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Abstract 

In this paper, we prove a common fixed point theorem for compatible 
mappings satisfying the generalized φ-weak contraction condition 
involving cubic terms. 

1. Introduction 

For the last four decades there has been a considerable interest to study 
common fixed point for a pair (or family) of mappings satisfying contractive 
conditions in metric spaces. Several interesting and elegant results were 
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obtained in this direction by various authors. It was the turning point in the 
fixed point theory literature when the notion of commutativity mappings       
was used by Jungck [4] to obtain a generalization of Banach’s fixed point 
theorem for a pair of mappings. This result was further generalized, extended 
and unified using various types of contractions and minimal commutative 
mappings. 

Fixed point theorems statements basically involve sufficient conditions 
for the existence of fixed points. Therefore, one of the central concerns in 
fixed point theory is to find a minimal set of sufficient conditions which 
ensures the guarantee of fixed points or common fixed points. Common  
fixed point theorems for contraction type mappings necessarily require a 
commutativity condition, a condition on the containment of ranges of           
the mappings, continuity of one or more mappings besides a contraction 
condition. Mostly fixed point or common fixed point theorems attempt to 
weaken the above described condition. The study of common fixed points of 
pair of self mappings satisfying contractive type conditions becomes more 
interesting when we extend such studies to the class of noncommuting 
contractive type mapping pair. 

In 1969, Boyd and Wong [2] replaced the constant k in Banach 
contractive condition by an upper semi-continuous function as follows: 

Let ( )dX ,  be a complete metric space and [ ) [ )∞→∞ψ ,0,0:  be 

upper semi-continuous from the right such that ( ) tt <ψ≤0  for all .0>t  If 

XXT →:  satisfies ( ) ( )( )yxdTyTxd ,, ψ≤  for all x, ,Xy ∈  then it has a 

unique fixed point Xx ∈  and { }xTn  converges to x for all .Xx ∈  

The first ever attempt to relax the commutativity of mappings to a 
smaller subset of the domain of mappings was initiated by Sessa [9] in 1982 
who gave the notion of weak commutativity. One can notice that the notion 
of weak commutativity is a point property, while the notion of compatibility 
is an iterate of sequence. Two self mappings f and g of a metric space 
( )dX ,  are said to be weakly commuting if ( ) ( )fxgxdgfxfgxd ,, ≤  for all 

.Xx ∈  
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Further, in 1986, Jungck [5] introduced more generalized commutativity, 
so-called compatibility. Clearly commuting and weakly commuting 
mappings are compatible but converse need not be true (see [6]). 

In 1997, Alber and Guerre-Delabriere [1] introduced the concept of weak 
contraction and in 2001, Rhoades [8] had shown that the results of Alber and 
Guerre-Delabriere [1] are also valid in complete metric spaces. 

A mapping XXT →:  is said to be φ-weak contraction if for each 

,, Xyx ∈  there exists a function [ ) [ ) ( ) 0,,0,0: >φ∞→∞φ t  for all 0>t  

and ( ) 00 =φ  such that 

( ) ( ) ( )( ).,,, yxdyxdTyTxd φ−≤  

In 2013, Murthy and Vara Prasad [7] introduced a new type of inequality 
having cubic terms that extended and generalized the results of Alber and 
Guerre-Delabriere [1] and others cited in the literature of fixed point theory. 
Further Jain et al. [3] extended and generalized the result of Murthy and Vara 
Prasad [7] for pairs of mappings. 

In this paper, we extend and generalize the result of Jain et al. [3] for two 
pairs of mappings satisfying the generalized φ-weak contractive condition 
involving various combination of the metric function. 

2. Preliminaries 

In this section, we give some basic definitions and results that are useful 
for proving our main results. 

