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Abstract 

A topological index of graph G is a numerical parameter related to G 
which characterizes its topology and is preserved under isomorphism 
of graphs. Properties of the chemical compounds and topological 
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indices are correlated. In this work, we compute newly defined 
topological indices, namely, arithmetic-geometric index 1(AG  index), 

SK index, 1SK  index and 2SK  index of toroidal polyhex network. We 

also compute sum connectivity index and modified Randić index of 
underlying graph. 

1. Introduction 

Cheminformatics is an emerging field in which quantitative structure-
activity relationship (QSAR) and quantitative structure-property relationship 
(QSPR) predict the biological activities and properties of nanomaterial, see 
[1-4]. In these studies, some physico-chemical properties and topological 
indices are used to predict bioactivity of the chemical compounds, see [5-7]. 

The branch of chemistry which deals with the chemical structures with 
the help of mathematical tools is called mathematical chemistry. Chemical 
graph theory is that branch of mathematical chemistry which applies graph 
theory to mathematical modeling of chemical phenomena. In chemical graph 
theory, a molecular graph is a simple graph (having no loops and multiple 
edges) in which atoms and chemical bonds between them are represented by 
vertices and edges, respectively. A graph ( )EVG ,  with vertex set ( )GV  and 

edge set ( )GE  is connected if there exists a connection between any pair of 
vertices in G. The degree of a vertex is the number of vertices which are 
connected to that fixed vertex by the edges. In a chemical graph, the degree 
of any vertex is at most 4. The number of vertices of G, adjacent to a given 
vertex v, is the “degree” of this vertex, and will be denoted by .vd  The 

concept of degree in graph theory is closely related (but not identical) to the 
concept of valence in chemistry. For details on basics of graph theory, any 
standard text such as [3] can be of great help. 

The first Zagreb index and the second Zagreb index introduced by 
Gutman and Trinajstic [8] are defined as: 

( ) ( )
( )
∑
∈

=
GVv

vdGM 2
1  and ( )

( )
∑
∈

=
GEuv

vuddGM .2  
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Sum connectivity index is defined as: 

( )
( )
∑
∈ +

=
GEuv vu dd

GSC 1  

and modified Randić index is defined as: 

( ) { }
( )

.,max
1∑

∈

=
GEuv vu ddGmR  

Shigehalli and Kanabur [9] introduced the following new degree-based 
topological indices:   
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In this paper, we compute some degree-based topological indices                
of toroidal polyhex network. Moreover, we plot our results to see the 
dependences of these topological indices on the parameters involved. 

2. Computational Results 

The discovery of the fullerene molecules has stimulated many interests  
in other possibilities for carbons. Many properties of fullerenes can be 
studied using mathematical tools such as graph theory. A fullerene can be 
represented by a trivalent graph on a closed surface with pentagonal and 
hexagonal faces, such that its vertices are carbon atoms of the molecule. Two 
vertices are adjacent if there is a bond between corresponding atoms. In [10], 
the authors considered fullerene’s extension to other closed surfaces and 
showed that only four surfaces sphere, torus, Klein bottle and projective 
(elliptic) plane are possible. The spherical and elliptic fullerenes have 12 and 
6 pentagons, respectively. There are no pentagons in toroidal and Klein 
bottle’s fullerenes [11]. 
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A toroidal fullerene (toroidal polyhex), obtained from 3D polyhex          
torus (Figure 1), is a cubic bipartite graph embedded on the torus such that         
each face is a hexagon. The torus is a closed surface that can carry graph of 
toroidal polyhex in which all faces are hexagons and the degree of all 
vertices is 3. We refer [12, 13] for further studies about toroidal polyhexes, 
and for further studies about degree-based topological indices, we refer           
[14, 15] and the references therein. There have appeared a few works in           
the enumeration of perfect matchings of toroidal polyhexes by applying 
various techniques, such as transfer-matrix and permanent of the adjacency 
matrix. Ye et al. [16] have studied a k-resonance of toroidal polyhexes. 
Classification of all possible structures of fullerene Cayley graphs is given in 
[17] by Kang. The atom-bond connectivity index (ABC) and geometric-
arithmetic index (GA) of toroidal polyhex are computed in [18] by Baca et 
al. In [19], the authors computed distance-based topological indices of eight 
infinite sequences of 3-generalized fullerenes. In [20], the authors presented a 
new extension of the generalized topological indices (GTI) approach 
representing topological indices in a unified way. 

 

Figure 1. Polyhex torus. 
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Let L be a regular hexagonal lattice and m
n P  be an nm ×  quadrilateral 

section (with m hexagons on the top and bottom sides and n hexagons on the 
lateral sides, n is even) cut from the regular hexagonal lattice L. First identify 

two lateral sides of m
n P  to form a cylinder, and finally identify the top and 

bottom sides of m
n P  at their corresponding points. From this, we get a 

toroidal polyhex { }nmH ,  with mn hexagons. 

The set of vertices of the toroidal polyhex is: 

( { }) { }.10,10:,, −≤≤−≤≤= mjnivvHV i
j

i
jnm  

The set of edges of the toroidal polyhex is split into mutually disjoint 
subsets such that for even i such that ,20 −≤≤ ni  we have =iA  

{ }10: −≤≤ mjvu i
j

i
j  and { }10:1 −≤≤=′ + mjuvA i

j
i
ji  and for i odd and 

,11 −≤≤ ni  we have { }10: −≤≤= mjuvB i
j

i
ji  and { ≤=′ + 0:1

i
j

i
ji vuB  

}1−≤ mj  and for 10 −≤≤ ni  we have { },10:1 −≤≤= + mjuvC i
j

i
ji  

where i is taken modulo n and j is taken modulo m. Hence 
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We can easily observe from Figure 2 that the number of vertices in 

{ }nmH ,  is 2mn and the number of edges in { }nmH ,  is 3mn. Note that there is 

only one type of edges in toroidal polyhex based on degrees of end vertices 
of each edge. The edge partition ( { })nmHE ,1  contains 3mn edges uv, where 

.3== vu dd  
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Figure 2. 2D lattice graph of toroidal polyhex. 

Theorem 1. Let { }nmH ,  be the toroidal polyhex. Then 

( { }) ,
6

2
,
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( { }) .3
2

,
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Proof. Let { }nmH ,  be toroidal polyhex with defining parameters m and 

n. Then 
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Theorem 2. Let { }nmH ,  be the toroidal polyhex. Then 

( { }) ,2,1 mnHAG nm =  

( { }) ,6, mnHSK nm =  

( { }) ,9,1 mnHSK nm =  

( { }) .18,2 mnHSK nm =  

Proof. Let { }nmH ,  be toroidal polyhex with defining parameters m and 

n. Then 
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3. Conclusions and Discussion 

In this article, we computed arithmetic-geometric index 1(AG  index),        

SK index, 1SK  index and 2SK  index, sum connectivity index and modified 

Randić index of toroidal polyhex. These results can play a vital role in 
determining properties of this network and its uses in industry, electronics, 
and pharmacy. 
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