
 

Far East Journal of Mathematical Sciences (FJMS) 
© 2018 Pushpa Publishing House, Allahabad, India 
http://www.pphmj.com 
http://dx.doi.org/10.17654/MS103060999 
Volume 103, Number 6, 2018, Pages 999-1015 ISSN: 0972-0871 

Received: May 24, 2017;  Revised: October 16, 2017;  Accepted: November 20, 2017 
2010 Mathematics Subject Classification: 37C25, 47H09, 55M20. 
Keywords and phrases: quasi b-metric space, quasi αb-metric space, weak contraction 
mapping, fixed point. 

FIXED POINT THEOREMS FOR WEAK CONTRACTION 
MAPPINGS IN A QUASI αb-METRIC SPACE 

Budi Nurwahyu and Naimah Aris 

Department of Mathematics 
Faculty of Mathematics and Natural Sciences 
Hasanuddin University 
Makassar 90245, Indonesia 

Abstract 

In this paper, we introduce a quasi αb-metric space as an extension of 
a quasi b-metric space and prove the existence and uniqueness of fixed 
point theorems for different weak contraction mappings in the quasi 
αb-metric space. 

1. Introduction 

The concept of b-metric was introduced by Bakhtin [6] and applied to  
the generalization of Banach’s fixed point theorem in b-metric spaces by 
Czerwik [8]. There are several generalizations of the Banach’s contraction 
principle in b-metric spaces [2, 9, 12, 17, 19] and even some authors used 
generalizations of the Banach’s contraction principle in the quasi b-metric 
spaces [13, 16]. The concept of weak contraction mappings is introduced by        
Alber and Guerr-Delabriere in Hilbert space [3], many other authors have 
considered the weak contraction mapping in b-metric space [1, 5, 7, 10,        
11, 16], while the quasi αb-metric space is introduced by Nurwahyu [14, 15]. 
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The Banach contraction theorem and its several extensions have been 
generalized using developed notion of weak contraction mapping. 

The following basic result of weak contraction mapping is given by 
Rhoades et al. [18]: 

Let ( )dX ,  be a metric space and let XXT →:  be a mapping such 

that 

( ) ( ) ( )( ),,,, yxdyxdTyTxd ϕ−≤  for every ,, Xyx ∈  

where [ ) [ )∞→∞ϕ ,0,0:  is a continuous and nondecreasing function with 

( ) 00 =ϕ  and ( ) 0>ϕ t  for all .0>t  Then T is called a weak contraction (or 

ϕ-weak contraction). 

In this paper, we consider the weak contraction mapping in an extension 
of a quasi b-metric space and this space is called a quasi αb-metric space. 
The aim of this paper is to establish and prove some fixed point theorems in 
complete quasi αb-metric spaces with using several weak contraction 
mappings. 

2. Preliminaries 

Definition 2.1 [6, 8]. Let X be a nonempty set and let 1≥b  be a given 
real number. 

If [ )∞→× ,0: XXd  is a mapping which satisfies the following 

conditions for all :,, Xzyx ∈  

(1) ( ) ( ) 0,, == xydyxd  if and only if ;yx =  

(2) ( ) ( );,, xydyxd =  

(3) ( ) ( ) ( )( ),,,, yzdzxdbyxd +≤  

d and ( )dX ,  are called a b-metric on X and b-metric space, respectively. If 

only (1) and (3) hold, then ( )dX ,  is called a quasi b-metric space. 

Now we introduce a generalization of a quasi b-metric space by 
modifying the triangle inequality condition in a quasi b-metric space. 
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Definition 2.2 [14, 15]. Let X be a nonempty set and let 10 <α≤  and 
1≤b  be a given real number. 

Let [ )∞→× ,0: XXd  be a self mapping on X satisfying the 

conditions: 

(1) ( ) ( ) 0,, == xydyxd  if and only if ;yx =  

(2) 

( ) ( ) ( ) ( )( )yzdzxdbxydyxd ,,2
1,, ++α≤  for all .,, Xzyx ∈  (2.1) 

Then d is called a quasi αb-metric on X and ( )dX ,  is called a quasi            

αb-metric space. 