In 1986, Jungck [5] introduced the notion of compatible mappings as 
follows: 

Definition 2.1. Two self mappings f and g on a metric space ( )dX ,        

are called compatible if ( ) ,0,lim =∞→ nnn gfxfgxd  whenever { }nx  is a 

sequence in X such that tgxfx nnnn == ∞→∞→ limlim  for some .Xt ∈  
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Proposition 2.2 [5]. Let S and T be compatible mappings of a metric 
space ( )dX ,  into itself. If TtSt =  for some ,Xt ∈  then == SStSTt  

.TStTTt =  

Proposition 2.3 [5]. Let S and T be compatible mappings of a metric 
space ( )dX ,  into itself. Suppose that tTxSx nnnn == ∞→∞→ limlim  for 

some .Xt ∈  Then 

  (i) StTSxnn =∞→lim  if S is continuous at t; 

 (ii) TtSTxnn =∞→lim  if T is continuous at t; 

(iii) TStSTt =  and TtSt =  if S and T are continuous at t. 

3. Fixed Points for Compatible Mappings 

In 2013, Murthy and Vara Prasad [7] proved the following result: 

Theorem 3.1. Let T be a mapping of a complete metric space ( )dX ,  

into itself satisfying the following: 

( )[ ] ( )TyTxdyxpd ,,1 2+  

{ [ ( ) ( ) ( ) ( )],,,,,21max 22 TyydTxxdTyydTxxdp +≤  

( ) ( ) ( ) ( ) ( ) ( )}TyydTxydTyxdTxydTyxdTxxd ,,,,,,,  

( ) ( )( ),,, yxmyxm φ−+  

where 

( ) { ( ) ( ) ( ) ( ) ( ),,,,,,,,max, 2 TxydTyxdTyydTxxdyxdyxm =  

( ) ( ) ( ) ( )[ ]},,,,,21 TyydTxydTyxdTxxd +  

0≥p  is a real number and [ ) [ )∞→∞φ ,0,0:  is a continuous function 

with ( ) 0=φ t  iff 0=t  and ( ) 0>φ t  for each .0>t  

Then T has a unique fixed point in X. 
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Now we extend and generalize Theorem 3.1 for pairs of compatible 
mappings as follows: 

Theorem 3.2. Let S, T, A and B be four mappings of a complete metric 
space ( )dX ,  into itself satisfying the following conditions: 

(C1) ( ) ( )XBXS ⊂  and ( ) ( );XAXT ⊂  

(C2) 

( )[ ] ( )TySxdByAxpd ,,1 2+  

{ [ ( ) ( ) ( ) ( )],,,,,21max 22 TyBydSxAxdTyBydSxAxdp +≤  

( ) ( ) ( ) ( ) ( ) ( )}TyBydSxBydTyAxdSxBydTyAxdSxAxd ,,,,,,,  

( ) ( )( )ByAxmByAxm ,, φ−+  

for all ,, Xyx ∈  where 

( ) { ( ) ( ) ( ) ( ) ( ),,,,,,,,max, 2 SxBydTyAxdTyBydSxAxdByAxdByAxm =  

( ) ( ) ( ) ( )[ ]},,,,,21 TyBydSxBydTyAxdSxAxd +  

0≥p  is a real number and [ ) [ )∞→∞φ ,0,0:  is a continuous function 

with ( ) 0=φ t  iff 0=t  and ( ) 0>φ t  for each ;0>t  

(C3) one of S, T, A and B is continuous. 

Assume that the pairs ( )SA,  and ( )TB,  are compatible. Then S, T, A 

and B have a unique common fixed point in X. 

Proof. Let Xx ∈0  be an arbitrary point. From (C1), we can find          

1x  such that 010 yBxSx ==  for this 1x  one can find Xx ∈2  such that 

.121 yAxTx ==  Continuing in this way one can construct a sequence { }ny  

such that 

.0,, 2212121222 ≥==== ++++ nAxTxyBxSxy nnnnnn  (3.1) 

For brevity, we write ( )., 1222 +=α nnn yyd  



D. Jain, S. Kumar, S. M. Kang and C. Y. Jung 804 

First we prove that { }n2α  is non increasing sequence and converges to 

zero. 

