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Abstract

In this note, we provide a method for constructing trivariate

distributions with given bivariate margins and dependence structure in

an easy manner. We also illustrate examples showing that this method

can improve other known strategies in certain cases.

1. Introduction

The compatibility of distribution functions has been a problem of
interest to statisticians for many years. Dall’Aglio [3] provided important
results, and Quesada-Molina and Rodríguez-Lallena [5] applied those
general results to copulas. We now review the concept of a copula (for a

complete study, see [4]). Let n be a natural number such that .2≥n  An

n-dimensional copula (briefly n-copula) is a function [ ] [ ]1,01,0: →nC

which satisfies:

(C1) For every ( )nuuu ...,,, 21=u  in [ ] ,1,0 n  ( ) 0=uC  if at least one

coordinate of u is 0, and ( ) kuC =u  whenever all coordinates of u are 1

except ;ku  and
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(C2) for every ( )naaa ...,,, 21=a  and ( )nbbb ...,,, 21=b  in [ ]n1,0

such that kk ba ≤  for all ,...,,2,1 nk =  [ ]( ) ( ) ( ) ,0sgn, ≥∑= ccba CVC

where [ ]ba,  denotes the n-box [ ] [ ] [ ],,,, 2211 nn bababa ××× L  the sum is

taken over all the vertices ( )nccc ...,,, 21=c  of [ ]ba,  such that each kc

is equal to either ka  or ,kb  and ( )csgn  is 1 if kk ac =  for an even

number of k’s, and −1 if kk ac =  for an odd number of k’s.

The importance of copulas as a tool for statistical analysis and
modelling stems largely from the observation that the joint distribution
H of a set of 2≥n  random variables iX  with marginals iF  can be

expressed by ( ) ( ) ( ) ( )( ),...,,, 2211 nn xFxFxFCH =x  ( ) ∈= nxxx ...,,, 21x

[ ] ,, n∞∞−  in terms of a copula C that is uniquely determined on ×1RanF

.RanRan 2 nFF ××L

We now recall the concept of compatibility of three bivariate
distributions in terms of copulas (see [5]): Three bivariate copulas

( ),,12 vuC  ( )wuC ,13  and ( )wvC ,23  are compatible if there exists a

3-copula ( )wvuC ,,  having those 2-copulas as bivariate margins. Finally,

let n∏  denote the copula of independent random variables, i.e., ( ) =∏ un

;1 i
n
i u=∏  let 2M  denote the 2-copula ( ) ( ),,min,2 vuvuM =  ( ) ∈vu,

[ ] ;1,0 2  and let xX >  denote the point-wise inequality ( >> 211 , XxX

),...,,2 nn xXx >  where X is a random vector.

2. Construction

In this section, we study a new function in order to provide a
procedure for constructing families of 3-copulas with given bivariate
margins and dependence structure in an easy manner. The following
theorem shows the main result of this section.

Theorem 2.1. Let ,12C  13C  and 23C  be three 2-copulas and let C be

the function defined by

( ) ( ) ( ) ( )wvuCwuvCvuwCwvuC ,,,,, 231312 ++=

( ) [ ] .1,0,,,2 3∈− wvuuvw (1)



w
w

w
.p

ph
m

j.c
om

… TRIVARIATE DISTRIBUTIONS … 117

Then C is a 3-copula if and only if

[ ] [ ]( )
( ) ( )

