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Abstract

We exhibit boundedness of an integral operator with homogeneous
kernel, from the power weighted space LP into the related power
weighted L% space. In turns, the boundedness is used to prove a
generalized version of Hardy inequality, in which the classical one can
be obtained as a special case.

1. Introduction

The classical Hardy integral inequality

I:[Hoxf(t)dtjpdx S(pgljpf:) f(x)Pdx, 1)

where p >1, has been proved with various ways [2]. A more traditional

approach is using integration by parts. Via an alternate route, using
homogeneous kernel of degree -1, one can prove a more general inequality

(see [1]).
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Okikiolu [3] proved the boundedness of integral operator with
homogeneous kernel of degree u —1, where 0 <p <1. Using special kernel,

one can have an inequality similar to (1), with differing exponents, on the left
and right hand sides.

In this paper, we will prove a similar result to [3], that is the boundedness
of the operator:

(HOGO = [ k0 y) F(y)ay

in a weighted space, where the weight is an appropriate power function.
Here k(x, y) is a homogeneous kernel of degree p—1, where 0 < p <1.

Comparing to [3], we do not impose the symmetric condition for the
operator. This is a first step to answering an open question raised in [4], on
necessary and sufficient condition for boundedness of integral operators
with general Hardy-type kernels. Using an appropriate power function as a
weight, we prove our main result using similar technique employed in [3],
albeit some modification.

In the rest of this paper, we use our main result to obtain the following
inequality:

17 <{f o] (gt (1 v

where p>1 0<pu<] %z%—p and for any a > 0, b > 0 with some

conditions which will be detailed later. Notice that if =0, a=0 and
b = 0, we have the classical Hardy inequality. We also generalize a variant
of Hardy inequality stated in [1, p. 188].

2. Main Results and Discussion

We will work on the power weighted Lebesgue space of the real
functions of one variable defined on the whole space R. Suppose p > 1 and
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a > 0. The weighted Lebesgue space in R is the set (of equivalence classes)

LP(x®) = {f |JZ| f(x)|P| x|*dx < oo}.

: k9 a. P
We write || f | p(,ay = (j_w| f(x)|P| x| dx) as the norm of the space.
We will discuss the boundedness of integral operator
(HO) = [ k0 ) f(y)dy

on the weighted Lebesgue space, for which the kernel k satisfies the
homogeneous condition

k(x, 2y) =| & [*k(x, y)

for all real number A # 0, and some 0 < p <1. Our main result can be

stated as follows.

Theorem 1. Let p >1, 0 < u <1, and g such that
1 1
—=—=-u>0 2
g~ p M )

and & =9. Let k:RxR — R be a homogenous kernel with degree

u —1. Then the operator H satisfies
1—
IHE [Lagey < KTH ey,
where

" L(u—a—ﬂ) 1
K ZJ._OO |u|(l_”) p |k(l, U)|l—udu < o0,
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Proof. We borrow the idea from [3] to estimate the operator

| (HF)(X)]

SJ_O; [kOx, y)[| f(y)|dy

= [ LEOFPLY I F Ry kO )Py ke y) Py,

@)

The numbers o and B will be determined later. The conjugate number p’ of
p is the number that satisfies l-ﬁ-i, =1. Holder inequality is applied

to three functions in (3) with parameters that satisfies the relation (2) or

1 1 .
+ =+ = =1. Ityields
K a7 y

[(HE) () < Ui, RIOIEH |adyj“(|1(x))1/‘*(lz(x>>”/ g
with
100 = [ 1109y 9 k(x, y) Pay,
1500 = [ [y [ e, y) 9y
Using the homogeneous property of k, 1, is manipulated
1(x) = J‘i} ly |—(ua+<1) IO’| X |(u—1)(1—l3) IO’| k@ xty) |(1—B)P'dy_

Write u = x_ly or y = xu, then

1y(x) = J': | xu [T+ P (DB gy [(EPIP) x| du
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= |x |—(Ha+0t) p'+(n-1)(1-B) ID'+1J"°o lu |—(ua+0t) P’| K(1, u) |(1—B)P'du

= | x |—(ua+0c) PHu-1)(A-B) P+l
where the constant K is

K= _i u e P, u) (TP gy, @)

Now we compute the norm of the operator. Using the Fubini Theorem, the
norm of the operator can be written

[ 1RO x Pox

wpg e a/p [T | Pa(nata)+(p-1)(1-B)g+a/p’
< HIRT KIP ] Ix] 1(x)dx

1pq a/p' [~ (1-up)d; |, 1d
<G o KV L)y 0a()ey ©)
with

Using the property of kernel k, we have

I5(y) = J‘ j‘; | x [Pra(ua+a)+ (1) (-B)a+a/p'| y ((i-DBa| (q, x Ly Pagy,
Upon using the variable u = x‘ly or X = u‘ly, then
l5(y) = J': | uly [praare)+(u-Daa/p| (g y) Bay-2yqy
=y |b—q(ua+a)+(u—1)q+q/ p'+l

: J'°° |u o a(aro)-(1-Da-0/P~2| (g, ) gy,
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We now choose a and f such that
ag+b-q(ua+a)+(u-1)g+a/p'+1=a, (6)
—b+q(ua+a)-(n-1)g-a/p'-2=—(pa+a)p". @

In this case, we have
o= a—?.pu+l.
p+q
I , p’ 1
Meanwhile in order to have =(1- , we set B=— =—
pa=@-p)p i

Note that the constant K in (4) can be written as
00 1 _a+l 1
S T = G [ =
—0
Therefore, equation (5) transforms into

Kq/p'” £ P K

[, 1HOGOFIx Pax < | £ 152 P

p xa)

— | f |9 KLlra/p
RENP

or

11
[(HE) ) ooy < K\9 P It o)
or

[(HOO gy < KEFF lipgeay,

Then we obtain the result.
Furthermore, from the equation (6), we have

a=b-qua
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We now apply the above result for a special case. If we set
(X, ¥) = - xe (X ¥)
1 Xl_“ E ) 1

where E = {(x, y)|y < x}, then we have the operator

00 = [ oy

and the following inequality.

Corollary 2. Let p>1,0<pu<1 and %=%—H- For all a> 0 and

b > 0 such that % = % and fwith f(x) >0 in [0, ), then

[I: xb—q+quOX f(Y)dy)q dx}l/q < (%T—HU:} xaf(X)lﬁ’dle/p

We can consider the inequality as a generalized Hardy integral
inequality, in which the classical Hardy inequality is a special case, for
a=b=0 and p = 0. See page 188 in [1].

For the next example, if we set

p—ltp B
k(x, y) = {X y y=x
0 y > X

and f(x) = x"h(x) for suitable B and y, then we have the following
inequality.

Corollary 3. Let p>1,0<pu <1 and %:%_H_ For all a>0 and

b > 0 such that % = % and h(x) >0 in [0, «), then
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weafpr o N (e mapetee W
X UO h(y)dy} dx} SKIOX h(x)"dx | ,

I-p
where K = (L) .

gu-r+1
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