From the definition of a quasi αb-metric, it can be shown that every 
quasi b-metric is a quasi αb-metric, but the converse is not true. 

Example 2.3 [14, 15]. Let { }.2,1,0=X  Define +→× RXXd :          

as follows: ( ) ( ) ( ) ( ) ( ) ,01,22,02,21,10,0 ===== ddddd  ( ) ,40,1 =d  

( ) ,10,2 =d  ( ) 21,0 =d  and ( ) .32,1 =d  It is clear that d is a quasi αb-

metric with because 2
1=α  and ,4=b  because 

( ) ( ) ( ) ( )( ),1,22,020,12
11,02 dddd ++≤=  

but for every ,1≥c  ( ) ( ) ( )( ).1,22,01,02 ddcd +>=  So d is not a quasi       

b-metric. 

Example 2.4 [14, 15]. Let RX =  and define +→× RXXd :  as 

( )
⎩
⎨
⎧

=
≠+=

.,0
,,2,

22

yx
yxyxyxd  The first condition of a quasi αb-metric is 

clear from the definition of function d, while the second condition will be 
shown as follows. 

For ,yx ≠  and every ,Xz ∈  we have 

( ) 22222 322
52, zyxyxyxd ++≤+=  
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( ) (( ) ( ))222222 2222
1 yzzyxy +++++=  

( ) ( ) ( )( ).,,2
2,2

1 yzdzxdxyd ++=  

So we get 

( ) ( ) ( ) ( )( ).,,2
2,2

1, yzdzxdxydyxd ++≤  

Hence, d is a quasi αb-metric with 2
1=α  and .2=b  

Definition 2.5 [14, 15]. Let ( )dX ,  be a quasi αb-metric space, a 

sequence { }nx  in ( )dX ,  converges to Xx ∈  and we write ,lim xxnn =∞→  

if ( ) ( ) .0,lim,lim == ∞→∞→ nnnn xxdxxd  

Definition 2.6 [14, 15]. Let { }nx  be a sequence in a quasi αb-metric 

space ( )., dX  Then { }nx  is called a Cauchy sequence if 

( ) ( ) .0,lim,lim ,, == ∞→∞→ nmmnmnmn xxdxxd  

Definition 2.7 [14, 15]. Let ( )dX ,  be a quasi αb-metric space. Then 

( )dX ,  is called complete if every Cauchy sequence in X is convergent in X. 

Definition 2.8. Let X be a nonempty set and let T be a self mapping on X. 
An element Xx ∈  is called a fixed point of T if .xTx =  

Definition 2.9. Let ( )dX ,  and ( )dY ,  be quasi αb-metric spaces. Then 

YXT →:  is called continuous on X if every Xyx ∈,  and ,0>ε  there 

exists 0>δ  such that ( ) ε<TyTxd ,  for ( ) ., δ<yxd  

3. Main Results 

Lemma 3.1. Let ( )dX ,  be a quasi αb-metric space with 10 <α≤  and 

,1≥b  let { }nx  be a sequence in X such that 

( ) ( ) .0,lim,lim 11 == +∞→+∞→ nnnnnn xxdxxd  (3.1) 

Then { }nx  is a Cauchy sequence in X. 
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Proof. By using (2.1), we get 

( )2, +nn xxd  

( ) ( ) ( )( )2112 ,,2, ++++ ++α≤ nnnnnn xxdxxdbxxd  

( ) ( ) ( )( )⎥⎦
⎤

⎢⎣
⎡ ++αα≤ ++++ nnnnnn xxdxxdbxxd ,,2, 1122  

( ) ( )( )211 ,,2 +++ ++ nnnn xxdxxdb  

( )2, +nn xxd  

( ) ( )( ) ( ) ( )( )
.

1

,,2,,2
1

2
211112

α−

+++α
≤

++++++ nnnnnnnn xxdxxdbxxdxxdb
 

From this and (3.1), we have 

 ( ) .0,lim 2 =+∞→ nnn xxd  (3.2) 

Similarly, we also have 

( )nn xxd ,2+  

( ) ( )( ) ( ) ( )( )
.