Case I. If n is even, taking nxx 2=  and 12 += nxy  in (C2), we get 

( )[ ] ( )122
2

122 ,,1 +++ nnnn TxSxdBxAxpd  

{ [ ( ) ( )121222
2 ,,21max ++≤ nnnn TxBxdSxAxdp  

( ) ( )],,, 1212
2

22 +++ nnnn TxBxdSxAxd  

( ) ( ) ( ),,,, 21212222 nnnnnn SxBxdTxAxdSxAxd ++  

( ) ( ) ( )}1212212122 ,,, ++++ nnnnnn TxBxdSxBxdTxAxd  

( ) ( )( ),,, 122122 ++ φ−+ nnnn BxAxmBxAxm  

where 

( )122 , +nn BxAxm  

{( ( ) ( ) ( ),,,,,max 121222122
2

+++= nnnnnn TxBxdSxAxdBxAxd  

( ) ( ) [ ( ) ( )12222212122 ,,21,,, +++ nnnnnnnn TxAxdSxAxdSxBxdTxAxd  

( ) ( )]}.,, 1212212 ++++ nnnn TxBxdSxBxd  

Using (3.1), we have 

( )[ ] ( )122
2

212 ,,1 +−+ nnnn yydyypd  

{ [ ( ) ( )122212
2 ,,21max +−≤ nnnn yydyydp  

( ) ( )],,, 122
2

212 +−+ nnnn yydyyd  

( ) ( ) ( ),,,, 221212212 nnnnnn yydyydyyd +−−  

( ) ( ) ( )}122221212 ,,, ++− nnnnnn yydyydyyd  

( ) ( )( ),,, 212212 nnnn yymyym −− φ−+  (3.2) 
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where 

( )nn yym 212 ,−  

{ ( ) ( ) ( ),,,,,max 122212212
2

+−−= nnnnnn yydyydyyd  

( ) ( ),,, 221212 nnnn yydyyd +−  

[ ( ) ( ) ( ) ( )]}.,,,,21 122221212212 ++−− + nnnnnnnn yydyydyydyyd  

On using ( )1222 , +=α nnn yyd  in (3.2), we have 

[ ] { [ ] }0,0,21max1 2
2122

2
12

2
212 nnnnnn pp αα+αα≤αα+ −−−  

( ) ( )( ),,, 212212 nnnn yymyym −− φ−+  (3.3) 

where 

( )nn yym 212 ,−  

{ [ ( ) ]}.0,21,0,,max 121212212
2

12 +αααα= +−−−− nnnnnn yyd  

By triangular inequality and using property of φ, we get 

( ) ( ) ( )1222121212 ,,, +−+− ≤ nnnnnn yydyydyyd  

nn 212 α+α= −  

and 

( ) { [ ( ) ]}.0,21,0,,max, 21212212
2

12212 nnnnnnnn yym α+ααααα≤ −−−−−  

If ,212 nn α<α −  then (3.3) reduces to 

,2
2

2
2

2
2 nnn pp φα−α≤α  

which is a contradiction. Hence, 2
12

2
2 −α≤α nn  implies that .122 −α≤α nn  

In a similar way, if n is odd, then we can obtain .212 nn α<α +  It follows 

that the sequence { }n2α  is decreasing. 



D. Jain, S. Kumar, S. M. Kang and C. Y. Jung 806 

Let rnn =α∞→ 2lim  for some .0≥r  Suppose that .0>r  Then from 

inequality (C2), we have 

( )[ ] ( )122
2

122 ,,1 +++ nnnn TxSxdBxAxpd  

{ [ ( ) ( )121222
2 ,,21max ++≤ nnnn TxBxdSxAxdp  

( ) ( )],,, 1212
2

22 +++ nnnn TxBxdSxAxd  

( ) ( ) ( ),,,, 21212222 nnnnnn SxBxdTxAxdSxAxd ++  

( ) ( ) ( )}1212212122 ,,, ++++ nnnnnn TxBxdSxBxdTxAxd  

( ) ( )( ),,, 122122 ++ φ−+ nnnn BxAxmBxAxm  

where 

( )122 , +nn BxAxm  

{( ( ) ( ) ( ),,,,,max 121222122
2

+++= nnnnnn TxBxdSxAxdBxAxd  

( ) ( ),,, 212122 nnnn SxBxdTxAxd ++  

[ ( ) ( )12222 ,,21 +nnnn TxAxdSxAxd  

( ) ( )]}.,, 1212212 ++++ nnnn TxBxdSxBxd  

Now by using (3.3), triangular inequality and property of φ and proceed 
limits ,∞→n  we get 

