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Abstract

Our purpose is to analyze and prove as strictly and clearly as possible
that cellular automata A ’s of finite type with a quiescent state q are
injective if and only if either A contains two mutually erasable
configurations ¢;, ¢, in Moore [2] or two not distinguished

configurations dy, d, in Myhill [4].
1. Preliminaries
A cellular automaton is defined as a quadruple A = {Zz, S, N, f},

where Z2 = 7 x 7 is the cell set for Z = {0, £1, £2, ...} the rational integers,

2
S ={s1, Sp, ..., St} Is the set of states, N : 72 5 227 s the neighborhood

function defined by for each i = (i, i) in 72 by

N@)={j =, J2) [ip = n | <1for a =1, 2},

in particular | N(i)| = 9,

and f:S° > S isa map, we call f the local map.
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We define the set C of configurations by the set of mapping 7% 105, ie.,
_ Zz _ _ . . 2 .
C=S" ={c=_(-,c(i),--)]ieZ c(i)e S},
where ¢ is called a configuration on 72
Since |N(i)| =9, if we give N(i) an arbitrary linear order and let
c(N(i)), a subconfiguration of c on N(i), endow with the induced ordering
of N(i), we may apply fto c(N(i)) to get the global map
F:C->C
defined by
F(c)(i) = f(c(N(i))) for c e C and i e Z°.

For A, an n x n-square subset of 72 we define C, the setof nxn-
configurations by

Cp = {Cls, lc € C}.

Since F is homogeneous, that is, it commutes with any parallel transition of

72, our definition of C,, does not depend essentially on the choice of A, in
72, Further for (n +2) x (n + 2)-square subset A, ) of 72 obtained by

extending A, one cell on four sides of A, we get
Chi2 = {C|An+2 lceC}.
Then, we can define
Cn2\Cy = {C|An+2\An lc e C},

the set of square frames of sides n + 2. We call e € C,,,\C,, an edge or a

frame of ¢, = |, or C,.

Forany cin Candany c, in C,,

E =c\c,



Injectivity of Cellular Automata 201
is called an environment of c,, and we denote their relationship by
c=c,VvE
Forewith E=ev E' and ¢, = (---, ¢,(i), ---) in C,, we observe that
ch(N(i)) cc, ve,
which enable us to define a map
Fne :Ch = Cy
Ch = (ooy Cali), ) > €y = (o, i), --)
with
cn(i) = fcn(N(i))).
A state g in S is said to be quiescent if

f(a,q ...9)=q.
9

A configuration ¢ in C is said to be a finite type if for some ¢, in C,;, n € N,

there exists E an environment of c,, of which states are all g and
c=c,VvE

Throughout this paper we assume that S contains g and any ¢ in C is a
finite type. Thus, we understand C denotes the set of configurations of finite

type.
2. Statement of the Theorem

Definition. n-mutually erasable:

For nin N two configurations dy, d, in C,_4 with d; # d, are said to
be n-mutually erasable if there exist

d" inCy_4, 9,9 InCyr_o\C,_4 andhin C,\C,,_»
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such that

C,,_g = dl \Y g Fn—'z.h.
“‘H-__‘__RHH‘
Ld' Vg el .
ChsddVg —
Fn—?.h
Remark. (a) Let dq, do be n-mutually erasable. Then, for any | in

Cn4+2\Cy, thereexists h' in C,\C,,_» such that

C‘” 3C = H’-[ VgV h - }'1”.!

—

/: dVgVvleC,.
C‘” > C2 = fll.r-_) V q vV h ,_/‘“'

“nl

(b) Note that d{ =d; v g and d5 =d, v g are also (n + 2)-mutually
erasable by taking h, I for g, h and thus this procedure can be continued to get
their extensions ¢y, ¢, in C.

Definition. n-not distinguished:

Two configurations dq, d, in C,,_4 with d; # d, are said to be n-not
distinguished if there exist

(1) E an environment of C,,_4, and
(2 c'"inC
such that

C3c=dVE F

—

Coc=d,VE //f;/

Now we state our theorem.
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Theorem. The following (1), (I,y) and (I},) are equivalent:
(1) Fis not injective.

(1) There are n-mutually erasable configurations d;, d, in C,,_4 for
some nin N.

(I4,) There are n-not distinguished configurations dy, d» in C,,_4 for
somenin N.

3. Proof for the Theorem

Using the tools prepared in the previous section we now prove our
theorem, which will be done in each step of (a) (1) to (1), (b) (I) to

(Iy), and (c) (Iy) to (1).

For (a). By (1) we have ¢y, ¢, in C such that ¢; # ¢, and F(c;) = F(cy).
Further, since c;, c, are finite type, there are dy, dy in C,_4 for some nin
N such that for some E an environment of C,,_, of which states are all q we
have

Ci=diVE, i=1,2,
where d; # d,, since ¢; # ¢5. Thus (I},) holds.

For (b). By (l,) we have dy, dy in C,_4 with dy #d, and E an

environment of C,,_4 such that
F(dy v E)=F(d, v E).
Then, expressing E as
E=gvhvE

for g in C,_o\Cy,_4, hin C,\C_o, and E’ an environment of C,,, we

have d’ in C,,_4 and ¢’ in C,,_»\C,,_4 such that
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dy Vg Foan
dVvyg,
daVyg

\ //

n—2.h
which is (I,)).

For (c). By (I,,) we have dq, dy, d" in C,,_4 with d; = d5, gg, go in
Ch_2\C,_4 and g; in C,\C,,_, such that

{Ifl \% o Fn—lm

Fﬂ—i-m

d'V g,

Further by (a) of Remark in Section 2, for any g, in C,,,\C, there

exists g1 in C,\C,,_» such that

diV goV g Fo g,

dz\/_()n\/gl//'

Fhgs

d' Vg,V g,

Here, since g, is arbitrarily chosen, we may repeat this method to get

93, 94, -... Thus, if we choose E an arbitrary environment of C,, and set
ci=divgyvgvE, fori=1 2,

we have
F(c) = F(cy).

Since dq # dy, we see ¢; # Cy. Thus (I) holds and we have completed our

proof for the theorem.
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