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Abstract 

Let G be an abelian group, C  be the field of complex numbers, 
G∈α  be any fixed element and GG →σ :  be an involution. In this 

paper, we determine the solutions C→Ggf :,  of the functional 

equation ( ) ( ) ( ) ( )yfxfyxgyxf 2=α+σ++α++  for all ., Gyx ∈  

1. Introduction 

Let G be an abelian group, G∈α  be a fixed element and GG →σ :  
be an involution. Recall that an involution σ is an endomorphism of the 
group G satisfying ( )( ) xx =σσ  for all .Gx ∈  For convenience, we will 

write ( )xσ  as .xσ  Let G∈0  be the identity element of G. A multiplicative 

function on a group G is a function C→Gh :  such that ( ) ( ) ( )yhxhxyh =  

for all ., Gyx ∈  It is well known that a multiplicative function that vanishes 
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at one point vanishes everywhere. Let C  be the multiplicative group of 

nonzero complex numbers. A character C→χ G:  is a map such that 

( ) ( ) ( ).yxxy χχ=χ  Similarly, a function A from the group G into C  is said 

to be an additive if and only if ( ) ( ) ( )yAxAxyA +=  for all ., Gyx ∈  

In 1910, Van Vleck [14] (see also [15] and [11]) considered the 
functional equation 

( ) ( ) ( ) ( ) ,,,2 R∈∀=α++−α+− yxyfxfyxfyxf  (1.1) 

where 0>α  is fixed. He proved that f is a periodic function of period 4α 
and equation (1.1) implies the cosine functional equation. He selected the 
continuous periodic solution of the cosine functional of equation of period 
4α to obtain one of the continuous nonzero solutions of (1.1), viz., 

( ) ( ) .,2sin2cos R∈∀⎟
⎠
⎞⎜

⎝
⎛
α
π=⎟

⎠
⎞⎜

⎝
⎛ α−
α
π= xxxxf  

The other continuous nonzero solutions are all sine functions 

( ) ( ) ( ) NR ∈∈∀⎟
⎠
⎞

⎜
⎝
⎛

α
π+

−= nxxnxf n
n ,,2

12sin1  

having the period an integral fraction of 4α, viz., ( ) .12
4
+
α

n  These 

continuous nonzero solutions of (1.1) form a countable set (see [12]). 

In [5], Kannappan considered the functional equation 

( ) ( ) ( ) ( ) R∈∀=α+++α+− yxyfxfyxfyxf ,,2  (1.2) 

and proved the following result: The general solution CR →:f  of the 

functional equation (1.2) is either 0≡f  or ( ) ( ),α−= xgxf  where g is an 

arbitrary solution of the cosine functional equation ( ) ( ) =−++ yxgyxg  

( ) ( )ygxg2  for all R∈yx,  with period 2α. In [10], Sahoo studied the 

following generalization: 
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 ( ) ( ) ( ) ( ) Gyxyfxfyxgyxf ∈∀=α+++α+− ,2  (1.3) 

of the functional equations (1.1) and (1.2) when G is an abelian group       
and raised the following problem: Given an involution ,: GG →σ  find all 

functions C→Ggf :,  satisfying 

 ( ) ( ) ( ) ( )yfxfyxgyxf 2=α+++α+σ+  (1.4) 

for all ., Gyx ∈  In [8], the authors provided an answer to the above 

question posed in [10] by determining the general solutions C→Ggf :,  

of the functional equation (1.4) for all ,, Gyx ∈  where G is an abelian 

group. In 1990, Gajda [4] studied the functional equation 

( ) ( ) ( ) ( ) Gyxyfxfxyfyxf ∈∀=α−−+α++ ,,2  

on a locally compact abelian group G. Gajda’s work has been extended to 
Wilson’s functional equation by Fechner [3] in 2009. 

Other similar functional equations solved in literature are 

 ( ) ( ) ( ) ( )22 yfxfyxfyxf −=α+−α++  (1.5) 

and 

 ( ) ( ) ( ) ( ) ,122 −+=α+−α++ yfxfyxfyxf  (1.6) 

for all ., R∈yx  The functional equation (1.5) was considered by Kannappan 

in [6] (see also [7]) while (1.6) was considered by Etigson in [2]. The 
functional equations (1.1)-(1.6) are examples of functional equations with 
restricted arguments where at least one of the variables is restricted to a 
certain discrete subset of the domain of the other variable(s). In particular, 
the subset may consist of a single element. 

