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Abstract

It is proved that for any ring R and right R-module M, if M is a-Krull

(i.e., for each submodule N of M, either k-dimN < a or k-dim%

<a and a is the least ordina number with this property), then

k-dmM = o or k-dimM = o + 1. The main aim of this paper isto

characterize modules, which are o-Krull if and only if their Krull
dimensionis equal to a.

1. Introduction

Throughout this paper, al rings are associative with 1= 0, and al
modules are unitary right modules. Letting M be an R-module, by k-dimM
and n-dim M, we mean the Krull dimension and the Noetherian dimension

(dual of Krull dimension of M, see Karamzadeh [9] and Lemonnier [17]) of
M over R, respectively. The notation N = M (resp.,, N = M) will mean N
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is a submodule (resp. proper submodule) of M. It is convenient when we are
dealing with the latter dimensions, to begin our list of ordinals with —1. In
[5], the authors by using the concept of Noetherian dimension introduced and
investigated the concept of a-short modules. They called an R-module M to

be a-short if for every submodule N of M, either n-dimN < o or n-dim%

< a, where a is the least ordina number with this property. Using this
concept, they extended ailmost al basic results of short-modules to a-short
modules, see [5]. They showed that in case o is countable, every submodule
of M is countably generated. They aso observed that any o-short module has
Noetherian dimension equal to either o or a + 1. In particular, a semiprime
ring R is a-short if and only if n-dimR = a. This fact raised the natural

guestion, namely, for which R-module M, M is a-short if and only if
n-dimM = o. In [8], we answered this question. We proved that any
semiprime module M (in the sense of [21] and [20]) is a-short if and only if
n-dimM = o. The concept of a-Krull modules, that is dua of a-short
modules, introduced and extensively investigated in [4] and the dual of
amost al of single results in [5], were obtained. It is proved that an
R-module M is a-Krull if and only if M has Krull dimension equal to either o
or a+1. In this paper, we are going to characterize A (resp. B), the

category of R-modules M, that for any ordinal number o, M is o-Krull if and
only if k-dmM = a (resp. k-dimM = o +1). To reach this goal, after
reviewing some necessary preliminaries, we investigate some basic
properties of a-Krull modules. For instance, we show that an R-module M is
a-Krull module if and only if there exists a submodule A(a) of M such that

k-dim A(a) < o and k—dim% < o for any submodule B ¢ A(a) and a is

the least ordinal number with this property. Finaly, we show that M € A if
and only if either k-dimM is a limit ordina or k-dimM = k-dim N, for
any co-critical submodule N of M. Also, we observe that if M isaNoetherian
uniserial R-module, then M is either —1-Krull or O-Krull.
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For all concepts and basic properties of rings and modules which are not
defined in this paper, we refer the reader to [6] and [18].

2. Preliminaries

We need the following definition, see [4, Definition 3.1].

Definition 2.1. An R-module M is called o-Krull, if for each submodule
N of M, either k-dimN < o or k-dim\- < a and o is the least ordina
number with this property.

Remark 2.2 [4, Remark 3.2]. If M is an R-module with k-dimM = a,

then M is B-Krull for some B < a.

Remark 2.3 [4, Remark 3.3]. If M is an a-Krull module, then each
submodule and each factor module of M is 3-Krull for some 8 < a.

Lemma 2.4 [4, Corollary 3.5]. Let M be an o-Krull module. Then M has
Krull dimension and k-dimM > a.

Proposition 2.5 [4, Proposition 3.6]. An R-module M has Krull
dimension if and only if M is a-Krull for some ordinal a.

It is well-known that any module with Krull dimension has finite
uniform dimension. The following corollary is now evident.

Corollary 2.6. Every a-Krull module has finite uniform dimension.

Proposition 2.7 [4, Proposition 3.8]. If M is an a-Krull R-module, then
gither k-dmM = a or k-dmM = a + 1.

Corollary 2.8 [4, Corollary 3.9]. If M is a 0-Krull module, then either M
isArtinianor k-dimM = 1.

Proposition 2.9 [4, Proposition 3.12]. Let M be an R-module, with
k-dimM = a, wherea isalimit ordinal. Then M is a.-Krull.
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We recall that a nonzero R-module M is said to be a-critical if k-dim

M = o and k—dim% < a, for every nonzero submodule N of M. A module

issaid to be critical if it is a-critical for some ordinal a. Also, asubmodule N
of a module M is called to be co-critical if the factor % is critical. It is
proved that any nonzero module with Krull dimension has at least one
critical submodule possibly not of the same dimension and every critical
module is uniform, see [6, Theorem 2.1, Proposition 2.6]. Clearly, an
R-module M is O-critical if and only if M isasimple module.

