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Abstract

In this paper, we compute the uncertainties in the oscillator’s position,
momentum, and the mean-square deviations from the average for
various linear combinations of number states, squeezed states.

1. Introduction

The term coherent state, also called Glauber state, has been introduced
by Glauber [2] in 1963. It is not strongly related to the classical term
coherence, and refers to a special sort of pure quantum mechanical state of
the light field corresponding to a single resonator mode. A squeezed coherent
state is any state of the quantum mechanical Hilbert space such that the
uncertainty principle is saturated. Squeezed states give measurement results
better than those expected from the Heisenberg uncertainty principle,
connection with optical interferometers used to measure the relative positions
of gravity-wave detectors and in optical communications [1, 4, 5].

We describe a dynamical system in terms of a pair of complex operators

aand a’, which we call them as the annihilation and creation operators.
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These operators, which obey the following commutation relation:
[a a']=1 (1)

play a fundamental role in descriptions of systems of harmonic oscillators
and quantized fields. It is obvious from the algebraic properties of the

operators a and al that we may construct a sequence of states for the
harmonic oscillator system. These number states labeled by |n) satisfy the
identity

aln) = vn|n - 1),

al|n) = vn+1n+1),

a'aln) = n|n) )
for a nonnegative integer n. They are generated from the state |0) by the rule

_@)’
) = E0) ®

The annihilation and creation operators are defined in terms of the position
and momentum operators by

5 (4)

and the Hermitian conjugate

al = XJEip . )

We are interested in calculating the uncertainties in the oscillator’s position

and momentum for the number states and for various linear combinations
of number states. These uncertainties are characterized by the mean-square
deviations from the average, or variances:

var(x) = (x%) = (x)° ©)
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and

var(p) = (p?) = (p)?,
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()

the symbol (-) denotes the quantum-mechanical ensemble average, or

expectation value (see [3]). To compute the averages, we should solve (4)

and (5) for the position and momentum operators:

a+al
X =
N2
and
D= a—al
NA
Then for the number states, we obtain
(x)=(p)=0
and

var(x) = var(p) = n + L

2

In this paper, we mainly consider:

Theorem 1.1. For a squeezed state |B), we have

(@) (x) =
(b) (p) =0,
|CO| @2n)! v 2n )
(©) (x "% nzb( l) 22u" v —n
2 o 2n
) (02 — |Col @nm v
@ (p%) 2u*v* n%;‘)(n!)z 2u

0

)

)

(10)

—v*z)n - v*z} +%,

200 v + 12 +v2)n+ v+ %

where we express the squeezed state |B) = > c¢,|n) satisfying:

n=0
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Theorem 1.2. Let n € N. Then equation (14) has the solution:

m( V)nco and cyp_1 =0,

no\ 2

CZn = 2“

where p, v and ¢y are complex numbers.

2. Proofs of Theorem 1.1 and Theorem 1.2

We show that a quite general property of a nonlinear device is to create
negative and positive frequency output phasors B and B* that are each

combinations of input phasors A and A*. That is,
B = pA + VA" + AAA"
and
B* = p"A" + vV A+ X' A"A,

where u, v, and A are complex numbers. We can write the following
guantum-mechanical operators to represent these output phasors:

b=pa+ val + raaf (11)
and
bl = n*al + v*a + A*ala.

If a squeezed state |B) is to be an eigen-function of b with eigenvalue B, then
by (2) and (11), we have

BoCo| 0) + B1ca|1) + BaC2|2) + -+

= ZBnCn| n>
n=0

B)
|B)

Il
o =
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= (na+val + kaaT)Z Cn|N)
n=0

=picn\/ﬁ|n—1)+vicn\/n +1/n +1)+xicn(n +1)|n)
n=1 n=0 n=0
= u( o1/ 0) +cov2[1) + €3v/3[2) + ) + v(Co| ) + €1v2[2) + )
+ M(Co| 0) + 21| 1) + 3cp|2) + )