The main goal of this paper is to determine the general solution of the 
functional equation 

 ( ) ( ) ( ) ( )yfxfyxgyxf 2=α+σ++α++  (1.7) 
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for all ., Gyx ∈  The functional equation (1.1) is a special case of the 

functional equation (1.7), where φ−=φ= fg ,  and R=G  with ( ) .yy −=σ  

If ,R=G  and φ=g  with ( ) ,yy −=σ  then the functional equation (1.7) 

reduces to the functional equation (1.2) studied by Kannappan in [5]. Hence 
the solution of (1.1) and (1.2) can be obtained from the results obtained in 
this paper. Although, the functional equation (1.7) looks similar to (1.4), their 
solutions are different. Using some ideas from [8], we determined the general 
solutions of (1.7) without using any regularity conditions on the unknown 
functions. 

2. Preliminary Results 

It is easy to see that if φ is the zero function and ψ is an arbitrary 
function, then they are the solutions of the functional equation 

 ( ) ( ) ( ) ( )yxyxyx ψφ=σ+φ++φ 2  (2.1) 

for all ., Gyx ∈  The following result from [1] gives the solution of (2.1) 

when φ is not identically zero. 

Lemma 1. Let G be an abelian group. Let C→ψφ G:,  satisfy          

the functional equation (2.1) for all ,, Gyx ∈  where GG →σ :  is an 

involution and let .0≠φ  Then there exists a character C→Gh :  such 

that 

.2
σ+=ψ hh  

If ,σ≠ hh  then φ has the form 

σ+=φ bhah  

for some { }.0\, C∈ba  If ,σ= hh  then φ has the form 

[ ],γ+σ−=φ AAh  

where C→GA :  is an additive function and .C∈γ  
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The following result was proved by the authors in [9] and will be used 
while proving the main result in the next section. 

Lemma 2. Let G be an abelian group, G∈α  be a fixed element and 
GG →σ :  be an involution. Then any nonzero solution C→Gf :  of 

 ( ) ( ) ( ) ( )yfxfyxfyxf 2=α++−α+σ+  (2.2) 

for all Gyx ∈,  is given by 

 ( ) [ ],2
1 σχ−χαχ−=f  (2.3) 

where χ is a character on G satisfying ( ) ( ).αχ−=σαχ  Conversely, f in 

(2.3) defines a nonzero solution of (2.2). 

The following lemma is known as Artin’s lemma and can be found in 
Corollary 3.20 in [13]. 

Lemma 3. The set of characters on a group G is a linearly independent 
subset of the vector space of all complex-valued functions on G. 

3. Main Result 

Now we are ready to present the main result of this paper. 

Theorem 4. Let G be an abelian group, G∈α  be a fixed element and 
GG →σ :  be an involution. Any solution C→Ggf :,  of the functional 

equation 

( ) ( ) ( ) ( ) Gyxyfxfyxgyxf ∈∀=α+σ++α++ ,2  (3.1) 

has one of the following forms, in which h denotes a character of G. 

 ( )12, −γγ=γ= gf  (3.2) 

where ,C∈γ  or 

 ( )[ ] ,,2
1 fghhhf −=σ−α=  (3.3) 



Gwang Hui Kim 624 

or 

 [ ( ) ],12, 1 −α== −dhdhgdhf  (3.4) 

where ( ) ,12, 1 ≠α∈ −dhd C  and ,σ= hh  or 

 ( ) ,0,2
1 =α= ghhf  (3.5) 

where ( ) ,12, 1 =α∈ −dhd C  and ,σ= hh  or finally 

( ) ( )[ ] ( ) ( )[ ],2
1,2

1 σα+σα=σσα+α= hhhhghhhhf  (3.6) 

where .σ≠ hh  

Conversely, each of the five forms defines a solution ( )gf ,  of the 

functional equation (3.1). 