[ ] ( ).1 2232 rrprrpr φ−+≤+  

Then ( ) ,02 ≤φ r  since r is positive, by property of φ, we get ,0=r  we 

conclude that 

 ( ) .0,limlim 1222 ===α −∞→∞→
ryyd nnnnn

 (3.4) 

Now we show that { }ny  is a Cauchy sequence. Suppose that we assume 

that { }ny  is not a Cauchy sequence. For given ,0>ε  we can find two 
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sequences of positive integers ( ){ }km  and ( ){ }kn  such that for all positive 

integers k, ( ) ( ) ,kkmkn >>  

( ( ) ( ) ) ( ( ) ( ) ) .,,, 1 ε<ε≥ −knkmknkm yydyyd  

Now 

( ( ) ( ) ) ( ( ) ( ) ) ( ( ) ( ) ).,,, 11 knknknkmknkm yydyydyyd −− +≤≤ε  

Letting ,∞→k  we get 

 ( ( ) ( ) ) .,lim ε=
∞→ knkmk

yyd  (3.5) 

Now from the triangular inequality we have, 

( ( ) ( ) ) ( ( ) ( ) ) ( ( ) ( ) ).,,, 11 ++ ≤− kmkmknkmkmkn yydyydyyd  

Taking limits as ∞→k  and using (3.4) and (3.5), we have 

( ( ) ( ) ) .,lim 1 ε=+∞→ kmknk
yyd  

Again from the triangular inequality, we have 

( ( ) ( ) ) ( ( ) ( ) ) ( ( ) ( ) ).,,, 11 ++ ≤− knknknkmknkm yydyydyyd  

Taking limits as ∞→k  and using (3.4) and (3.5), we have 

( ( ) ( ) ) .,lim 1 ε=+∞→ knkmk
yyd  

Similarly on using triangular inequality, we have 

( ( ) ( ) ) ( ( ) ( ) )knkmknkm yydyyd ,, 11 −++  

( ( ) ( ) ) ( ( ) ( ) ).,, 11 ++ +≤ knknkmkm yydyyd  

Taking limit as ∞→k  in the above inequality and using (3.4) and (3.5), we 
have 

( ( ) ( ) ) .,lim 11 ε=++∞→ kmknk
yyd  
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On putting ( )kmxx =  and ( )knxy =  in (C2), we get 

[ ( ( ) ( ) )] ( ( ) ( ) )knkmknkm TxSxdBxAxpd ,,1 2+  

{ [ ( ( ) ( ) ) ( ( ) ( ) )knknkmkm TxBxdSxAxdp ,,21max 2≤  

( ( ) ( ) ) ( ( ) ( ) )],,, 2
knknkmkm TxBxdSxAxd+  

( ( ) ( ) ) ( ( ) ( ) ) ( ( ) ( ) ),,,, kmknknkmkmkm SxBxdTxAxdSxAxd  

( ( ) ( ) ) ( ( ) ( ) ) ( ( ) ( ) )}knknkmknknkm TxBxdSxBxdTxAxd ,,,  

( ( ) ( ) ) ( ( ( ) ( ) )),,, knkmknkm BxAxmBxAxm φ−+  

where 

( ( ) ( ) )knkm BxAxm ,  

{ ( ( ) ( ) ) ( ( ) ( ) ) ( ( ) ( ) ),,,,,max 2
knknkmkmknkm TxBxdSxAxdBxAxd=  

( ( ) ( ) ) ( ( ) ( ) ),,, kmknknkm SxBxdTxAxd  

[ ( ( ) ( ) ) ( ( ) ( ) )knkmkmkm TxAxdSxAxd ,,21  

( ( ) ( ) ) ( ( ) ( ) )]}.,, knknkmkn TxBxdSxBxd+  

Using (3.1), we obtain 

[ ( ( ) ( ) )] ( ( ) ( ) )knkmknkm yydyypd ,,1 2
11 −−+  

{ [ ( ( ) ( ) ) ( ( ) ( ) )knknkmkm yydyydp ,,21max 11
2

−−≤  

( ( ) ( ) ) ( ( ) ( ) )],,, 1
2

1 knknkmkm yydyyd −−+  

( ( ) ( ) ) ( ( ) ( ) ) ( ( ) ( ) ),,,, 111 kmknknkmkmkm yydyydyyd −−−  

( ( ) ( ) ) ( ( ) ( ) ) ( ( ) ( ) )}knknkmknknkm yydyydyyd ,,, 111 −−−  

( ( ) ( ) ) ( ( ( ) ( ) )),,, knkmknkm BxAxmBxAxm φ−+  
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where 