In view of Proposition 2.7, the following remark is now evident.

Remark 2.10. A nonzero R-module M is —1-Krull if and only if it is
simple. Thus, any —1-Krull moduleis O-critical.

We aso need the following well known results of Krull dimension, see
[6,9, 11] and [18].

Theorem 2.11. Let M be an R-module and N be a submodule of M. Then

k-dimM = sup{k-dim N, k-dim%} if cither side exists.

Theorem 2.12. Let M be a module. Then

(1) k-dimM = sup{k-dmN : 0= N < M}.

2) k-dimM < sup{k-dim%+l: E . M}.
Lemma 2.13. If M is an R-module and for each submodule N of M,

either N or % has Krull dimension, then so does M.

Theorem 2.14. If M is an R-module with Krull dimension and
M = Ziel M;, where k-dmM; < o for some ordinal o and all i e I,

then k-dmM < a.
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3. The Classification of a-Krull Modules

We cite the following result from [4, Lemma4.1, Lemma4.2].

Theorem 3.1. Let N be a submodule of an R-module M. Then

(1) If Nisa-Krull and k-dim% < a, then M isa-Krull.

@) If % is o-Krull and k-dim N < o, then M is a-Krull.

Next, we give a structure theorem for a-Krull modules.
Theorem 3.2. The following are equivalent for any R-module M:
(1) Misan a-Krull module.

(2) There exists a submodule A(a) of M such that k-dim A(a) < o and

k—dim% <o for any submodule B ¢ A(a) and a is the least ordinal

number with this property.
Proof. Let M be an a-Krull module and

A={Xc M :k-dmX < a}.

Itisclearthat 0c A andso A # . Let Ala) = >, X, indeed Ala) is

the a-torsion submodule of M (see 2.18 in [18]). Then k-dim A(a) < a by
Theorem 2.14. Now let B be a submodule of M such that B ¢ A(a), then

k-dimB £ o and so k-dim% < a, for M is a-Krull. In order to show that

o is the least ordinal number with this property, it is sufficient to prove the
converse. So let M has a submodule A(a) with mentioned conditions and
Bc M, if Bc Ala), then k-dimB < . But, if B¢ A(a), then k-dim

% < a, but o is the least ordinal number with this property and so M is

a-Krull. O
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Our main aim in this paper is to characterize modules M, that for any
ordinal number o, M is a-Krull if and only if k-dimM = a. We use the

following notations throughout the paper:

(1) M = theset of al modules with Krull dimension.

(2) M, = theset of al a-Krull modules.

(3) A, = the set of al a-Krull modules M with k-dmM = o and
A=UgAq-

(4) B, = the set of al o-Krull modules M with k-dimM = o +1 and
B=U,Bg-

Remark 3.3. Itiseasy toseethat A, N B, =< and A, UB, = M,
and so {A,, B,} is a partition of M,. Smilaly, ANB=2 and
M= AU B, so {A, B} isapartition of M.

Clearly, A_q = {0} and B_; isthe set of al simple modules.
Theorem 3.4. Let M be an R-module. If M € B, and N ¢ M, then

either N < B, or \- < By

Proof. By the above notations, M is a-Krull and k-dmM = o + 1. We
have the following cases:

Case l. If k-dimN > k—dim%, then k-dmN = k-dmM = a +1, by

Theorem 2.11. Also, N is B-Krull for some B < a. If B < a, by Proposition
2.7, wehave k-dimN < +1 < a. Thisis a contradiction. Consequently, N
iso-Krull with k-dimN = o + 1. Therefore, N € B,,.

M
N

> k-dim N, then k-dim M- = k-dimM = o+ 1 by

Case 2. If k-dim N

Theorem 2.11. Also, % isB-Krull for some § < a. If B < o, by Proposition
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2.7, we have k—dim% <B+1< a, acontradiction. Consequently, % is

a-Krull with k-dim M- = o + 1.

N
Therefore, % € B
At last,
Case 3. If k-dimN = k-dim%, then the same argument shows that
both N and M belong to B. O

N

In view of the proof of Theorem 3.4, the following results are now
immediate.

