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Abstract

In this note, we provide a method for constructing trivariate
distributions with given bivariate margins and dependence structure in
an easy manner. We also illustrate examples showing that this method

can improve other known strategies in certain cases.
1. Introduction

The compatibility of distribution functions has been a problem of
interest to statisticians for many years. Dall’Aglio [3] provided important
results, and Quesada-Molina and Rodriguez-Lallena [5] applied those
general results to copulas. We now review the concept of a copula (for a
complete study, see [4]). Let n be a natural number such that n > 2. An
n-dimensional copula (briefly n-copula) is a function C : [0, 1]* — [0, 1]

which satisfies:

(C1) For every u = (uy, ug, ..., u,,) in [0, 1]*, C(u) = 0 if at least one
coordinate of u is 0, and C(u) = u;, whenever all coordinates of u are 1

except uy; and
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(C2) for every a = (a;, ag, ..., a,) and b = (b, by, ..., b,) in [0, 1]"
such that a; < b, for all k=1, 2,..,n, Vc(a,b])=2sgn(ec)C(c) >0,
where [a, b] denotes the n-box [a;, b ] x [ag, by x -+ x [a,, b,], the sum is
taken over all the vertices ¢ = (¢y, ¢y, ..., ¢,,) of [a, b] such that each ¢;,
is equal to either a, or by, and sgn(e) is 1 if ¢, = a; for an even

number of £’s, and -1 if ¢, = a5 for an odd number of %’s.

The importance of copulas as a tool for statistical analysis and
modelling stems largely from the observation that the joint distribution
H of a set of n 22 random variables X; with marginals F; can be

expressed by H(x) = C(F(x;), Fa(xs), ..., F,(x,)), x = (x1, 29, ..., x,,) €
[~ o, «]”, in terms of a copula C that is uniquely determined on RanF; x

RanFy x --- x RankF,,.

We now recall the concept of compatibility of three bivariate
distributions in terms of copulas (see [5]): Three bivariate copulas
Cio(u, v), Ci3(u, w) and Co3(v, w) are compatible if there exists a

3-copula C(u, v, w) having those 2-copulas as bivariate margins. Finally,
let TT" denote the copula of independent random variables, i.e., [1"*(u) =
1% w;; let M? denote the 2-copula Mz(u, v) = min(y, v), (u,v)e

[0,1F%; and let X > x denote the point-wise inequality (X; > x;, Xy >

Xg, ..., X, > X,), where X is a random vector.

2. Construction

In this section, we study a new function in order to provide a
procedure for constructing families of 3-copulas with given bivariate
margins and dependence structure in an easy manner. The following
theorem shows the main result of this section.

Theorem 2.1. Let Ci5, Ci3 and Cy3 be three 2-copulas and let C be
the function defined by

C(u, v, w) = wCis(u, v) + vC;3(u, w)+ uCqs(v, w)

—2uvw, (u, v, w) e [0, 1F. (1)
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Then C is a 3-copula if and only if

Ve ([urs ugl x[or, val) Vi, ([, uglx [wr, we])
(g —uy)(vg —vy) (g —up) (wg — wy)

VCQS([UL vg ] x [wy, wy])
(vg —v1)(wy —wy)

> 2 ©)

for every uy, us, vy, Vg, wy, wy in [0, 1] such that w; < uy, v} < vy and

wp < wy.

Proof. For every u, v, w, t in [0, 1], it is immediate that C(0, v, w) =
C(u, 0,w)=C(u,v,0)=0 and C(1,1,¢)=C(1,¢t1)=C(, 1,1)=¢t, whence
condition (C1) is satisfied. To verify condition (C2), let w;, ug, vy, Vg, wy,
wy be in [0, 1] such that u; < uy, v; < vy and w; < wq. If u; = uy or
U] = Uy or w; =wy, then we have Vo([uy, ug]x vy, vg]x[wy, we]) =
Wy —w1)Vey, ([, ug] x [vr, v2]) + (v2 = v1) Vi, ([, ug] x [wy, wol) + (ug -
u1 ) Vs ([v1, vo]x [y, wa]) = 2wy —u1) (vg —v1) (Wg —wy) = 0; in another
case, inequality (2) holds. Conversely, we only need to follow the same
steps backwards. Finally, we have C(1, v, w) = wCi5(1, v) + vC;3(1, w) +
Cy3(v, w) — 2vw = Cy3(v, w), and, in a same manner, C(u, 1, w)=

Ci3(u, w) and C(u, v, 1) = Cy9(u, v), which completes the proof.

Remark 2.1. Observe that if, at least, two of the three bivariate
margins in (1) are 12, then the function given by (1) is always a
3-copula. Furthermore, if Cj5 = Cj3 = Cog = [1? in Theorem 2.1, then
the 3-copula given by (1) is .

