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Abstract

In this paper, we introduce a quasi ab-metric space as an extension of
a quasi b-metric space and prove the existence and uniqueness of fixed
point theorems for different weak contraction mappings in the quasi
ob-metric space.

1. Introduction

The concept of b-metric was introduced by Bakhtin [6] and applied to
the generalization of Banach’s fixed point theorem in b-metric spaces by
Czerwik [8]. There are several generalizations of the Banach’s contraction
principle in b-metric spaces [2, 9, 12, 17, 19] and even some authors used
generalizations of the Banach’s contraction principle in the quasi b-metric
spaces [13, 16]. The concept of weak contraction mappings is introduced by
Alber and Guerr-Delabriere in Hilbert space [3], many other authors have
considered the weak contraction mapping in b-metric space [1, 5, 7, 10,
11, 16], while the quasi ab-metric space is introduced by Nurwahyu [14, 15].
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The Banach contraction theorem and its several extensions have been
generalized using developed notion of weak contraction mapping.

The following basic result of weak contraction mapping is given by
Rhoades et al. [18]:

Let (X, d) be a metric space and let T : X — X be a mapping such
that
d(Tx, Ty) < d(x, y) - o(d(x, y)), forevery x, y € X,

where ¢ : [0, ) — [0, ) is a continuous and nondecreasing function with
¢(0) =0 and ¢(t) > 0 forall t > 0. Then T is called a weak contraction (or
¢-weak contraction).

In this paper, we consider the weak contraction mapping in an extension
of a quasi b-metric space and this space is called a quasi ab-metric space.
The aim of this paper is to establish and prove some fixed point theorems in

complete quasi ab-metric spaces with using several weak contraction
mappings.

2. Preliminaries
Definition 2.1 [6, 8]. Let X be a nonempty set and let b > 1 be a given

real number.

If d:XxX — ][0, ) is a mapping which satisfies the following
conditions for all x, y, z € X:

(1) d(x, y) =d(y, x) =0 ifand only if x = y;
(2) d(x, y) =d(y, x);
(3) d(x, y) < b(d(x, 2) +d(z, ¥)),

dand (X, d) are called a b-metric on X and b-metric space, respectively. If

only (1) and (3) hold, then (X, d) is called a quasi b-metric space.

Now we introduce a generalization of a quasi b-metric space by
modifying the triangle inequality condition in a quasi b-metric space.
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Definition 2.2 [14, 15]. Let X be a nonempty set and let 0 < o <1 and
b <1 be a given real number.

Let d: X xX —[0,0) be a self mapping on X satisfying the
conditions:

(1) d(x, y) =d(y, x) =0 ifandonly if x = y;

)

d(x, y) < ad(y, x)+%b(d(x, z)+d(z, y)) forall x,y,ze X. (2.1)
Then d is called a quasi ab-metric on X and (X, d) is called a quasi
ab-metric space.

From the definition of a quasi ab-metric, it can be shown that every
quasi b-metric is a quasi ab-metric, but the converse is not true.

Example 2.3 [14, 15]. Let X ={0,1, 2}. Define d: X x X - R*
as follows: d(0, 0) =d(1,1)=d(2, 2) =d(0,2)=d(2,1) =0, d(1, 0) = 4,
d(2,0)=1 d(0,1)=2 and d(L 2) =3. It is clear that d is a quasi ab-

metric with because o = % and b = 4, because

2-d(0,1)< %d(l, 0)+ 2(d(0, 2) + d(2, 1)),
but for every ¢ >1, 2 =4d(0,1) > c(d(0, 2) + d(2, 1)). So d is not a quasi
b-metric.

Example 2.4 [14, 15]. Let X =R and define d : X x X —»> R* as

2 2
d(x, y)= {CZ)X Ty X#EY, The first condition of a quasi ob-metric is
, X =Y.

clear from the definition of function d, while the second condition will be
shown as follows.

For x = y, and every z € X, we have

d(x, y) = 2x% + y? < gxz +2y? + 322
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= 5@y X+ (@92 + 20+ (222 + yP))

- %d(y, x)+%(d(X, z)+d(z, y)).

S0 we get

d(x, y) < %d(y, x)+%(d(x, z)+d(z, y)).

Hence, d is a quasi ab-metric with a = % and b = 2.

Definition 2.5 [14, 15]. Let (X, d) be a quasi ab-metric space, a
sequence {X,} in (X, d) convergesto x € X and we write limp_,, X, =X,

if Ilmn_)oo d(Xn, X) = Ilmn_)oo d(Xl Xn) = 0.