Corollary 3.5. Let M € B, and N < M. Then we have the following:

(1) If k-dimN > k-dim M- then N e B,,.

N
If kK-dmN < k-dim—, then — e .
@) If kedi kdmM  then M ¢ 5,
N N
3) If k-dmN = k-dim—-, then N, — e B,.
f K-di K-dl '\IG h '\IG ;

Corollary 3.6.1f N < M and N, % e A, then M € A.

Corollary 3.7.1f M, M, .., M e A, then M@ M, ®---® M, € A.

Remark 3.8. The converse of Corollary 3.7 is not true, in general. For
example, if M = M; @ M,, where M; and M, are simple modules, then
M1, My € B_;1. But M is asemisimple module with Krull dimension and so

M e A. Note that any semisimple module with Krull dimension has finite
uniform dimension and so is both Artinian and Noetherian.

Remark 3.9. Let M be an a-critical module. If o =B+ 1, then M BB

and if aisalimit ordinal, then M € A,,.
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Theorem 3.10. Let M be an R-module, which is M € M. Then the

following statements are equivalent:

1) M e B,.

2 A(ia) is (o + 1)-critical, where A(a) isthe torsion submodule of M.
Proof. If M e B, then k-dmM = a +1. But k-dimA(a) < a, by

Theorem 2.14. This implies that k-dim—— = k-dmM = o +1. Now let

A( )
Ala) C B M, then k-dimB £ o (note A(a) is the summation of all

submodules of M with Krull dimension at most o) and so k-dim% =

M/A(o)
k-dim < a, snce M is a-Krull. It follows that
B/A(o) A( )

critical. Conversely, if A( j is (o + 1)-critical, then it is a-Krull, by Remark

is (o +1)-

3.9. Moreover, k-dim A(a) < o and so M is a-Krull, by Theorem 3.1. O

In the next theorem, we determine B, the category of R-modules M, that

isa-Krull if and only if k-dimM = a + 1, for every ordinal number o.

Theorem 3.11. Let M be an R-module. Then the following are
equivalent:

1) M e B.
(2) k-dimM isnot alimit ordinal and M has a co-critical submodule N
such that k-dim N < k-dim -

Proof. If M e B, then there exists an ordina number o such that
MeB,, so k-dmM =a+1 is not a limit ordinal. Also, Ala) is

co-critical and k-dimA(a) < a < o +1=k-dim—— A( ik by Theorem 3.10.
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Conversdly, if k-dmM = o +1 and N is a co-critical submodule of M such

that k-dim N < k-dim M- then k-dim M — ¢ +1 50 M is (o + 1)-critical

N N N
and hence it is a-Krull, by Remark 3.9. Also, k-dimN <o and so M is
o-Krull, by Theorem 3.1, therefore, M € B. O

The next theorem, which is an immediate consequence of Theorem 3.11,
isthe main result of this paper and as we promised, determines A, consisting

of al modules, which are a-Krull if and only if their Krull dimension are
equal to a, for every ordinal number a.

Theorem 3.12. Let M be an R-module. Then the following are
equivalent:

1) M e A.
(2) Either k-dimM isalimit ordinal or k-dimN = k-dimM, for any

co-critical submodule N of M.

We know that every Noetherian module has Krull dimension. The next
result is devoted to Noetherian o.-Krull modules.

Theorem 3.13. A Noetherian module M is a-Krull if and only if either
k-dmN < a or k-dim% < a, for any co-critical submodule N of M and
o isthe least ordinal number with this property.

Proof. The“only if” part istrue by definition. For the “if” part, let

5 - {N C M kedimN > o, k-dim > oc}.

If > # &, then it hasamaximal element say Ng, since M is Noetherian.

Clearly, k-dim - > a. Now, if No C Ac M, then k-dim A > k-dim Ng
0

> o. But Ag 2, by maximality of Ny and so k-dimMA < a, thus k-dim
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M/No < o. This shows that M Is critical, i.e, Ny is a co-critical

A/No No

submodule of M, with k-dimNo > o and k-dim '~ > . This is a
0

contradiction. O

We note that if M is a Noetherian module with k-dimM = a, then

for any ordina B < o, there exists a p-co-critical submodule N of M

(i.e., % isB-critican. It suffices to take N to be maximal with respect to

this property that k—dim% > B, which is similar to its dua in [13] and the
comment which follows [15, Proposition 1.11].

In view of the above comment and previous theorem, we have the
following fact.