We now investigate a partial ordering and a certain positive
dependence property on the 3-copulas defined by (1). Given two n-copulas
C; and Cy, C; is said more concordant than Cy if Cj(u) > Cy(u) and

C;(u) = Cy(u) for all u in [0, 1]", where C(u) = P[U > u] and U is a

random vector with n-copula C. When Cy = [1", C; is said positively

orthant dependent (POD). In the bivariate case, C is said positively
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quadrant dependent (PQD) if C(u, v) > uv for every (u, v) in [0, 1]*. For
more details, see [4]. Thus, we have:
Theorem 2.2. Let ClZ’ ClS and 023, and D12, D13 and D23 be the

three bivariate margins of two 3-copulas C and D, respectively, defined by
(1) and such that C;; > D;;, 1 <i< j<3. Then C is more concordant

ij = ij
than D.

Proof. Let C and D be two 3-copulas as in the hypothesis. Then, for
every (u, v, w) in [0, 1P, C(u, v, w) > D(u, v, w) if and only if w(Cys(u, v)
- Dy5(u, v)) + v(Ci3(w, w) — Di3(u, w)) + u(Cys(v, w) — Dys(v, w)) = 0. On the
other hand, C(u, v, w) > D(u, v,w) is equivalent to (1 —w)(Cyy(u, v) -
Dy (u, v)) + (1= v)(Cra(w, w) = Dy3(u, w)) + (1 - u)(Ce3(v, w) = Doz (v, w)) 2 0,
whence the result follows.

Corollary 2.3. If C;5, Ci3 and Cyg are three 2-copulas such that are
PQD, then the 3-copula defined by (1) is POD.

As an application of our results, we provide the following example.

Example 2.1. Consider the semiparametric family of 2-copulas given
by Co(u, v) = uv + 0p(w)d(v), for every (u, v) in [0, 1%, with 0 < [0, 1],
where ¢ is a function defined on [0, 1] such that ¢(0) = ¢(1) = 0 and
satisfying the Lipschitz condition | ¢(u)— ¢(v)|<|u—-v| for all (u, v)
in [0, 1]2. This family of copulas can model higher dependence than
copulas with polynomial sections, preserving dependence properties (for
more details, see [1]). If Cjy(u, v) = uv + 019, (w)d;(v), Cis(u, w) = uw +
0909 (1) do(w) and Cos(v, w) = vw + 0303(v) b3 (W), (w, v, w) € [0, 1], where
0;, 09, 03 € [0, 1] and the functions ¢;, ¢ and ¢5 satisfy the above

conditions, then the function C defined by (1) is a 3-copula if and only if
0101 (P)1(a) + 0205(P)42(r) + 0305(0)95(r) = =1, (p, ¢, 7) € (0,1)°. Thus,

3
if Z 0; <1, then Cis a 3-copula. Furthermore, since (for 6 > 0) Cy is
i=1
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PQD if and only if either ¢(x) > 0 for all u in [0, 1] or ¢(x) < 0 for all u
in [0, 1], as a consequence of Corollary 2.3, we have that C is POD if

3
> 0; <1, and either ¢;(u) 2 0 for all win [0, 1] or ¢;(x) <0 for all u in
=1

3. Comparison with other Methods

In [5], a method for constructing trivariate distributions is provided

seeking conditions for two 2-copulas C; and C; under which
Cy(Ci(u, v), w) is a 3-copula (observe that, in this case, the three
bivariate margins are C;, Cy and Cj3). In such a case, it is said that C;
is directly compatible with Cy. In [2], another method is based on the fact
that the function defined by

F(u, v, w) = wClQ(CB(LZ’ w), C23Sj’ w)), (w, v, w) € [0, 1] 3)

is a 3-copula having Cjg, C;3 and Cyg as bivariate margins.

In the following examples we show that, in certain cases, our method
provides a wider range of families of 3-copulas with given bivariate

margins than the ones obtained by the two above strategies.

Example 3.1. Consider the known Farlie-Gumbel-Morgenstern
family of 2-copulas given by E;(u, v)=uv[l + M1 -u)1-v)], (w,v)e
[0,1F, with & e[-1,1]. If Cjy = Cj3 = E; and Co3 = [12, then the
function C defined by (1) is a 3-copula if and only if A(g(y;, uy)[g(v;, ve)
+ g(wy, wy)]) = -1, where g(u, v) =[v(1 —v) - u(l - u)]/(v-u). Hence, since
|g(u, v)| <1 for all (u, v) in [0, 1]?, we can conclude that C is a 3-copula
if and only if |A|<1/2 (observe that if A e [0,1/2], then C is POD).
However, [1? is directly compatible with E, if and only if | 1| < 1/3 (see
[5, Example 3.10]).
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Example 3.2. Let a €[0,1] and let C, be the 2-copula given by
C,(u, v) = auv + (1 — ) M2(u, v), (u, v) € [0, 12. If Cy = [1% and Cj5 =
Cy3 = C,, then the inequality (2) is equivalent to o + (1 — oc)VMz (JJ)/
V]_[2 (J)>1/2 for any 2-box . Thus, a sufficient condition for the

function given by (1) to be a 3-copula is that o > 1/2. However, this

result is not true, in general, using the function given by (3): For
instance, if o = 1/2, then Vz([0.01, 0.4]x[0.01, 0.3] x [0.4, 0.6]) = -0.018.

Furthermore, 12 is directly compatible with C, if and only if o =1 (see
[6, Example 3.8)).
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