( ( ) ( ) )knkm BxAxm ,  

{ ( ( ) ( ) ) ( ( ) ( ) ) ( ( ) ( ) ),,,,,max 1111
2

knknkmkmknkm yydyydyyd −−−−=  

( ( ) ( ) ) ( ( ) ( ) ),,, 11 kmknknkm yydyyd −−  

[ ( ( ) ( ) ) ( ( ) ( ) )knkmkmkm yydyyd ,,21 11 −−  

( ( ) ( ) ) ( ( ) ( ) )]}.,, 11 knknkmkn yydyyd −−+  

Letting ,∞→k  we get 

[ ] { [ ] } ( )222 0,0,0021max1 εφ−ε++≤ερε+ p  

( ),22 εφ−ε=  

which is a contradiction. Thus, { }ny  is a Cauchy sequence in X. Since 

( )dX ,  is a complete metric space. Hence, { }ny  converges to a point z        

as .∞→n  Consequently, the subsequences { },2nSx  { },2nAx  { }12 +nTx  and 

{ }12 +nBx  also converge to the same point z. 

Now suppose that A is continuous. Then { }nAAx2  and { }nASx2  

converges to Az as .∞→n  Since the mappings A and S are compatible on X, 
it follows from Proposition 2.3 that { }nSAx2  converges to Az as .∞→n  

Now we claim that .Azz =  For this put nAxx 2=  and 12 += nxy  in 

equation (C2), we get 

( )[ ] ( )122
2

122 ,,1 +++ nnnn TxSAxdBxAAxpd  

{ [ ( ) ( )121222
2 ,,21max ++≤ nnnn TxBxdSAxAAxdp  

( ) ( )],,, 1212
2

22 +++ nnnn TxBxdSAxAAxd  

( ) ( ) ( ),,,, 21212222 nnnnnn SAxBxdTxAAxdSAxAAxd ++  
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( ) ( ) ( )}1212212122 ,,, ++++ nnnnnn TxBxdSAxBxdTxAAxd  

( ) ( )( ),,, 122122 ++ φ−+ nnnn BxAAxmBxAAxm  

where 

( )122 , +nn BxAAxm  

{ ( ) ( ) ( ),,,,,max 121222122
2

+++= nnnnnn TxBxdSAxAAxdBxAAxd  

( ) ( ),,, 212122 nnnn SAxBxdTxAAxd ++  

[ ( ) ( )12222 ,,21 +nnnn TxAAxdSAxAAxd  

( ) ( )]}.,, 1212212 ++++ nnnn TxBxdSAxBxd  

Letting ,∞→n  we have 

( ) { ( ) ( ) ( ) ( ) ( ),,,,,,,,max, 2 AzzdzAzdzzdzAzdzAzdzAzm =  

( ) ( ) ( ) ( )[ ]}zzdAzzdzAzdAzAzd ,,,,21 +  

( ).,2 zAzd=  

Hence, we have 

( )[ ] ( )zAzdzAzpd ,,1 2+  

[ ]{ } ( ) ( ( )).,,0,0,0021max 22 zAzdzAzdp φ−++≤  

Thus, we get ( ) 0,2 =zAzd  and hence .zAz =  

Next we will show that .zSz =  For this put zx =  and 12 += nxy  in 

(C2), 

( )[ ] ( )12
2

12 ,,1 +++ nn TxSzdBxAzpd  

{ [ ( ) ( ) ( ) ( )],,,,,21max 22 zzdSzAzdzzdSzAzdp +≤  

( ) ( ) ( ) ( ) ( ) ( )}zzdSzzdzAzdSzzdzAzdSzAzd ,,,,,,,  

( ) ( )( ),,, zAzmzAzm φ−+  
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where 

