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Abstract

Some media often show shrinkage when the mass inside diffuses,
such as wood, soil, clay and concrete. Shrinkage is responsible for
developing cracks on clay, wood and concrete during the drying
process. This paper is intended to understand the shrinkage better, so
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the defects of materials during and after the drying process can be
avoided. A mathematical model of temporally shrinkable medium
based on macro scale modeling is discussed. The model is in the form
of an integral equation. This model does not allow the shrinkage
process to reverse, as the case for concretes and clays after baking.
The model is solved numerically by applying a finite difference
method. The limiting case of non-shrinkable medium is presented.
In this limiting case, the model is just a diffusion equation, and the
numerical method is a standard finite difference method.

1. Introduction

Shrinkage is observed in our daily life. Some fruits show shrinkage after
they lose the water content. Wood, clays and concrete shrink after drying.
Shrinkage is considered to be the most responsible for cracking of such
materials. In wood, shrinkage may develop several types of defects after
undesired drying process. Such defects are often avoided in some industries.
In general, shrinkage is often related to drying of materials. There are a lot
of research reports on the simulation of drying, experiments or industrial
process that either considering or neglecting shrinkage. Among others are
[17] for agricultural products, [3, 6, 18] for wood, and [11] for ceramics.
Shrinkage is a main cause of cracks in concrete. Cracks may reduce the
strength and the life time of concrete, as reported in the numerical and
experimental studies [1, 2]. Although cracks in concrete can be handled by
injecting chemical material, but it is still very much to be avoided. The
strength and the life time are still not optimal, and the process of repairing is

costly and time consuming.

Drying and cracking of clays and soils have been reported in a lot of
papers. A review on what affects cracks can be seen in [14], where the cracks
were viewed from elasticity theory, the transition between tensile and shear
failure, and linear elastic fracture mechanics. As in concrete, cracking in clay
also affects the strength which is important for clay facilities as dams’
embankment and landfill liners [21]. Moreover, Thusyanthan et al. [21]

conducted experimental study where cracks were seen either as pure tension
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cracks, or as mixed-mode shear-tension cracks. Vogel et al. [22] presented a
model that was based on a lattice of Hookean springs of finite strength.
The model was to describe the natural crack patterns and the dynamics
by evaluating the parameter space. Chemkhi and Zagrouba [8] conducted
experimental investigation in the drying of clay material. The finding was
that the diffusion coefficient was a function of moisture content. This was
obtained by the use of drying curves. Peron et al. [16] conducted
experimental and simulation study of the formation of drying crack patterns

in soils.

All materials that develop shrinkage presented above are mostly porous
media. Theoretically, diffusion in a porous medium is modeled by the porous
medium equation, a non-linear type of the heat equation. This equation yields
an analytic solution the so-called Barrenblatt’s solution [10]. Barrenblatt’s
solution is a model of a droplet diffusing in such medium. Its limiting case is
fundamental solution of the heat equation. The diffusion of droplets will
develop interactions as discussed in [4] for one-dimensional case and [5] for

two-dimensional medium.

2. Mathematical Modeling

Let us consider material in n-dimensional space, (¢, t) € R” x R™ U {0}
for n=2,3, ¢g=gq(x,t) and ¢(x,0)=x. At =0, point ¢ inside the
material coincides with point x. In other words, ¢(¢) is a trajectory of a point
starting at x. Let p(q, t) represent the density of liquid at point ¢ and time ¢

of the material. In this assumption, we follow the motion of points inside
material. This is a different approach compared to the one discussed in [9],
where the fluid and the solid materials were treated separately which resulted
in the presence of two state variables for density, namely state variable of
solid density and state variable of fluid density.

In this paper, we merely focus on the state variable of fluid density at the
moving points of solid material. The flux of the water to the surrounding area

is assumed to be proportional to the gradient of p with respect to ¢ (Fick’s
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law) plus p brought by the rate of motion of ¢ (all in negative direction)
v=—KVp—p%. 2.1
This is illustrated in Figure 1. K is positive quantity related to diffusion rate.
In many text books, K is often considered to be constant. However, it may be
a function of ¢ and p as observed in industrial data for wood that contained
nod or annual ring reported in [3]. For more detailed experiment on clay
materials, it has been shown that K was a function of p [8]. It was noted in
[8] that generally the experimental determination of the diffusion coefficient
as a function of moisture content was difficult. However, finding the function
of diffusion coefficient is an inverse problem. For the case of linear media,
it has been discussed in [19, 20], for more recently for piecewise constant

conductivity was discussed in [12].
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Figure 1. Illustrative plot of the Fick’s law of water flux.

On the other hand, let Q(¢) be any volume in R". The total fluid leaving

the volume Q(¢):

_ ﬂj.
Jag(t)(KVp +p<L ) nav, 2.2)

where n is outward normal vector of the boundary 6Q(¢). Total fluid content

inside Q(z) is

m= IQ(I) odV. (2.3)
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The change of water content inside €(¢):

do_[ b
i '[Q(t) i dV+IQ'(t)pdV, 2.4)

where Q'(¢) is the derivative of Q(¢) with respect to ¢.

