12 +×
−inpx  is 8, as it is again 2 time repetition of the code .1C  Since            

the cyclic code of length np4  generated by the polynomial ( )1
1
+

−−inpx  

( ) ( ) (
( )

)
1442 111
−−−−−

+++−×
ipinininin pppp xxxx  is a repetition code 

of the code ,2C  repeated ip  times. Hence, its minimum distance is ,8 ip  by 

Lemma 5.1. The codes corresponding to ip2
Ω  and igp2

Ω  are the sub codes 

of above code, so by [3, 5.4] their minimum distance are greater than or 

equal to .8 ip  

The product of generating polynomial for the cyclic codes ip
M

4
 and 

igp4  is ( ) ( ) ( ) (
( )

).1111
11 442 −−−−−−−

++++−
ipininininin ppppp xxxxx  

Hence, similarly as above minimum distance of cyclic codes ip
M

4
 and 

igp4  are greater than or equal to .8 ip  

Now the product of generating polynomial for the cyclic codes ,ip
M  

,igp
M  ip

M
λ

 and igp
M

λ
 is ( ) ( ) (

ininin ppp xxx
−−−−

+−+ 422 111
1

 

( )
),

14 −−
+

ipinpx  therefore, if we take a code C of length inp −4  generated 

by the polynomial ( ) ( ),11 22 1
−+

−−− inin pp xx  then the minimum distance of 

this code 1C  of length np4  generated by the polynomial ( )1
12 +

−− inpx  

( ) (
( )

)
1442 11
−−−−

++−×
ipininin ppp xxx  is a repetition code of the code 

C, repeated ip  times. Hence, its minimum distance is .4 ip  The codes 

corresponding to iii pgpp λ
ΩΩΩ ,,  and igpλ

Ω  are the sub codes of above 

codes, so their minimum distances are greater than or equal to .4 ip  ~ 
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6. Example 

Example 6.1. Cyclic codes of length 12. 

Take .13,1,3 === qnp  Then, the q-cyclotomic cosets are =Ω0  

{ } { } { } { } { } { } { },6,5,4,3,2,1,0 654321 =Ω=Ω=Ω=Ω=Ω=Ω  =Ω7  

{ } { } { } { } { }.11,10,9,8,7 111098 =Ω=Ω=Ω=Ω  Also, ,70 =A  ,20 =B  

6,9,3,10,4 0000 =α==== FEDC  and the corresponding primitive 

idempotents in ( ) [ ]
1

13
12 −x

xGF  are 

( ) [ 11742196300 12
1 CCCCCCCCCx ++++++++=θ  

]5810 CCC +++  

[ ],112
1 111098765432 xxxxxxxxxxx +++++++++++=  

( ) [ 11742196303 8885512
1 CCCCCCCCCx −++−−+−−=θ  

]5810 8CCC ++−  

[ 98765432 58858112
1 xxxxxxxxx +++−++−−−=  

],8 1110 xx −−  

( ) [ 1011742196306 12
1 CCCCCCCCCCx +−−++−−+−=θ  

]58 CC −+  

[ ],112
1 111098765432 xxxxxxxxxxx −+−+−+−+−+−=  

( ) [ 1011742196309 8885512
1 CCCCCCCCCCx −+−+−+−−+=θ  

]58 8CC −+  
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[ 98765432 58858112
1 xxxxxxxxx −+−−−++−+=  

],8 1110 xx +−  

( ) [ 1011742196301 10273278812
1 CCCCCCCCCCx ++−++++−−=θ  

]58 29 CC −+  

 [ 98765432 89723827112
1 xxxxxxxxx ++−−−+−++=  

],210 1110 xx ++  

( ) [ 1011742196302 910433412
1 CCCCCCCCCCx ++++++−+−=θ  

]58 109 CC ++  

[ 98765432 9410334112
1 xxxxxxxxx −+++++−++=  

],109 1110 xx ++  

( ) [ 1011742196304 99333312
1 CCCCCCCCCCx +++++++++=θ  

]58 99 CC ++  

[ 98765432 939333112
1 xxxxxxxxx +++++++++=  

],99 1110 xx ++  

( ) [ 1011742196307 10273478812
1 CCCCCCCCCCx +−+++−−−+=θ  

]58 29 CC ++  

[ 98765432 89723847112
1 xxxxxxxxx −++−++++−=  

],210 1110 xx −+  
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( ) [ 117421963011 7291028812
1 CCCCCCCCCx +−+++−−+=θ  

]5810 734 CCC −++  

 [ 98765432 832798102112
1 xxxxxxxxx −+−−−++++=  

],74 1110 xx ++  

( ) [ 117421963010 410991012
1 CCCCCCCCCx +++++−+−=θ  

]5810 433 CCC +++  

 [ 98765432 31049910112
1 xxxxxxxxx −+++++−++=  

],43 1110 xx ++  

( ) [ 1011742196308 33999912
1 CCCCCCCCCCx +++++++++=θ  

]58 33 CC ++  

[ 98765432 393999112
1 xxxxxxxxx +++++++++=  

],33 1110 xx ++  

( ) [ 1011742196305 47291028812
1 CCCCCCCCCCx +−+++−+−−=θ  

]58 73 CC ++  

[ 98765432 832798102112
1 xxxxxxxxx +++−++−+−=  

].74 1110 xx −+  
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Minimal polynomials of 109876543210 ,,,,,,,,,, ααααααααααα  

and 11α  are ,1−x  ,7,12,2,9,8,10,6 −−−−−−− xxxxxxx  

4,5,3 −−− xxx  and ,11−x  respectively. 

Code Dimension Minimum Distance Bound Generating Polynomial 

0M  1 12 654321 xxxxxx ++++++  

 1110987 xxxxx +++++  

1M  1 124 ≤≤ d  5432 12735411 xxxxx +++++  

 11109876 610892 xxxxxx ++++++  

2M  1 128 ≤≤ d  5432 1091234 xxxxx +++++  

 11109876 1091234 xxxxxx ++++++  

3M  1 12 5432 98125 xxxxx +++++  

 11109876 9393 xxxxxx ++++++  

4M  1 128 ≤≤ d  5432 9393 xxxxx +++++  

 11109876 9393 xxxxxx ++++++  

5M  1 124 ≤≤ d  5432 121195107 xxxxx +++++  

 11109876 24836 xxxxxx ++++++  

6M  1 12 5432 121212 xxxxx +++++  

 11109876 121212 xxxxxx ++++++  

7M  1 124 ≤≤ d  5432 1263842 xxxxx +++++  

 11109876 7105911 xxxxxx ++++++  

8M  1 128 ≤≤ d  5432 3939 xxxxx +++++  

 11109876 3939 xxxxxx ++++++  
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9M  1 12 5432 1285128 xxxxx +++++  

 11109876 51285 xxxxxx ++++++  

10M  1 128 ≤≤ d  5432 4312910 xxxxx +++++  

 11109876 4312910 xxxxxx ++++++  

11M  1 124 ≤≤ d  5432 12298106 xxxxx +++++  

 11109876 114537 xxxxxx ++++++  
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