( ) { ( ) ( ) ( ) ( ) ( ),,,,,,,,max, 2 SzzdzAzdzzdSzAzdzAzdzAzm =  

 ( ) ( ) ( ) ( )[ ]} .0,,,,21 =+ zzdSzzdzAzdSzAzd  

Hence, we get 

( )[ ] ( ) [ ]{ } ( ).000,0,0021max,,1 2 φ−++≤+ pzSzdzzpd  

Thus, we get ( ) .0,2 =zSzd  This implies that .zSz =  Since ( ) ( )XBXS ⊂  

and hence there exists a point Xu ∈  such that .BuSzz ==  

We claim that .Tuz =  For this, we put zx =  and uy =  in (C2), we get 

( )[ ] ( )TuSzdBuAzpd ,,1 2+  

{ [ ( ) ( ) ( ) ( )],,,,,21max 22 TuBudSzAzdTuBudSzAzdp +≤  

( ) ( ) ( ) ( ) ( ) ( )}TuBudSzBudTuAzdSzBudTuAzdSzAzd ,,,,,,,  

( ) ( )( ),,, BuAzmBuAzm φ−+  

where 

( ) { ( ) ( ) ( ) ( ) ( ),,,,,,,,max, 2 SzBudTuAzdTuBudSzAzdBuAzdBuAzm =  

( ) ( ) ( ) ( )[ ]}TuBudSzBudTuAzdSzAzd ,,,,21 +  

{ ( ) ( ) ( ) ( ) ( ),,,,,,,,max 2 zzdTuzdTuzdzzdzzd=  

( ) ( ) ( ) ( )[ ]}TuzdzzdTuAzdzzd ,,,,21 +  

.0=  

Hence, we have 

( )[ ] ( )Tuzdzzpd ,,1 2+  

{ [ ( ) ( ) ( ) ( )],,,,,21max 22 TuzdzzdTuzdzzdp +≤  

( ) ( ) ( ) ( ) ( ) ( )} ( ),00,,,,,,, φ−+TuzdzzdTuzdzzdTuzdzzd  
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which implies that .Tuz =  Since ( )TB,  is compatible in X and =Bu  

,zTu =  by Proposition 2.2, we have TBuBTu =  and hence == BTuBz  

.TzTBu =  Also, we have 

( )[ ] ( )TzSzdBzAzpd ,,1 2+  

{ [ ( ) ( ) ( ) ( )],,,,,21max 22 TzBzdSzAzdTzBzdSzAzdp +≤  

( ) ( ) ( ) ( ) ( ) ( )}TzBzdSzBzdTzAzdSzBzdTzAzdSzAzd ,,,,,,,  

( ) ( )( ),,, BzAzmBzAzm φ−+  

where 

( ) { ( ) ( ) ( ) ( ) ( ),,,,,,,,max, 2 SzBzdTzAzdTzBzdSzAzdBzAzdBzAzm =  

( ) ( ) ( ) ( )[ ]}TzBzdSzBzdTzAzdSzAzd ,,,,21 +  

( ).,2 Bzzd=  

Hence, we become 

( )[ ] ( )BzzdBzzpd ,,1 2+  

{ [ ] } ( ) ( ( )),,,0,0,0021max 22 BzzdBzzdp φ−++≤  

which implies that .Bzz =  Hence, .SzAzTzBzz ====  Therefore, z is a 
common fixed point of S, T, A and B. 

Similarly we can also complete the proof when B is continuous. 

Next suppose that S is continuous. Then { }nSSx2  and { }nSAx2  converge 

to Sz as .∞→n  Since the mappings A and S are compatible on X, it follows 

from Proposition 2.3 that { }nASx2  converges to Sz as .∞→n  

Now we claim that .Szz =  For this put nSxx 2=  and 12 += nxy  in 

(C2), we get 
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( )[ ] ( )122
2