1

,,2,,2
1

2
112211

α−

+++α
≤

++++++ nnnnnnnn xxdxxdbxxdxxdb
 

From this and (3.1), we get 

 ( ) .0,lim 2 =+∞→ nnn xxd  (3.3) 

By repeating this process for ( ),, 3+nn xxd  we obtain 

( )3, +nn xxd  

( ) ( )( ) ( ) ( )( )
.

1

,,2,,2
1

2
322223

α−

+++α
≤

++++++ nnnnnnnn xxdxxdbxxdxxdb
 

Thus, by using (3.1), (3.2) and (3.3), we get 

( ) .0,lim 3 =+∞→ nnn xxd  
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Similarly, we obtain 

( )nn xxd ,3+  

( ) ( )( ) ( ) ( )( )
.

1

,,2,,2
1

2
232232

α−

+++α
≤

++++++ nnnnnnnn xxdxxdbxxdxxdb
 

Thus, by using (3.1), (3.2) and (3.3), we get 

( ) .0,lim 3 =+
∞→

nn
n

xxd  

Thus, by using induction for ...,,5,4,3,2,1=k  we obtain 

( )knn xxd +,  

( ) ( )( ) ( ) ( )( )
2

1111

1

,,2,,2
1

α−

+++α
≤

+−+−+−+−++ knknknnnknknkn xxdxxdbxxdxxdb
 

and 

( )nkn xxd ,+  

( ) ( )( ) ( ) ( )( )
.

1

,,2,,2
1

2
1111

α−

+++α
≤

−++−+−++−+ knknnknknnknkn xxdxxdbxxdxxdb
 

In this way, we obtain 

( ) 0,lim =+∞→ knnn xxd    and   ( ) .0,lim =+∞→ nknn xxd  

So for ,0≥> nm  we have 

( ) 0,lim =∞→ knn xxd    and   ( ) .0,lim =∞→ nmn xxd  

Hence, { }nx  is a Cauchy sequence in X. 

Definition 3.2. Let ( )dX ,  be a quasi αb-metric space with 10 <α≤  

and .1≥b  A mapping XXT →:  is called a weak contraction on X if 
there exists a function [ ) [ ),,0,0: ∞→∞ϕ  where ϕ is continuous on X, 

( ) 0=ϕ t  iff 0=t  and satisfying the following condition: 

 ( ) ( ) ( )( )yxdyxdTyTxd ,,, δϕ−≤  for all ,, Xyx ∈  (3.4) 

where .10 ≤δ<  
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Example 3.3. Let RX =  and define +→× RXXd :  as ( ) =yxd ,  

⎩
⎨
⎧

=
≠+

.,0
,,2 22

yx
yxyx  From Example 2.4, d is a quasi αb-metric with parameter 

2
1=α  and .2=b  

Let XXT →:  be a mapping defined by ( ) ,4
xxT =  ( ) tt 15=ϕ  for all 

,0≥t  

( ) ( ) ( )2222
22

216
1521684,4, yxyxyxyxdTyTxd +−+=+=⎟

⎠
⎞⎜

⎝
⎛=  

( ) ( )( ).,16
1, yxdyxd ϕ−=  

Then T is a weak contraction on a quasi αb-metric space ( )., dX  

Theorem 3.4. Let ( )dX ,  be a complete quasi αb-metric space with 

1,10 ≥<α≤ b  and T be a weak contraction mapping on X. Then T has a 
unique fixed point in X. 

Proof. Let { }nx  be a sequence in X. We define nn Txx =+1  for =n  
....,3,2,1,0  By using (3.4), we have 

 ( ) ( ) ( ) ( )( ).,,,, 1111 nnnnnnnn xxdxxdTxTxdxxd −−−+ δϕ−≤=  (3.5) 

Since ,0≥ϕ  ( ) ( ).,, 11 nnnn xxdxxd −+ ≤  

Thus, ( ){ }1, +nn xxd  is a non-increasing sequence, so ( ){ }1, +nn xxd  is a 

convergent sequence in .+R  Consequently, there exists 0≥L  such that 
( ) .,lim 1 Lxxd nnn =+∞→  