Definition 2.6 [14, 15]. Let {x,} be a sequence in a quasi ab-metric

space (X, d). Then {x,} is called a Cauchy sequence if

liMmn, m—e d(Xns Xm) = 1My 1500 d(Xm, Xy) = 0.
Definition 2.7 [14, 15]. Let (X, d) be a quasi ab-metric space. Then

(X, d) is called complete if every Cauchy sequence in X is convergent in X.

Definition 2.8. Let X be a nonempty set and let T be a self mapping on X.
Anelement x € X is called a fixed point of T if Tx = x.

Definition 2.9. Let (X, d) and (Y, d) be quasi ab-metric spaces. Then
T:X —Y iscalled continuous on X if every x, y e X and ¢ > 0, there
exists & > 0 such that d(Tx, Ty) < ¢ for d(x, y) < &.

3. Main Results
Lemma 3.1. Let (X, d) be a quasi ab-metric space with 0 < o <1 and
b >1, let {x,} be asequence in X such that

imp 500 d(Xn, Xns1) = 1Mo d(Xn4g, Xp) = 0. 3.1)

Then {x,} is a Cauchy sequence in X.
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Proof. By using (2.1), we get

d(Xn, Xn42)
b
< ad(Xpy2, Xp) + §(d (Xn: Xn41) + d(Xn41s Xn42))
b
< o] @ty Xn12) + 5 ([@0ns2: H2) + 011, %)

b
+ E(d (X, Xn41) + d(Xn410 Xn42)

d(Xn, Xnt2)

1 b
- Eab(d(xn+2a Xn+1) + d(Xni1, Xp)) + E(d (Xns Xns1) + d(Xn11s Xn42))
- 1-q? .
From this and (3.1), we have
limp o, d(Xq, Xn42) = 0. 3.2)
Similarly, we also have

d(Xn12, Xn)

1 b
- Eab(d(xna Xn+1) + d(Xn41, Xns2)) + E(d (Xn+2, Xn+1) + (X412, Xp))
< 5 .

l1-a
From this and (3.1), we get

limp_so0 d(Xn42, Xn) = 0. 3.3)
By repeating this process for d(x,, X,4+3), we obtain

d(Xn, Xn+3)

1 b
- Eab(d(xn+31 Xni2) + d(Xni2, Xp)) + f(d (Xns Xns2) + d(Xn42, Xn43))
- 1-0a? .
Thus, by using (3.1), (3.2) and (3.3), we get

limp o0 d(Xn, Xpy3) = 0.
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Similarly, we obtain

d(Xn,3, Xn)

1 b

5 ab(d(n+2, Xne3) + A0y Xn2)) + 5 (A (Xns2s Xn) + d O3, Xne2))
1-a? .

Thus, by using (3.1), (3.2) and (3.3), we get

lim d(xp43, Xp) = 0.
nN—o0

<

Thus, by using induction for k =1, 2, 3, 4, 5, ..., we obtain

d(Xn, Xn+k)

1 b
Eab(d(xmkv Xn+k—1)+d(Xnk_1, Xn))"‘E(d(Xn: Xn+k—1)+d(Xn1k—1, Xn+k )

<
2

1-a
and
d(Xn+k» Xn)

1 b
- §0‘b(d(xn+k—ln Xn-k )+ d (X, Xn+k—1))+§(d(xn+k—ln %n)+d (Xnks Xnak—1))
- 1- 02 '

In this way, we obtain
limp 0 d(Xns Xnak) =0 and limy_, d(Xpek, Xy) = 0.
Sofor m > n > 0, we have
limy_ o d(Xy, X¢) =0 and limy_, d(Xy, X,) = 0.
Hence, {x,} is a Cauchy sequence in X.

Definition 3.2. Let (X, d) be a quasi ab-metric space with 0 < o <1
and b>1. A mapping T : X — X is called a weak contraction on X if
there exists a function ¢ : [0, o) — [0, o), where ¢ is continuous on X,

o(t) = 0 iff t = 0 and satisfying the following condition:
d(Tx, Ty) < d(x, y) = d¢(d(x, y)) forall x, y € X, (3.4)

where 0 < & < 1.
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Example 3.3. Let X =R and define d:XxX —R" as d(x, y) =

{éx YL XEY Erom Example 2.4, d is a quasi ab-metric with parameter
, X =Y.

a=%andb=2.