122 ,,1 +++ nnnn TxSSxdBxASxpd  

{ [ ( ) ( )121222
2 ,,21max ++≤ nnnn TxBxdSSxASxdp  

( ) ( )],,, 1212
2

22 +++ nnnn TxBxdSSxASxd  

( ) ( ) ( ),,,, 21212222 nnnnnn SSxBxdTxASxdSSxASxd ++  

( ) ( ) ( )}1212212122 ,,, ++++ nnnnnn TxBxdSSxBxdTxASxd  

( ) ( )( ),,, 122122 ++ φ−+ nnnn BxASxmBxASxm  

where 

( )122 , +nn BxASxm  

{ ( ) ( ) ( ),,,,,max 121222122
2

+++= nnnnnn TxBxdSSxASxdBxASxd  

( ) ( ),,, 212122 nnnn SSxBxdTxASxd ++  

[ ( ) ( )12222 ,,21 +nnnn TxASxdSSxASxd  

( ) ( )]}.,, 1212212 ++++ nnnn TxBxdSSxBxd  

Letting ,∞→n  we get 

( ) { ( ) ( ) ( ) ( ) ( ),,,,,,,,max, 2 SzzdzSzdzzdzSzdzSzdzSzm =  

( ) ( ) ( ) ( )[ ]}zzdSzzdzSzdSzSzd ,,,,21 +  

( ).,2 zSzd=  

Hence, we become 

( )[ ] ( )zSzdzSzpd ,,1 2+  

[ ]{ } ( ) ( ( )).,,0,0,0021max 22 zSzdzSzdp φ−++≤  

Thus, we get ( ) 0,2 =zSzd  implies that .zSz =  Since ( ) ( )XBXS ⊂  and 

hence there exists a point Xv ∈  such that .BvSzz ==  
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We claim that .Tvz =  For this, we put nSxx 2=  and vy =  in (C2), we 

get 

( )[ ] ( )TvSSxdBvASxpd nn ,,1 2
2

2+  

{ [ ( ) ( ) ( ) ( )],,,,,21max 2
2222

2 TvBvdSSxASxdTvBvdSSxASxdp nnnn +≤  

( ) ( ) ( ),,,, 2222 nnnn SSxBvdTvASxdSSxASxd  

( ) ( ) ( )}TvBvdSSxBvdTvASxd nn ,,, 22  

( ) ( )( ),,, 22 BvASxmBvASxm nn φ−+  

where 

( )BvASxm n ,2  

{ ( ) ( ) ( ),,,,,max 222
2 TvBvdSSxASxdBvASxd nnn=  

( ) ( ) [ ( ) ( )TvASxdSSxASxdSSxBvdTvASxd nnnnn ,,21,,, 22222  

( ) ( )]}.,, 2 TvBvdSSxBvd n+  

Letting ,∞→n  we get 

( ) { ( ) ( ) ( ) ( ) ( ),,,,,,,,max, 2 zzdTvzdTvzdzzdzzdBzzm =  

( ) ( ) ( ) ( )[ ]} .0,,,,21 =+ TvzdzzdTvzdzzd  

Hence, we become 

( )[ ] ( )Tvzdzzpd ,,1 2+  

{ [ ( ) ( ) ( ) ( )],,,,,21max 22 TvzdzzdTvzdzzdp +≤  

( ) ( ) ( ) ( ) ( ) ( )} ( ),00,,,,,,, φ−+TvzdzzdTvzdzzdTvzdzzd  

which implies that .Tvz =  Since ( )TB,  is compatible on X and ,zTvBv ==  

by Proposition 2.2, we have TBvBTv =  and hence .TvTBvBTvBz ===  

Now we put nxx 2=  and zy =  in (C2). 
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( )[ ] ( )TzSxdBzAxpd nn ,,1 2
2