By using continuity of ϕ and inequality in (3.5), we get 

( )( )nnn xxdLL ,lim 1−∞→ ϕδ−≤  

( ( )) ( ).,lim 1 LLxxdL nn
n

δϕ−=δϕ−= −
∞→

 

Since ,10 ≤δ<  so we get ( ) 0=ϕ L  and this implies that .0=L  

Hence, we have ( ) .0,lim 1 =+∞→ nnn xxd  
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Similarly, we have ( ) ( ).,, 11 −+ ≤ nnnn xxdxxd  Thus, we have 

( ){ }nn xxd ,1+  is a non-increasing sequence and ( ){ }nn xxd ,1+  is a 

convergent sequence in .+R  

Hence, there exists 0≥K  such that ( ) .,lim 1 Kxxd nnn =+∞→  

By using continuity of ϕ and inequality in (3.5), we get 

( )( ) ( ( )) ( ).,lim,lim 11 KKxxdKxxdKK nn
n

nn
n

δϕ−=δϕ−=ϕδ−≤ −
∞→

−
∞→

 

So ( ) .0=ϕ K  This implies that 0=K  and ( ) .0,lim 1 =+∞→ nnn xxd  

Now, by using Lemma 3.1, we obtain that { }nx  is a Cauchy sequence in 

the complete space X. Therefore, there exists Xx ∈∗  such that nn x∞→lim  

.∗= x  

Now we have to show that ∗x  is a fixed point of T: 

( ) ( ) ( ( ) ( ))∗∗∗∗∗∗ ++α≤ TxxdxxdbxTxdTxxd nn ,,2,,  

( ) ( ( ) ( ))⎟
⎠
⎞⎜

⎝
⎛ ++αα≤ ∗∗∗∗ xxdxTxdbTxxd nn ,,2,  

( ( ) ( )).,,2
∗∗ ++ Txxdxxdb

nn  

So we have 

( )∗∗ Txxd ,  

( ( ) ( )) ( ( ) ( ))
21

,,2,,2
α−

+++α

≤
∗∗∗∗ TxxdxxdbxxdxTxdb

nnnn
 

( ( ) ( )) ( ( ) ( ))
2

11

1

,,2,,2
α−

+++α

=
∗

−
∗∗

−
∗ TxTxdxxdbxxdTxTxdb

nnnn
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( ( ) ( ( ) ( ))

( ( ) ( )) ( ( ))
2

11

11

1

,,,2

,,,2

α−

δϕ−++

+δϕ−α

≤
∗

−
∗

−
∗

∗
−

∗
−

∗

xxdxxdxxdb
xxdxxdxxdb

nnn

nnn

 

( ( ) ( )) ( ( ) ( ))
.

1

,,2,,2
2

11

α−

+++α

≤
∗

−
∗

−
∗ xxdxxdbxxdxxdb

nnnn
 

Since ,lim ∗
∞→ = xxnn  so ( ) ( ) .0,lim,lim == ∗

∞→

∗

∞→
n

n
n

n
xxdxxd  

Thus, for ,∞→n  we get 

( ) .0, =∗∗ Txxd  

This is only possible if .∗∗ = xTx  Hence, ∗x  is the fixed point of T. 

Next, we have to show that the fixed point of T is unique. 

Suppose there exists Xy ∈∗  such that .∗∗ = yTy  So we get 

( ) ( ) ( ) ( ( )),,,,, ∗∗∗∗∗∗ δϕ−≤= yxdyxdTyTxdyxd  

( ( )) .0, ≤δϕ ∗∗ yxd  

Since ,10 ≤δ<  it is possible if ( ( )) 0, =ϕ ∗∗ yxd  and ( ) ,0, =∗∗ yxd  so 

we get .∗∗ = yx  So T has a unique fixed point in X. 

Theorem 3.5. Let ( )dX ,  be a quasi αb-metric space with 10 <α≤  

and ,1≥b  and let XXT →:  be a continuous mapping which satisfies the 
following conditions: 

( )( ) ( )( ) ( )( ) ( )( )TyydTyxdyTxdTyTxd ,,,, ϕϕϕ≤ϕ  

( )( ) ( )yxdyxd ,, δ−ϕ+  (3.6) 

for all ,, Xyx ∈  where ,10 ≤δ<  [ ) [ )∞→∞ϕ ,0,0:  is a continuous 

mapping, nondecreasing and ( ) .00 =ϕ  

Then T has a unique fixed point in X. 
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Proof. Let { }nx  be a sequence in X. 