Let T : X — X be a mapping defined by T(x) = % o(t) = 15t for all
t>0,

_4(X Y _X_ y_
d(Tx,Ty)_d(4,4) 5 " 16 (2x +y) 16(2x +y)

=d(x, y)- <p(d(x y))
Then T is a weak contraction on a quasi ab-metric space (X, d).

Theorem 3.4. Let (X, d) be a complete quasi ab-metric space with
0<a <1 b=>1andT be aweak contraction mapping on X. Then T has a
unique fixed point in X.

Proof. Let {x,} be a sequence in X. We define x,.q = Tx, for n=
0,1, 2,3, ... Byusing (3.4), we have

d(Xn, Xnt1) = d(TXn_1, TXp) < d(Xy_1, X)) — 80(d (X1, X,))-  (3.5)
Since ¢ > 0, d(X,, Xy41) < d(Xy_1, Xn)-

Thus, {d(X,, X,,1)} is @ non-increasing sequence, so {d(X,, X,,1)} is a
convergent sequence in R*™. Consequently, there exists L >0 such that
limp 0 d(Xp, Xn41) = L.

By using continuity of ¢ and inequality in (3.5), we get

L<L-8limy_, o(d(X,_1, Xy))
=L —3¢( lim d(xp_1, X5)) = L = 8¢(L).
n—oo

Since 0 < 8 <1, sowe get ¢(L) = 0 and this implies that L = 0.

Hence, we have lim;,_,,, d(X,, X541) =0
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Similarly, we have d(Xyi1, Xp) < d(Xy, Xg—1)- Thus, we have
{d(Xq11, Xy)} is a non-increasing sequence and {d(Xp.1, Xy)} is a

convergent sequence in R™.

Hence, there exists K > 0 such that lim,_,, d(X,51, Xp) = K.
By using continuity of ¢ and inequality in (3.5), we get
K <K =38 lim ¢(d(x,, x,_1)) = K =8¢( lim d(x,, x,_1)) = K = 8¢(K).
n—»o n—o
So ¢(K) = 0. This implies that K = 0 and lim,,_,., d(Xp,1, Xy) = O.

Now, by using Lemma 3.1, we obtain that {x,} is a Cauchy sequence in

the complete space X. Therefore, there exists x* e X such that lim,_,., X,

*

=X
Now we have to show that x* is a fixed point of T:

d(x*, Tx*) < ad(Tx", x*)+%(d(x*, Xn) + d(Xq, TX"))
< af ad(x", Tx )+§(d(Tx , X))+ d(Xq, X )))

+ 20X, %) + d(xy, T,
So we have
d(x*, Tx%)
ob * * b * *
3 T(d(Tx , Xp )+ d (X, X ))+§(d(x , Xp) + d(x,, TX))

- l—a2

%b(d(Tx*, Txo_y) + d(Xg, X)) + %(d(x*, X,) + d(Txg_g, TX*))
2

l1-a
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I (A, ¥-1) = B0(d (X", Xy 1) + Ak, X)

# 20, %)+ g1, X)) = B0(d(Xg g, X))

1-a?

IA

B0 %-1) + kg, X+ 5 (%, %) + Ay, X))

1—a2

IA

Since lim,_,o, X, = X, 5o lim d(x,, x*) = lim d(x*, x;) = 0.
n—oo nN—o0

Thus, for n — o, we get
d(x*, Tx*) = 0.
This is only possible if Tx* = x*. Hence, x* is the fixed point of T.
Next, we have to show that the fixed point of T is unique.
Suppose there exists y* € X such that Ty* = y*. So we get
d(x", y") = d(™x", Ty") < d(x, y*) - Se(d(x, y")),
Sp(d(x*, y*)) < 0.
Since 0 <& <1, it is possible if o(d(x", y*))=0 and d(x*, y*) =0, so
we get x* = y*. So T has a unique fixed point in X.

Theorem 3.5. Let (X, d) be a quasi ab-metric space with 0 < o <1
and b>1 andlet T : X — X be a continuous mapping which satisfies the
following conditions:

e(d(Tx, Ty)) < o(d(Tx, y))o(d(x, Ty))e(d(y, Ty))
+o(d(x, y)) - 8d(x, y) (3.6)
for all x, ye X, where 0<8<1 ¢:[0, ©)— [0, o) is a continuous
mapping, nondecreasing and ¢(0) = 0.