= (ucp + ACg)|0) + (uv2e5 + veg + 24¢;)| 1) + (uv/3ez + va/2¢; +31cy)|2)

-
and so

BoCo = HCy + ACp,

BiC = pV2c, + vey + 2)cy, (12)
in general

Br_1Cn_1 = uvncy + v/n —1¢y_5 + NAC,_1.
This shows that

_ (Bna—MJepg —vVn-lcp 5
uvn

Cn

It is clear that the above recursion relation provides
Bn1=nk and |p|>|v], (13)
so that the sequence of c,, converges, we can write

¢, == (14)
n n
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Proof of Theorem 1.2. Now equation (14) deduces that

C =—V1C
2T

C =—V30
AT

e = Y 2n—1C

2n H‘/ﬁ 2n-2-

Multiplying both sides, we have

_Xjnﬂﬁ...—zn_lc Cor:--C
n ﬁﬁ m 0“2 2n-2

CoCq -+ C2n =(

v)" 1.2.3-(2n-3-2n
- “o~2 "Tv2n-2
22 . 42...(2nY "

and so

Finally, by (12)-(14), we conclude that

Can-1 = 0.

O

Now, for instance we put p =15, v =1, ¢y = 0.026 with increasing n

to visualize some values of c, in Theorem 1.2 at the pictures (A), (B) and
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(C) in Figure 1. Throughout Figure 1, we conclude that c,,, vibrates versus n
and as n is bigger then c,,, approaches to zero. And we let p =15, v = -1,
Cop = 0.026 with various n in the pictures (A), (B) and (C) in Figure 2. Then
Figure 2 implies that for bigger n, the values of c,,, decrease slowly and

approach to zero.

Ca Cn
0.005 0.002
0.001
n
4 6 8 10 n
. . 5 015 20
—0.005 —0.001
—0.01 —0.002
(A) ¢, versus n(l < n <10). (B) c,, versus n(1 < n < 20).
CIL
0.0004 |
0.0002 }
il
510 15 20, 25 30
—0.0002 |
—0.0004 |

(C) ¢, versus n(1 < n < 30).

Figure 1. c,, versus n with p =15, v =1, ¢y = 0.026.
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Cn Cn
0.012 0.006
0.01 0.005
0.008 0,004
0.006 0.003
0.004 ' 0.002
0.002 ’ . 0.001
n NS S T
4 6 8 10 5 10 15 20
(A) cp versus n(1 < n <10). (B) ¢, versus n(1 < n < 20).
Cn
0.0025
0.002
0.0015
0.001
0.0005
* 1 & + n

510 15 20 25 30
(C) c,, versus n(1 < n < 30).

Figure 2. ¢, versus n with un =15, v = -1, ¢y = 0.026.

We can also see that by (13) the eigenvalues of f3,, are plotted as Figure
3 which shows that eigenvalues are proportional to n.

Bﬂ ﬁr[
15 30
125 25
10 20
75 15
5 10
25 5
s 10 15 20 25 30 TS0 15 20 25 30"
(A) By, versus nwith A = 0.5. (B) By versus nwith A = 1.

Figure 3. B, versus n(1 < n < 30) with A = 0.5 and A =1.

In the following lemma, we calculate the expectation value of the
number operator in a squeezed state:
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Lemma 2.1. For the number operator afa and a squeezed state |B), we
have

2n

(Blafa|p) =2 c IZ

(2n)! ‘ v
n(n-17 | 2

Proof. From (2) and Theorem 1.2, we deduce that

(B a'a B) = (m|ZCm -afa ch|n>
m=0 n=0

o0
Z CmCa{m|n)
n=

m, n=0

CmCaNdm n
0

7 [Ms

m

0

Zn| ¢ I?

n=0

o0

= Z 2n| can |2 + Z(Zn +1)| cans1 |2

n=0 n=0

- ZZ n[ c2n |2
n=1
_5 o (2n)! ‘ v
fmin((n-1y° 1 2m
Corollary 2.2. For a squeezed state |B), we have
@ (Blalp) =0
(b) {pj a' [B) = 0

2n
2
[ co | .
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Proof. (a) By (2) and Theorem 1.2, we obtain

o]

(Blafp) = rn|ZCm a- chl ZZZC “(m|n-1)

n=0 =0 n=1

= Z Z C:;]Cn\/ﬁém, n-1

=0 n=1

3

: 1Cn\/ﬁ

1

>
Il

=0.