Define nn Txx =+1  for ....,3,2,1,0=n  

By using (3.6), we have 

( )( )1, +ϕ nn xxd  

( )( )nn TxTxd ,1−ϕ=  

( )( ) ( )( ) ( )( )111 ,,, ++− ϕϕϕ≤ nnnnnn xxdxxdxxd  

( )( ) ( )nnnn xxdxxd ,, 11 −− δ−ϕ+  

( ) ( )( ) ( )( ) ( )( ) ( ).,,,,0 11111 nnnnnnnn xxdxxdxxdxxd −−++− δ−ϕ+ϕϕϕ≤  

Since ( ) ,00 =ϕ  thus 

 ( )( ) ( )( ) ( ).,,, 1111 nnnnnn xxdxxdxxd −+−+ δ≤ϕ≤ϕ  (3.7) 

Also, from ,10 ≤δ<  we obtain 

( )( ) ( )( ).,, 11 nnnn xxdxxd −+ ϕ≤ϕ  

Since ϕ is nondecreasing, 

( ) ( ).,, 11 nnnn xxdxxd −+ ≤  

Thus, ( ){ }1, +nn xxd  is a non-increasing sequence in ,+R  so ( ){ }1, +nn xxd  is 

convergent in .+R  Hence, there exists 0≥L  such that ( )1,lim +∞→ nnn xxd  
.L=  

By using continuity of ϕ and (3.7), we get 

( )( ) ( )( ) ( ),,lim,lim,lim 111 nn
n

nn
n

nn
n

xxdxxdxxd −
∞→

−
∞→

+
∞→

ϕδ−ϕ≤ϕ  

( ( )) ( ( )) ( ),,lim,lim,lim 111 nn
n

nn
n

nn
n

xxdxxdxxd −
∞→

−
∞→

+
∞→

δ−ϕ≤ϕ  

( ) ( ) .LLL δ−ϕ≤ϕ  

Since ,10 ≤δ<  so we get .0≤L  Since ,0≤L  so we get .0=L  

Hence, we get 
 ( ) .0,lim 1 =+∞→ nnn xxd  (3.8) 
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Now we have to show that ( ) :0,lim 1 =+∞→ nnn xxd  

( )( ) ( )( )11 ,, −+ ϕ=ϕ nnnn TxTxdxxd  

( )( ) ( )( ) ( )( )1111 ,,, −−−− ϕϕϕ≤ nnnnnn TxxdTxxdxTxd  

( )( ) ( )11 ,, −− δ−ϕ+ nnnn xxdxxd  

( )( ) ( )( ) ( )( )nnnnnn xxdxxdxxd ,,, 111 −−+ ϕϕϕ=  

( )( ) ( )11 ,, −− δ−ϕ+ nnnn xxdxxd  

( )( ) ( ) ( )( )nnnn xxdxxd ,0, 111 −−+ ϕϕϕ=  

( )( ) ( ).,, 11 −− δ−ϕ+ nnnn xxdxxd  

Since ( ) ,00 =ϕ  thus we get 

 ( )( ) ( )( ) ( ).,,, 111 −−+ δ−ϕ≤ϕ nnnnnn xxdxxdxxd  (3.9) 

Thus, from ,10 ≤δ<  we have 

( )( ) ( )( )11 ,, −+ ϕ≤ϕ nnnn xxdxxd  

and since ϕ is nondecreasing, we get 

( ) ( ).,, 11 −+ ≤ nnnn xxdxxd  

Thus, ( ){ }nn xxd ,1+  is a non-increasing sequence in +R  and so ( ){ }nn xxd ,1+  

is a convergent sequence in .+R  Hence, there exists 0≥K  such that 
( ) .,lim 1 Kxxd nnn =+∞→  