[ ] [ ]( )
( ) ( )1212

2121

1212

2121 ,,,,
1312

wwuu

wwuuV

vvuu

vvuuV CC

−−

×
+

−−
×

[ ] [ ]( )
( ) ( ) 2

,,

1212

212123 ≥
−−

×
+

wwvv

wwvvVC
(2)

for every 212121 ,,,,, wwvvuu  in [ ]1,0  such that ,21 uu <  21 vv <  and

.21 ww <

Proof. For every twvu ,,,  in [ ],1,0  it is immediate that ( ) =wvC ,,0

( ) ( ) 00,,,0, == vuCwuC  and ( ) ( ) ( ) ,1,1,1,,1,1,1 ttCtCtC ===  whence

condition (C1) is satisfied. To verify condition (C2), let ,,,,, 12121 wvvuu

2w  be in [ ]1,0  such that ,21 uu ≤  21 vv ≤  and .21 ww ≤  If 21 uu =  or

21 vv =  or ,21 ww =  then we have [ ] [ ] [ ]( ) =×× 212121 ,,, wwvvuuVC

( ) [ ] [ ]( ) ( ) [ ] [ ]( ) ( −+×−+×− 2212112212112 ,,,,
1312

uwwuuVvvvvuuVww CC

) [ ] [ ]( ) ( ) ( ) ( ) ;02,, 12121221211 23
=−−−−× wwvvuuwwvvVu C  in another

case, inequality (2) holds. Conversely, we only need to follow the same

steps backwards. Finally, we have ( ) ( ) ( ) ++= wvCvwCwvC ,1,1,,1 1312

( ) ( ),,2, 2323 wvCvwwvC =−  and, in a same manner, ( ) =wuC ,1,

( )wuC ,13  and ( ) ( ),,1,, 12 vuCvuC =  which completes the proof.

Remark 2.1. Observe that if, at least, two of the three bivariate

margins in (1) are ,2∏  then the function given by (1) is always a

3-copula. Furthermore, if 2
231312 ∏=== CCC  in Theorem 2.1, then

the 3-copula given by (1) is .3∏

We now investigate a partial ordering and a certain positive

dependence property on the 3-copulas defined by (1). Given two n-copulas

1C  and ,2C  1C  is said more concordant than 2C  if ( ) ( )uu 21 CC ≥  and

( ) ( )uu 21 CC ≥  for all u in [ ] ,1,0 n  where ( ) [ ]uUu >= PC  and U is a

random vector with n-copula C. When ,2
nC ∏=  1C  is said positively

orthant dependent (POD). In the bivariate case, C is said positively
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quadrant dependent (PQD) if ( ) uvvuC ≥,  for every ( )vu,  in [ ] .1,0 2  For

more details, see [4]. Thus, we have:

Theorem 2.2. Let 1312, CC  and ,23C  and 1312, DD  and 23D  be the

three bivariate margins of two 3-copulas C and D, respectively, defined by

(1) and such that .31, ≤<≤≥ jiDC ijij  Then C is more concordant

than D.

Proof. Let C and D be two 3-copulas as in the hypothesis. Then, for

every ( )wvu ,,  in [ ] ,1,0 3  ( ) ( )wvuDwvuC ,,,, ≥  if and only if ( ( )vuCw ,12

( )) ( ) ( )( ) ( ) ( )( ) .0,,,,, 2323131312 ≥−+−+− wvDwvCuwuDwuCvvuD  On the

other hand, ( ) ( )wvuDwvuC ,,,, ≥  is equivalent to ( ) ( ( ) −− vuCw ,1 12

( )) ( ) ( ) ( )( ) ( ) ( ) ( )( ) ,0,,1,,1, 2323131312 ≥−−+−−+ wvDwvCuwuDwuCvvuD

whence the result follows.

Corollary 2.3. If ,12C  13C  and 23C  are three 2-copulas such that are

PQD, then the 3-copula defined by (1) is POD.

As an application of our results, we provide the following example.