(b) In a similar manner to part (a), we note that

<B|aJr B) = (m|ZCm al - ch|n>— Z CmCnVn +1-(m[n+1)

m,n=0

o0
Z CmCa VN + 18 ni1

m,n=0

o0
Z ChiiCpVn +1
n=0

=0. 0

Proof of Theorem 1.1. (a) From (8) and Corollary 2.2, we observe that

00 = (8 xB) = (8 20 ) = (gl alp) + (8 o ) =

(b) By (9) and Corollary 2.2, it is clear.
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(c) Employing (1), (2) and (8), we note that

32
02 = 2 ) = 0l 252
= %(B|aa +aal +a'a+alal|p)

= %(B|aa +2ala+1+ aTaT|B)

=%£(m|2cm -aa-ch|n)+2(m|Zcm -aTa-ch|n)
m=0 n=0 m=0 n=0
+(m|ZCmZCn|n)+(m|ZCm 'aTaTZCnlmJ
m=0 n=0 m=0 n=0

= %(Z D emeaVnVn =18 n 2 +2 D CrCandm,
m=0 n=2

m, n=0

+ Z CmCndm, n + Z CmCn VN +1x/n+28m,n+2]

m, n=0 m, n=0

a0 o0 o0
= %[Z«/n(n —1)ch_oCpy + 22 ncpcy + Zcﬁcn
n=2 n=0 n=0

+ i«/(n +1)(n+2) c;+zcnj

n=0

1. 1x . x :
=5 +§ch(q/n(n —1)ch_p +2ncy + (N +1)(n + 2)chy0)
n=0
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then by Theorem 1.2, since c,,_; does not exist,

1 1 - * * *
(x?) = 5+ EZCZn(JZn(Zn ~1)Cy_o + 4ncyy +4/(2n +1)(2n + 2) Cop0)-
n=0
(15)
Now applying
- x \N—1
J2n(2n -1)c5,_» = 4/2n(2n -1) - ((in _1)2|)! [— 2\’ *j o
) "
_ J(2n)! (_ v J ) ( 2u* n]
n! 2u* v*
== 2}1 nc3p
A%
and

_ J@2n)! [_ v* TCS (2n +1)(2n + 2) (_ vt J

2" n+1 21

= —V—*(Zn +1)Cop,
u

to equation (15) we conclude that

1.1y of 2u* v*
0% =5+ 2l (—L*n+4n——*(2n +1)]
n=0 A% M
1 1 <« )
T2 >l con P22u"v - u*? = v*2)n - v*2),

n=0
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(d) It is obvious by part (c). O
Using (6), (7), and Theorem 1.1, we obtain

var(x) = (%) = (x)?

| CO (Zn)l v { * % %2 %2 %2 1

220V - =vI)N =V + =

2u*v* nzo(n')2 2 2

and
var(p) = (p®) - (p)?

lcol® <~ (n)| v [ ¥ x| %2 x2 s2y , 1

— -— 1 {2@uV +pT+VvO)N+ Vvl + S

2u*y nZ:;g (M2 2u 2

for a squeezed state |B) thus we can compare these values with (10) for a

number state |n).
3. Conclusion

In this article, we add an input term AAA™ newly to the previous input
phasors as follows:

B = pA + vA" + AAA"
and
B* = u*A" + vV A+ X" A"A,

where pu, v and A are complex numbers. So we can obtain quantum-
mechanical operators to represent output phasors:

b=pa+ val +2aal
and

bf = p*al +v*a + A*afa.
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Through these operators, we can compute oscillator’s position, momentum,
and the mean-square deviations from the average for squeezed states.
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