From (3.9), we get 

( )( ) ( )( ) ( ).,lim,lim,lim 111 −
∞→

−
∞→

+
∞→

ϕδ−ϕ≤ϕ nn
n

nn
n

nn
n

xxxxdxxd  

By using continuity of ϕ, we get 

( ( )) ( ( )) ( ),,lim,lim,lim 111 −
∞→

−
∞→

+
∞→

δ−ϕ≤ϕ nn
n

nn
n

nn
n

xxdxxdxxd  

( ) ( ) .KKK δ−ϕ≤ϕ  

Since ,10 ≤δ<  we get .0≤K  Since ,0≥K  thus it is only possible when 
.0=K  
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Hence, we get 

 ( ) .0,lim 1 =+∞→ nnn xxd  (3.10) 

From (3.8) and (3.10), we have ( ) 0,lim 1 =+∞→ nnn xxd  and 

( ) .0,lim 1 =+∞→ nnn xxd  So using Lemma 3.1, we obtain { }nx  is a Cauchy 

sequence in complete X. 

So there exists Xx ∈∗  such that .lim ∗
∞→ = xxnn  

Now we have to show that ∗x  is a fixed point of T. 

Since T continuous on X, we obtain 

.limlimlim 1
∗

+
∞→∞→∞→

∗ ==== xxTxxTTx n
n

n
n

n
n

 

Thus, .∗∗ = xTx  Hence, ∗x  is the fixed point of T. 

Uniqueness. Suppose there exists Xy ∈∗  such that .∗∗ = yTy  

We have to show that the fixed point of T is unique. 

By using (3.6), we get 

( ( )) ( ( ))∗∗∗∗ ϕ=ϕ TyTxdyxd ,,  

( ( )) ( ( )) ( ( )) ( ( )) ( )∗∗∗∗∗∗∗∗∗∗ δ−ϕ+ϕϕϕ≤ yxdyxdTyxdTyxdyTxd ,,,,,  

( ( )) ( ( )) ( ( )) ( ( )) ( )∗∗∗∗∗∗∗∗∗∗ δ−ϕ+ϕϕϕ= yxdyxdyydTyxdyTxd ,,,,,  

( ( )) ( ( )) ( ) ( ( )) ( )∗∗∗∗∗∗∗∗ δ−ϕ+ϕϕϕ= yxdyxdTyxdyTxd ,,0,,  

( ( )) ( ).,, ∗∗∗∗ δ−ϕ= yxdyxd  

So we get 

( ( )) ( ( )) ( ).,,, ∗∗∗∗∗∗ δ−ϕ≤ϕ yxdyxdyxd  

Thus, 

( ) .0, ≤δ ∗∗ yxd  

In the same way, from 

( ( )) ( ( )),,, ∗∗∗∗ ϕ=ϕ TxTydxyd  
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we have 

( ) .0, ≤δ ∗∗ xyd  

So it is possible if ( ) ( ) .0,, == ∗∗∗∗ xydyxd  

Hence, ,∗∗ = yx  so T has a unique fixed point in X. 

Theorem 3.6. Let ( )dX ,  be a complete quasi αb-metric space with 

10 <α≤  and 1≥b  and let XXT →:  be a mapping satisfying the 
following condition: 

 ( ) ( ) ( )yxTyTxd ϕϕ≤,  for all ,, Xyx ∈  (3.11) 

where [ )∞→ϕ ,0: X  be a mapping on X with ( ) ( ) .10, <δ<δϕ≤ϕ xTx  

Then T has a unique fixed point in X. 

Proof. Let { }nx  be a sequence in X. 

We define nn Txx =+1  for ....,3,2,1,0=n  

By using (3.11), we have 

( ) ( ) ( ) ( ) ( ) ( )12111 ,, −−−−+ ϕϕ=ϕϕ≤= nnnnnnnn TxTxxxTxTxdxxd  

( ) ( ) ( ) ( )23
2

12
2

−−−− ϕϕδ=ϕϕδ≤ nnnn xTxxx  

( ) ( ).23
4

−− ϕϕδ≤ nn xx  

By continuing this process, so we get 

( ) ( ) ( )., 10
22

1 xxxxd n
nn ϕϕδ≤ −
+  

Since ,10 <δ<  we obtain 

( ) .0,lim 1 =+
∞→

nn
n

xxd  

Similarly, in this way, we get 

( ) ( ) ( ) ( ) ( ) ( )21111 ,, −−−−+ ϕϕ=ϕϕ≤= nnnnnnnn TxTxxxTxTxdxxd  
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( ) ( ) ( ) ( )32
2