Assuming the mass conserved, the increase of mass in Q(¢) of equation

(2.4) is equal to the mass entering the boundary which is negative of (2.2).
Hence, the mass conservation for the liquid yields an integral equation in the

form

dg
'[m(t)(Kvmp dtj ndV = '[Q(t Ly + J.Q,(t)pdV. 2.5)

By applying Gauss Divergence Theorem, we obtain

dp ) dq _
j@(r)( _ V- (KVp)|aV = Iag() - ndv IQ,(t)pdV. (2.6)

For the case of nondeformable material or no shrinkage, (2.6) becomes
I (dp V. (KVp))dV - 0. 2.7)
Q1)

Moreover, by assuming the integrand is sufficiently smooth and equation

(2.7) is satisfied for any deformable region Q, we have

dp _

= V- (KVp). (2.8)

Hence, the model introduced in (2.6) is a generalization of the well-known

diffusion equation of the heat equation for constant XK.

For one-dimensional case, the region Q(¢) is in the form of interval

I(¢) = [a;(¢), b;(¢)]. Equation (2.6) becomes a simpler form

dp _ _ - ~
L(t)( ;s aq(Kaqp)jdq_(p(b[,I)bI play, t)ay) L,(t)pdq. (2.9)
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3. Numerical Formulation

The discussion for the numerical simulation focuses on the one-
dimensional case. Some lumber industries have more issues on drying
woods where the length and width are much larger than the thickness.
Such geometrical shape of woods often develops defects such as bow, cup,
twist, crook and crack. For this geometrical wood, the diffusion of water to
the direction of width is more dominant than to the other directions (see [3]
and the references therein). Concrete drying is also often dealt with such
geometrical shape. In this case, one-dimensional model performs as good as

the two- or three-dimensional models.

We consider initial interval [0, 1]. Otherwise, any close interval can be

normalized in this form. Keeping the left boundary fixed, the right boundary

may depend on z. Hence, the interval at ¢ is [0, b(¢)]. The initial condition is

given by
p(x, 0) = g(x) for 0 < x < 1. (3.1
The boundary conditions are
p(0, 1) = fi(2) and p(b(2), 1) = 12 (1) (3.2)

Such boundary conditions apply for the wood drying in kiln chamber of

industries by setting the equilibrium moisture content.

Divide the interval [0, b(¢)] into M evenly spatial partitions, as illustrated

in Figure 2:

h(t)

- & . &

q1(0=ap(t) a,(r) an(1) qH(t)=a, (1)

Figure 2. Illustrative plot of spatial partitions.
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Consider interval partition /,, at time ¢,. Approximating J s %dq
m

using forward method, we have

@ ~ pzflhn _pzhn
| = —n? (3.3)

Applying central difference for II 04(K0,p)dg, we have

n o _n n _.n
-[Im aq(Kaqp)dq = Kzz-kl{pm-jl—npmJ - K}”Zl {%j (3.4)

Now, from (3.3) and (3.4), explicit numerical scheme of equation (2.9) is in

the form
n n n n
n K" | Pm+1 = Pm | _ K" Pm — Pm-1
R ™ ’"[ w "o e

+
h}’H‘l hl’l+1
+ P+l dml = P
For nondeformable material and constant diffusion rate, (3.5) is just a

standard finite difference formula for the heat equation

n+l _ n

At
Pm = Pm + h—zK(pi’nH = 2P + P1)- (3.6)
This can be easily found in standard text books such as [15].

4. Results and Discussion

The numerical simulation is implemented for K =1, h' =0.05 and
At = 0.0006. The initial condition is assumed to be uniform and the value is
1. It is considered that the material is wet with the uniform density of fluid.
In kiln chamber for drying wood, this is achieved by spraying the wood at
the beginning of drying process. Any uniform conditions can be normalized
to this, the boundary conditions are constant, and less than the initial

condition. In this case, the boundary conditions are taken to be 0. Again, any
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constant boundary conditions can be normalized to 0. The computation is run
in Scilab. Figure 3 shows the results of computation representing the interval
length and the state variable in this interval for various times. The length of
interval started from one unit to 0.8 unit after 0.2 unit of time. At the same
time, the value of the state variable decreases, and approaches the boundary
condition. Such process represents the drying and shrinkage of wood without
defects, which is in the need of the industries.

0.2 04 06 08 1
X

Figure 3. The interval length and the value of state variable.

This approach does not allow for the material to increase in size after
shrinkage. Some materials as concrete and clay after baking experience such
phenomena. Concrete and clay after baking do not increase in size after
shrinkage, the shrinkage process is not reversible. On the other hand, in
materials such as wood, the shrinkage process may be reversible. Wood may
increase in size again after shrinkage when the liquid density inside the wood

increases. For this material, model discussed in [9] is more desirable.
5. Concluding Remark

Modeling of diffusion process with irreversible shrinkable material has
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been discussed. Such process occurs in the drying of concrete and clay after
baking. The state variable which represents the fluid density inside material
is a function of time and space. The motion of spatial point inside material
allows the material to shrink. The model is in the form of an integral
equation. For the case of nondeformable material and constant diffusion rate,

the model is nothing else but the heat equation.

Numerical scheme based on finite difference method has been derived
for the model. Again, for the case of nondeformable material and constant
diffusion rate, the numerical scheme is the well-known standard finite
difference method for the heat equation. A simulation of an initial and
boundary value problem where the material shrinks about 20 percent is also
presented. Such simulation is the need for drying process of wood in kiln
chamber of industries for the case of no defects, where the wood does not

change in shape but merely the size.

Future work will be on improving the model by considering several
aspects. At first, it will take into account the driving force for the shrinkage.
Does it depend on the density of the solid itself, or also the density of fluid
altogether? Second, it will consider state variables of the fluid density and
solid density in the model. Are the state variables separated in the model,
or do they interact? Third, it will deal with the comparison with experiments

or industrial process.
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