2+  

{ [ ( ) ( ) ( ) ( )],,,,,21max 2
2222

2 TzBzdSxAxdTzBzdSxAxdp nnnn +≤  

( ) ( ) ( ),,,, 2222 nnnn SxBzdTzAxdSxAxd  

( ) ( ) ( )}TzBzdSxBzdTzAxd nn ,,, 22  

( ) ( )( ),,, 22 BzAxmBzAxm nn φ−+  

where 

( )BzAxm n ,2  

{ ( ) ( ) ( ) ( ) ( ),,,,,,,,max 22222
2

nnnnn SxBzdTzAxdTzBzdSxAxdBzAxd=  

[ ( ) ( ) ( ) ( )]}.,,,,21 2222 TzBzdSxBzdTzAxdSxAxd nnnn +  

Letting ,∞→n  we get 

( ) ( ).,, 2 TzzdTzzm =  

Hence, we reduce to 

( )[ ] ( )TzzdTzzpd ,,1 2+  

[ ]{ } ( ) ( ( )).,,0,0,0021max 22 TzzdTzzdp φ−++≤  

This gives .Tzz =  Since ( ) ( )XAXT ⊂  and hence there exists a point 

Xw ∈  such that .AwTzz ==  

We claim that .Swz =  For this, we put wx =  and zy =  in (C2), we 

get 

( )[ ] ( )TzSwdBzAwpd ,,1 2+  

{ [ ( ) ( ) ( ) ( )],,,,,21max 22 TzBzdSwAwdTzBzdSwAwdp +≤  

( ) ( ) ( ) ( ) ( ) ( )}TzBzdSwBzdTzAwdSwBzdTzAwdSwAwd ,,,,,,,  

( ) ( )( ),,, BzAwmBzAwm φ−+  
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where 

( ) { ( ) ( ) ( ),,,,,max, 2 TzBzdSwAwdBzAwdBzAwm =  

( ) ( ),,, SwBzdTzAwd  

[ ( ) ( ) ( ) ( )]}TzBzdSwBzdTzAwdSwAwd ,,,,21 +  

{( ( ) ( ) ( ) ( ) ( ),,,,,,,,max 2 SwzdzzdTzTzdSwzdzzd=  

[ ( ) ( ) ( ) ( )]}TzTzdSwzdzzdSwzd ,,,,21 +  

.0=  

Hence, we have 

( )[ ] ( )zSwdzzpd ,,1 2+  

{ [ ( ) ( ) ( ) ( )],,,,,21max 22 zzdSwzdzzdSwzdp +≤  

( ) ( ) ( ) ( ) ( ) ( )} ( ),00,,,,,,, φ−+zzdSwzdzzdSwzdzzdSwzd  

which implies that .zSw =  Since ( )AS ,  is compatible on X, ,zAwSw ==  

by Proposition 2.2, we have SAwASw =  and hence === SAwASwAz  

.Sz  That is, .TzBzSzAzz ====  Therefore, z is a common fixed point 
of S, T, A and B. 

Similarly we can complete the proof when T is continuous. 

Finally, in order to prove the uniqueness, suppose that z and w ( )wz ≠  

are two common fixed points of S, T, A and B. 

Put zx =  and wy =  in (C2). 

( )[ ] ( ) ( )[ ] ( )TwSzdBwAzpdwzdwzpd ,,1,,1 22 +=+  

{ } ( ) ( )( )BwAzmBwAzmp ,,0,0,0max φ−+≤  

( ) ( ( )).,, 22 wzdwzd φ==  
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Thus, we have ( ) 0,2 =wzd  and hence .wz =  Therefore, S, T, A and B 

have a unique common fixed point in X. This completes the proof.  

If we put 0=p  in Theorem 3.2, then we have the following result: 

Corollary 3.3. Let S, T, A and B be four mappings of a complete metric 
space ( )dX ,  into itself satisfying (C1), (C3) and the following condition: 

( ) ( ) ( )( )ByAxmByAxmTySxd ,,,2 φ−≤  

for all ,, Xyx ∈  where 

( )ByAxm ,  

{ ( ) ( ) ( ) ( ) ( ),,,,,,,,max 2 SxBydTyAxdTyBydSxAxdByAxd=  

( ) ( ) ( ) ( )[ ]},,,,,21 TyBydSxBydTyAxdSxAxd +  

[ ) [ )∞→∞φ ,0,0:  is a continuous function with ( ) 0=φ t  iff 0=t  and 

( ) 0>φ t  for each .0>t  

Assume that the pairs ( )SA,  and ( )TB,  are compatible. Then S, T, A 

and B have a unique common fixed point in X. 

Remark 3.4. If we put IBA ==  (the identity mapping) and TS =  in 
Theorem 3.2, we get the required result (Theorem 3.1) of Murthy and Vara 
Prasad [7]. 

Remark 3.5. If we put BA =  and TS =  in Theorem 3.2, we get the 
result of Jain et al. [3]. Further, if we put IS =  (the identity mapping) in 
Jain et al. [3, Theorem 2.2], we get the required result (Theorem 3.1) of 
Murthy and Vara Prasad [7]. 
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