21
2

−−−− ϕϕδ=ϕϕδ≤ nnnn TxTxxx  

( ) ( ).32
4

−− ϕϕδ≤ nn xx  

By continuing this process, we get 

( ) ( ) ( )., 10
2

1 xxxxd n
nn ϕϕδ≤+  

Since ,10 <δ<  

( ) .0,lim 1 =+
∞→

nn
n

xxd  

By using Lemma 3.1, we conclude that { }nx  is a Cauchy sequence in 

complete quasi αb-metric space ( )., dX  So there exists Xx ∈∗  such that 

.lim ∗
∞→ = xxnn  

Now we have to show that ∗x  is a fixed point of T: 

( ) ( ) ( ( ) ( ))∗∗∗∗∗∗ ++α≤ TxxdxxdbxTxdTxxd nn ,,2,,  

( ) ( ( ) ( ))⎟
⎠
⎞⎜

⎝
⎛ ++αα≤ ∗∗∗∗ xxdxTxdbTxxd nn ,,2,  

( ( ) ( )).,,2
∗∗ ++ Txxdxxdb

nn  

So we have 

( )∗∗ Txxd ,  

( ( ) ( )) ( ( ) ( ))
21

,,2,,2
α−

+++α

≤
∗∗∗∗ TxxdxxdbxxdxTxdb

nnnn
 

( ( ) ( )) ( ( ) ( ))
2

11

1

,,2,,2
α−

+++α

=
∗

−
∗∗

−
∗ TxTxdxxdbxxdTxTxdb

nnnn
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( ( ) ( ) ( )) ( ( ) ( ) ( ))
2

11

1

,2,2
α−

ϕδϕ+++ϕδϕα

≤
∗

−
∗∗

−
∗ xxxxdbxxdxxb

nnnn
 

( ( ) ( ) ( )) ( ( ) ( ) ( ))
.

1

,2,2
2

00

α−

ϕϕδ+++ϕϕδα

≤
∗∗∗∗ xxxxdbxxdxxb n

nn
n

 

Since 10 <δ<  and ,lim ∗
∞→ = xxnn  

( ) ( ) .0,lim,lim == ∗

∞→

∗

∞→
n

n
n

n
xxdxxd  

Thus, for ,∞→n  we get 

( ) .0, =∗∗ Txxd  

Similarly, we get 

( ) .0, =∗∗ xTxd  

So from ( ) 0, =∗∗ Txxd  and ( ) ,0, =∗∗ xTxd  we get .∗∗ = xTx  

Hence, ∗x  is the fixed point of T 

Uniqueness. Suppose there exists Xy ∈∗  such that .∗∗ = yTy  Therefore, 

( ) ( ) ( ),∗∗∗ δϕ≤ϕ=ϕ xTxx  

( ) ( ) .01 ≤δ−ϕ ∗x  

Since 10 <δ<  and ( ) ,0≥ϕ ∗x  it is only possible when ( ) .0=ϕ ∗x  

Therefore, 

( ) ( ) ( ),∗∗∗ δϕ≤ϕ=ϕ yTyy  

( ) ( ) .01 ≤δ−ϕ ∗y  

Since 10 <δ<  and ( ) ,0≥ϕ ∗y  it is only possible when ( ) .0=ϕ ∗y  
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By using (3.11), we have 

( ) ( ) ( ) ( ).,, ∗∗∗∗∗∗ ϕ⋅ϕ≤= yxTyTxdyxd  

Since ( ) 0=ϕ ∗x  and ( ) ,0=ϕ ∗y  so we get 

( ) .0, ≤∗∗ yxd  

Similarly, we have 

( ) .0, ≤∗∗ xyd  

From this, it is only possible when ( ) ( ) .0,, == ∗∗∗∗ xydyxd  

Hence, ,∗∗ = yx  so T has a unique fixed point in X. 
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