Corollary 3.14. Let M be a Noetherian o-Krull module. Then for each

ordinal B < a, there exists a submodule N of M such that % € BB'

Proof. For any B < a, wehave 3 + 1 < o and so by the above comment,

M has a (B + 1)-co-critical submodule N. Thus % is (B +1)-critical and

% € Bg, by Remark 3.9. O
Recall that a module is uniseria if its submodules are linearly ordered
under inclusion. Let usrecall the next theorem, see [3, Theorem 4.17].
Theorem 3.15. Let M be a Noetherian uniserial R-module. Then k-dim
M < 1. Moreover, if k-dimM =1, then M is 1-critical.
The next result is now immediate.

Corollary 3.16. If M is a Noetherian uniserial R-module, then M is
either —1-Krull or O-Krull.
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It is easy to see that if M is an R-module with Krull dimension, which

M

forevery 0OC N C M, k-dmN < k-dim—-, then M € A. Thisraisesthe

N

below natural question that we conclude the paper with.

Question 3.17. For which R-modules M with Krull dimension,

k-dim N < k—dim%, forany 0C N C M ?

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]
[10]

[11]

[12]

References

T. Albu and P. F. Smith, Dua Krull dimension and duality, Rocky Mountain J.
Math. 29 (1999), 1153-1164.

T. Albu and L. Teply, Generalized deviation of posets and modular lattices,
Discrete Math. 214 (2000), 1-19.

A. R. Alehafttan and N. Shirali, Artinian modules with homogeneous uniserial
dimension (to appear).

M. Davoudian, A. Halai and N. Shirai, On a-almost Artinian modules, Open
Mathematics 14 (2016), 404-413.

M. Davoudian, O. A. S. Karamzadeh and N. Shirali, On a-short modules, Math.
Scand. 114(1) (2014), 26-37.

R. Gordon and J. C. Robson, Krull dimension, Mem. Amer. Math. Soc. (1973),
133.

J. Hashemi, O. A. S. Karamzadeh and N. Shirali, Rings over which the Krull
dimension and the Noetherian dimension of all modules coincide, Comm. Algebra
37 (2009), 650-662.

S. M. Javdannezhad and N. Shirali, The Krull dimension of certain semiprime
modules versus their a.-shortness (to appear).

O. A. S. Karamzadeh, Noetherian-dimension, Ph.D. Thesis, Exeter, 1974.

N. Karamzadeh and O. A. S. Karamzadeh, On Artinian modules over duo rings,
Comm. Algebra 38 (2009), 3521-3531.

O. A. S. Karamzadeh and M. Motamedi, On a-DICC modules, Comm. Algebra 22
(1994), 1933-1944.

O. A. S. Karamzadeh and M. Motamedi, a-Noetherian and Artinian modules,
Comm. Algebra 23 (1995), 3685-3703.



12

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

S. M. Javdannezhad and N. Shirali

O. A. S. Karamzadeh and A. R. Sgjedingad, Atomic modules, Comm. Algebra
29(7) (2001), 2757-2773.

O. A. S. Karamzadeh and A. R. Sgedingad, On the Loewy length and the
Noetherian dimension of Artinian modules, Comm. Algebra 30 (2002),
1077-1084.

O. A. S. Karamzadeh and N. Shirali, On the countability of Noetherian dimension
of modules, Comm. Algebra 32 (2004), 4073-4083.

B. Lemonnier, Déviation des ensembles et groupes abéliens totalement ordonnés,
Bull. Sci. Math. 96 (1972), 289-303.

B. Lemonnier, Dimension de Krull et codeviation, Application au theoreme
dEakin, Comm. Algebra 6 (1978), 1647-1665.

J. C. McCondll and J. C. Robson, Noncommutative Noetherian Rings, Wiley-
Interscience, New Y ork, 1987.

N. V. Sanh, N. V. Vu, S. Asawasamrit, K. F. U. Ahmed and L. P. Thao, On prime
and semiprime Goldie modules, Asian-European J. Math. 3 (2010), 145-154.

N. V. Sanh, N. V. Vu, K. F. U. Ahmed, S. Asawasamrit and L. P. Thao, Primeness
in module category, Asian-European J. Math. 2 (2011), 321-334.

B. Sarath, Krull dimension and Noetherianess, Illinois J. Math. 20 (1976),
329-335.

W. D. Weakley, Modules whose proper submodules are finitely generated,
J. Algebra 84 (1983), 189-219.