Then T has a unique fixed point in X.
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Proof. Let {x,} be a sequence in X.
Define x,,1 =Tx, forn=0,1, 2, 3, ....
By using (3.6), we have
®(d(Xn, Xn11))
= o(d(Txp_1, Txy))
< @(d(Xn, Xn))@(d(Xq-1, Xn+2))@(d (X, Xn41))
+¢(d(Xq—1, Xn)) = 6d(Xn_1, Xn)
< @(0)(d(Xq-1, Xn+1))0(d(Xn, Xn11)) + @(d(Xn_1, Xn)) = 8d(Xn_1, Xp).
Since ¢(0) = 0, thus
@(d(Xn, Xn11)) < 0(d(Xn_1, Xn41)) < 8d(Xn_1, Xn)- 3.7)
Also, from 0 < 6 <1, we obtain
e(d(Xn, Xn11)) < @(d(Xn-1, X))-
Since ¢ is nondecreasing,
d(Xns Xn41) < d(Xn_1, Xp)-
Thus, {d(X,, X,.1)} is @ non-increasing sequence in R™, so {d(X,, Xp41)} iS

convergent in R*. Hence, there exists L > 0 such that lim,_,,, d(X,, Xp4+1)
= L.

By using continuity of ¢ and (3.7), we get
lim o(d(Xn, Xn41)) < 1M o(d(Xn_1, Xp)) =8 lim @d(Xy_1, Xy),
N—o n—o0 N—o0
o( lim d(xy, Xn11)) < @( lim d(Xp_1, X)) =8 lim d(xn_q, Xp),
n—oo n—oo n—oo
o(L) < (L) - 8L
Since 0 <8 <1 soweget L <0.Since L <0, soweget L =0.

Hence, we get
limp o0 d(Xn, Xq41) = 0. (3.8)
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Now we have to show that lim,_,,, d(Xp41, Xn) = O:
@(d(Xn+1, Xn)) = @(d(TXn, TXq_1))
< o(d(TxXn, Xq-1))9(d(Xn, TX_1))@(d (Xn_1, TXp_1))
+¢(d(Xn, Xn-1)) = 8d(Xn, Xn_1)
= @(d(Xn+1, Xn-1))(d (Xn, Xn))9(d(Xn—1. Xn))
+(d (X, Xn_1)) = 8d(Xn, Xn_1)
= @(d(Xn+1: Xn-1))0(0)9(d (X1, Xn))
+ @(d(Xn, Xn-1)) — 8d (X, Xp_1)-
Since ¢(0) = 0, thus we get
@(d(Xn11, X)) < (d(Xn, Xn_1)) = 3d (X, Xn_1)- (3.9)
Thus, from 0 < 8 <1, we have
@(d(Xn+1, Xn)) < @(d(Xn, Xn_1))
and since ¢ is nondecreasing, we get
d(Xn41, Xn) < d(Xns Xn_1)-
Thus, {d(Xn.1, X)) is @ non-increasing sequence in R* and so {d(X.1, X, )}
is a convergent sequence in R™. Hence, there exists K >0 such that
limp 0 d(Xn41, Xn) = K.
From (3.9), we get
lim ¢(d(Xp41 %)) < 1M @(d(xn, Xn1)) =8 lim @(xp, Xp-1)-
By using continuity of ¢, we get

o( lim d(Xp41, Xp)) < @( lim d(xp, X5-1)) =8 lim d(Xy, X,-1),
n—» oo n—oo N—0

o(K) < o(K) - 3K.

Since 0 <6 <1, weget K <0. Since K >0, thus it is only possible when
K =0.
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Hence, we get
limy o, d(Xq.1, Xq) = 0. (3.10)
From (3.8) and (3.10), we have lim,_, d(X,, Xn41) =0 and
limp_ d(Xn41, Xn) = 0. So using Lemma 3.1, we obtain {x,} is a Cauchy

sequence in complete X.

*

So there exists x* € X such that lim,_,, X, = X"

Now we have to show that x* is a fixed point of T.

Since T continuous on X, we obtain

X" =T lim x, = lim Tx, = lim X,,1 = X".
n—oo N—o0 n—o

Thus, Tx* = x*. Hence, x* is the fixed point of T.
Uniqueness. Suppose there exists y* € X such that Ty* = y*,
We have to show that the fixed point of T is unique.
By using (3.6), we get
o(d(x", y")) = o(d(Tx", Ty"))
< o(d(Tx", y")o(d(x", Ty))e(d(x™, Ty")) + o(d(x", y*)) - 3d(x", y")
= o(d(Tx", y))o(d(x™, Y De(d(y", y) +o(d(x, y*) - 3d(x", y*)
= o(d(Tx", y")o(d(x", Ty"))e(0) + o(d(x, y*)) = 8d(x", y*)
= o(d(x", y")) - 3d(x", y").
S0 we get
o(d(x", y)) < p(d(x", y")) = 8d(x", y*).
Thus,
3d(x*, y*) < 0.
In the same way, from
o(d(y”, x)) = @(d(Ty", Tx")),
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we have
dd(y*, x") <0.
So it is possible if d(x*, y*) = d(y*, x*) = 0.
Hence, x* = y*, so T has a unique fixed point in X.