Example 2.1. Consider the semiparametric family of 2-copulas given

by ( ) ( ) ( ),, vuuvvuC φθφ+=θ  for every ( )vu,  in [ ] ,1,0 2  with [ ],1,0∈θ

where φ is a function defined on [ ]1,0  such that ( ) ( ) 010 =φ=φ  and

satisfying the Lipschitz condition ( ) ( ) vuvu −≤φ−φ  for all ( )vu,

in [ ] .1,0 2  This family of copulas can model higher dependence than

copulas with polynomial sections, preserving dependence properties (for

more details, see [1]). If ( ) ( ) ( ),, 11112 vuuvvuC φφθ+=  ( ) += uwwuC ,13

( ) ( )wu 222 φφθ  and ( ) ( ) ( ) ( ) [ ] ,1,0,,,, 3
33323 ∈φφθ+= wvuwvvwwvC  where

[ ]1,0,, 321 ∈θθθ  and the functions ,1φ  2φ  and 3φ  satisfy the above

conditions, then the function C defined by (1) is a 3-copula if and only if

( ) ( ) ( ) ( ) ( ) ( ) ,1333222111 −≥φ′φ′θ+φ′φ′θ+φ′φ′θ rqrpqp  ( ) ( ) .1,0,, 3∈rqp  Thus,

if ∑
=

≤θ
3

1
,1

i
i  then C is a 3-copula. Furthermore, since (for )0≥θ  θC  is
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PQD if and only if either ( ) 0≥φ u  for all u in [ ]1,0  or ( ) 0≤φ u  for all u

in [ ],1,0  as a consequence of Corollary 2.3, we have that C is POD if

∑
=

≤θ
3

1
,1

i
i  and either ( ) 0≥φ ui  for all u in [ ]1,0  or ( ) 0≤φ ui  for all u in

[ ] .3,2,1,1,0 =i

3. Comparison with other Methods

In [5], a method for constructing trivariate distributions is provided

seeking conditions for two 2-copulas 1C  and 2C  under which

( ( ) )wvuCC ,,12  is a 3-copula (observe that, in this case, the three

bivariate margins are ,1C  2C  and ).3C  In such a case, it is said that 1C

is directly compatible with .2C  In [2], another method is based on the fact

that the function defined by

( ) ( ) ( ) ( ) [ ]32313
12 1,0,,,

,
,

,
,, ∈






= wvu

w
wvC

w
wuC

wCwvuF (3)

is a 3-copula having 1312, CC  and 23C  as bivariate margins.

In the following examples we show that, in certain cases, our method

provides a wider range of families of 3-copulas with given bivariate

margins than the ones obtained by the two above strategies.

Example 3.1. Consider the known Farlie-Gumbel-Morgenstern

family of 2-copulas given by ( ) ( ) ( )[ ],111, vuuvvuE −−λ+=λ  ( ) ∈vu,

[ ] ,1,0 2  with [ ].1,1−∈λ  If λ== ECC 1312  and ,2
23 ∏=C  then the

function C defined by (1) is a 3-copula if and only if ( ( ) [ ( )2121 ,, vvguugλ

( )]) ,1, 21 −≥+ wwg  where ( ) ( ) ( )[ ] ( ).11, uvuuvvvug −−−−=  Hence, since

( ) 1, ≤vug  for all ( )vu,  in [ ] ,1,0 2  we can conclude that C is a 3-copula

if and only if 21≤λ  (observe that if [ ],21,0∈λ  then C is POD).

However, 2∏  is directly compatible with λE  if and only if 31≤λ  (see

[5, Example 3.10]).
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Example 3.2. Let [ ]1,0∈α  and let αC  be the 2-copula given by

( ) ( ) ( ) ( ) [ ] .1,0,,,1, 22 ∈α−+α=α vuvuMuvvuC  If 2
12 ∏=C  and =13C

,23 α= CC  then the inequality (2) is equivalent to ( ) ( )JV
M 21 α−+α

( ) 212 ≥
∏

JV  for any 2-box J. Thus, a sufficient condition for the

function given by (1) to be a 3-copula is that .21≥α  However, this

result is not true, in general, using the function given by (3): For

instance, if ,21=α  then [ ] [ ] [ ]( ) .018.06.0,4.03.0,01.04.0,01.0 −≅××FV

Furthermore, 2∏  is directly compatible with αC  if and only if 1=α  (see

[5, Example 3.8]).
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