Proof. It is easy but tedious to check that the solutions listed in (3.2), 
(3.3), (3.4), (3.5), and (3.6) satisfy the functional equation (3.1). Next, we 
show that these are the only solutions of (3.1). 

If ( ) γ=xf  for all ,Gx ∈  then we get (3.2) from (3.1). 

From now on, we assume that f is nonconstant. Let 0=y  in (3.1). Then 

we have 

( ) ( ) ( ) ( ).02 fxfxgxf =α++α+  

This implies 
 ( ) ( ) ( ) ,,2 Gxxfxdfxg ∈∀−α−=  (3.7) 

where ( )0: fd =  is a constant in .C  Using (3.7) in (3.1), we see that 

( ) ( ) ( ) ( ) ( )yxdfyfxfyxfyxf σ+−=α++−α+σ+ 22  (3.8) 

for all ., Gyx ∈  Letting ( ) ( )xfxF −=:  for all Gx ∈  in (3.8), we obtain 

( ) ( ) ( ) ( ) ( )yxdFyFxFyxFxF σ++=α++−α+σα+ 22  (3.9) 

for all ., Gyx ∈  
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Case 1. Suppose .0=d  Then (3.9) becomes 

 ( ) ( ) ( ) ( )yFxFyxFxF 2=α++−α+σα+  (3.10) 

for all ., Gyx ∈  Thus, from Lemma 2, (3.7) and definition of ( ),xF  we 

obtain 

( ) ( ) ( ) ( )[ ]xhxhhxf σ−α= 2
1    and   ( ) ( ),xfxg −=  

where ∗→ CGh :  is a character with ( ) ( ).σα−=α hh  This is the asserted 

solution (3.3) when ( ) ( ).σα−=α hh  

Case 2. Next, suppose .0≠d  Replace y with yσ  in (3.9) to obtain 

 ( ) ( ) ( ) ( ) ( )yxdFyFxFyxFyxF +−σ=α+σ+−α++ 22  (3.11) 

for all ., Gyx ∈  By adding (3.11) to (3.9), we see that 

 ( ) ( )[ ] ( ) ( ) ( )[ ].yFyFxFyxFyxFd σ+−=σ+++  (3.12) 

Define C→φ G:  by ( ) ( ) ,d
xFx =φ  then (3.12) can be rewritten as 

 ( ) ( ) ( ) ( ),2 yHxyxyx φ=σ+φ++φ  (3.13) 

where 

 ( ) ( ) ( ) .2
yyyH σφ+φ−=  (3.14) 

From Lemma 1, the solution of (3.13) is given by 

 ( )
( ) ( )[ ]
( ) ( )⎩

⎨
⎧

σ≠σ+

σ=γ+σ−
=φ

hhxbhxah

hhxxAxh
x

if

if
 (3.15) 

and 

 ( ) ( ) ( ) ,2
xhxhxH σ+=  (3.16) 
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where ∗→ CGh :  is a character, C→GA :  is an additive function and 
C∈γ,, ba  are constants. Hence, from the definitions of φ and F, we get 

 ( )
( ) ( )[ ]
( ) ( )[ ]⎩

⎨
⎧

σ≠σ+−

σ=γ+σ−−
=

,if

if

hhxdhxchd

hhxxAxdh
xf  (3.17) 

where C∈γ,, dc  are constants. Letting ca −=  and ,db −=  we have 

 ( )
( ) ( )[ ]
( ) ( )[ ]⎩

⎨
⎧

σ≠σ+−

σ=γ+σ−−
=

,if

if

hhxbhxahd

hhxxAxdh
xf  (3.18) 

where C∈γ,, ba  are constants. Interchanging x and y in (3.8), we have 

( ) ( ) ( ) ( ) ( ).22 xydfxfyfxyfxyf σ+−=α+σ+−α++  (3.19) 