Theorem 3.6. Let (X, d) be a complete quasi ab-metric space with

0<a<l and b>1 and let T: X — X be a mapping satisfying the
following condition:

d(Tx, Ty) < o(x)o(y) forall x, y € X, (3.12)
where ¢ : X — [0, ) be a mapping on X with ¢(Tx) < d¢(x), 0 < § < 1.
Then T has a unique fixed point in X.

Proof. Let {x,} be a sequence in X.
We define x,.q4 =Tx, forn=0,1, 2,3, ....
By using (3.11), we have
d(Xn, Xn+1) = d(MXn-1, TXn) < @(Xn-1)@(Xq) = @(TXn—2)@(TXn_1)
< 8%9(Xn-2)9(¥n-1) = 5°0(TX_3)9(¥n_2)
< 8%(Xn_3)®(Xn—2)-
By continuing this process, so we get
d(Xn, Xp41) < 82n_Z(P(XO)(P(Xl)-
Since 0 < 8 < 1, we obtain

lim d(X,, Xn41) = 0.
n—oo

Similarly, in this way, we get

d(Xns1, %) = d(MXq, TXp21) < 0(Xn)0(Xn_1) = @(TXn_1)@(TXn_2)



1012 Budi Nurwahyu and Naimah Aris
2 2
< 3°0(Xn-1)0(Xn_2) = 3°0(TXy_2) O(Txp_3)
4
< 8"(Xn-2)0(Xn_3)-
By continuing this process, we get

2
d(Xn11, Xn) < 37"0(X0)@(¥q)-
Since 0 < d <1,

lim d(Xq41, Xn) = 0.
n—o0

By using Lemma 3.1, we conclude that {x,} is a Cauchy sequence in
complete quasi ab-metric space (X, d). So there exists x* € X such that

- *
im0 Xp = X .
Now we have to show that x* is a fixed point of T:

d0¢, Tx) < ad(Tx", x°) + 2 (d(x", %) + d(xy, X))
< oc(ocd(x*, Tx*)+%(d(Tx*, Xp) + d (X, x*)))

+ %(d(x*, Xp) + d(Xy, TX)).
So we have
d(x*, Tx")

OLTb(d(Tx*, Xp) + d(Xq, x*))+%(d(x*, Xn) + d(Xy, X))
2

IA

1-a

%b(d(Tx*, T, q) + d(x,, X)) + %(d(x*, x.) + d(Tx,_1, )
2

1-a
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9D (300" ol0tp-1) + Ay, X))+ 2 (X", %)+ 30Xy 1) (X))
1-0?

IA

20 (6"0(x")0(x0) + dlxn, X))+ 2 (A(X", %) + 3"0(x9)0(x"))
2 .

IA

l1-a
Since 0 <& <1 and lim,_,, X, = X",
lim d(x,, x*) = lim d(x*, x,) = 0.
n—w n—oo
Thus, for n — o, we get
d(x*, Tx*) = 0.
Similarly, we get
d(Tx*, x*) = 0.
So from d(x*, Tx*) = 0 and d(Tx", x*) = 0, we get Tx" = x".
Hence, x* is the fixed point of T
Uniqueness. Suppose there exists y* € X such that Ty* = y*. Therefore,
o(x") = @(Tx") < 8ep(x"),
o(x*)(1-38) < 0.

Since 0<8<1 and @(x*)>0, it is only possible when ¢(x*)=0.
Therefore,

o(y") = o(Ty") < 3o(y"),
e(y")(1-38)<0.

Since 0 < & <1 and ¢(y*) > 0, it is only possible when ¢(y™*) = 0.
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By using (3.11), we have
d(x", y") = d(Tx", TYy") < o(x*) - o(y").
Since @(x*) =0 and @(y*) = 0, so we get
d(x*, y") <o.
Similarly, we have
d(y*, x*) <o.
From this, it is only possible when d(x*, y*) = d(y*, x*) = 0.

Hence, x* = y*, so T has a unique fixed point in X.
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