By comparing (3.8) and (3.19), we obtain 

( ) ( ) ( ) ( ).22 xydfxyfyxdfyxf σ+−α+σ+=σ+−α+σ+  

The substitution of 0=y  in the previous equation yields 

 ( ) ( ) ( ) ( )[ ]xfxfdxfxf σ−+α+σ=α+ 2  (3.20) 

for all .Gx ∈  

Subcase 2.1. Suppose .σ= hh  Using (3.14) and (3.16), we see that 

( ) ( ) ( ) ( ).xxxhxh σφ−φ−=σ+  

Since ,σ= hh  the use of (3.15) in the last equation yields 

( ) ( ) ( ) ( )[ ]γ+−σ+γ+σ−−= xxAxxAxhxh2  

which simplifies to 

( ) ( ) .012 =γ+xh  

Hence .1−=γ  This means our solution for f is of the form 

 ( ) ( ) ( )[ ],1−σ−−= xxAxdhxf  (3.21) 
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where ∗→ CGh :  is a character and C→GA :  is an additive function. 
Using (3.21), we obtain 

 ( ) ( ) ( ) ( ) ( )[ ]1−σα−α+σ−α−=α+ AxxAhxdhxf  (3.22) 

and 

 ( ) ( ) ( ) ( ) ( )[ ].1−σ−−σα−αα−=α+σ xxAAhxdhxf  (3.23) 

Thus, (3.20), (3.21), (3.22) and (3.23) yield 

 ( )[ ] ( ) .,02 GxxxAdh ∈∀=σ−−α  (3.24) 

Suppose ( ) .12 1 ≠α −dh  Then (3.24) yields ( ) 0=σ− xxA  for all Gx ∈  

and f in (3.21) reduces to 

 ( ) ( )xdhxf =  (3.25) 

when .σ= hh  Using (3.25) in (3.7), we see 

 ( ) ( ) ( ) ( ) [ ( ) ].122 1 −α=−α−= −dhxdhxfxdfxg  (3.26) 

Thus we get the solution (3.4). 

Next, suppose ( ) .12 1 =α −dh  Then (3.21) yields 

 ( ) ( ) ( ) ( )[ ],1−σ−α= xxAxhdhxf  (3.27) 

when .σ= hh  Using (3.27) in (3.7), we see 

 ( ) ( ) ( ) ( ) ( ) ( ).2 xhAdhxfxdfxg σα−αα=−α−=  (3.28) 

Letting the forms of f and g from (3.27) and (3.28) in (3.1) and simplifying, 
we obtain 

( ) ( ) ( ) ( ) ( ) 02 =σ−σ−α yyAxxAhyhxh  

for all ., Gyx ∈  Since h is character, thus we have 

( ) ( ) 0=σ−σ− yyAxxA  
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for all ., Gyx ∈  Hence ( ) 0=σ− xxA  for all Gx ∈  and for this case 

( ) ( ) ( )xhhxf α= 2
1    and   ( ) .,0 Gxxg ∈∀=  

Thus we get the solution (3.5). 

Subcase 2.2. Suppose .σ≠ hh  We have by (3.18) that f is a linear 
combination of h and ,σh  namely 

 ( ) ( ) ( )xbdhxadhxf σ+=  (3.29) 

for all .Gx ∈  Letting 0=x  in (3.29) and noting that ( ) ,00 ≠= df  we see 

that 

 .1 ab −=  (3.30) 

It follows from (3.7) that g is also a linear combination of h and σh  and it 
is given by 

 ( ) ( ) ( ),xBhxAhxg σ+=  (3.31) 

where 

 ( ) adhadA −α= −122    and   ( ) .2 12 bdhbdB −σα= −  (3.32) 

Using (3.29) and (3.31), we get 

( ) ( ) ( ) ( )yfxfyxgyxf 20 −α+σ++α++=  

[( ( ) ) ( ) ( ( ) ) ( )] ( )xhyhabdAhyhdaadh σ−α+−α= 222 22  

[( ( ) ) ( ) ( ( ) ) ( )] ( )xhyhdbbdhyhabdBh σσ−σα+−σα+ 222 22  

for all ., Gyx ∈  By Artin’s lemma, h and σh  are linearly independent 

and thus the above computation yields 

( ( ) ) ( ) ( ( ) ) ( ) ,022 222 =σ−α+−α yhabdAhyhdaadh  (3.33) 

( ( ) ) ( ) ( ( ) ) ( ) 022 222 =σ−σα+−σα yhdbbdhyhabdBh  (3.34) 
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for all .Gy ∈  Again by Artin’s lemma ( )yh  and ( )yh σ  are linearly 

independent and hence the above equations (3.33) and (3.34) yield 

( ) ,02 22 =−α daadh  (3.35) 

( ) ,02 2 =−α abdAh  (3.36) 

( ) ,02 2 =−σα abdBh  (3.37) 

 ( ) .02 22 =−σα dbbdh  (3.38) 

From (3.36) and (3.37), we see that 

 ( ) ( ) .2 2abdBhAh =σα=α  (3.39) 

Next, we expressed a, b and d in terms of ( )αh  and ( ).σαh  Using (3.32) and 

(3.30) in (3.39) and simplifying, we have 

 ( ) ( )[ ] ( ).24 σα−σα+α=− hhhadad  (3.40) 

From (3.35) and (3.38), see that 

( ) adh 2=α    and   ( ) .2bdh =σα  (3.41) 

Adding ( )αh  to ( )σαh  in (3.41) and using ,1 ab −=  we obtain 

 ( ) ( )[ ].2
1 σα+α= hhd  (3.42) 

Since ( ) ,0≠σαh  this implies that ( ) ( ) .0≠σα+α hh  Using d from (3.42) 

in (3.40), we have 

( )
( ) ( )σα+α

α= hh
ha    and   ( )

( ) ( ) .1
σα+α

σα=−= hh
hab  (3.43) 

Using (3.42) and (3.43), the form of f in (3.29) can be rewritten as 

( ) ( ) ( ) ( ) ( )[ ]xhhxhhxf σσα+α= 2
1  
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which is included in (3.6). Using (3.42), (3.43) and (3.32), the constants A 
and B given in (3.32) can be rewritten as 

( ) ( )σα=−α= − hadhadA 2
12 12  

and 

( ) ( ).2
12 12 α=−σα= − hbdhbdB  

Thus g given in (3.31) takes the form 

( ) ( ) ( ) ( ) ( )[ ]xhhxhhxg σα+σα= 2
1  

which is included in the asserted solution (3.6). This completes the Case 2. 

Since no more cases are left, the proof of the theorem is now       

complete.  

The following corollary presents the general solution of (1.2) with an 
involution on an abelian group G generalizing the result of Kannappan in [5]. 

Corollary 5. Let G be an abelian group, GG →σ :  be an involution, 
and G∈α  be a fixed element of G. The function C→G:  satisfies the 
functional equation 

( ) ( ) ( ) ( ) Gyxyxyxyx ∈∀=α+σ++α++ ,,2  (3.44) 

if and only if 

 ( ) [ ],2
1 σ+α= hhh  (3.45) 

where C→Gh :  is a multiplicative function satisfying ( ) ( ).σα=α hh  

Proof. In solution (3.2) of Theorem 4, letting ( ) ( ) ( ),xxfxg ==  we 

obtain ( ) 012 =−γγ  and thus ( ) 0=x  or ( ) 1=x  for all Gx ∈  which is 

included in (3.45). 
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Letting ( ) ( ) ( )xxfxg ==  in the solution (3.3), we get .0== f  

This solution is included in (3.45). 

Letting ( ) ( ) ( )xxfxg ==  in the solution (3.4) when ,σ= hh  we 

get ( ) .dh =α  Hence ( ) ( ) ( )xhhx α=  when σ= hh  and this is included 

in the solution (3.45). 

Letting ( ) ( ) ( )xxfxg ==  in the solution (3.5) when σ= hh  and 

( ) ,12 1 =α −dh  we get .0== f  This solution is included in (3.45). 

Letting ( ) ( ) ( )xxfxg ==  in the solution (3.6) when ,σ≠ hh  we 

get 

( ) ( )[ ] ( ) ( )[ ] .0=σσα−α−σα−α hhhhhh  

Hence, by Artin’s lemma, the characters h and σh  are linearly 
independent and thus we have ( ) ( ).σα=α hh  For the case when ,σ≠ hh  

we have from (3.6), 

( ) ( ) ( ) ( )[ ]xhxhhx σ+α= 2
1  

which is the asserted solution (3.45).  
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