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Abstract 

Simultaneous equation models describe a two-way flow of influence 
among variables. Simultaneous equation models using panel data, 
especially for fixed effect where there are spatial errors with exact 
solutions, still require to be developed. This paper proposes feasible 
generalized least squares - three-stage least squares (FGLS-3SLS) to 
find all of the estimators with exact solution. The proposed estimators 
are proved to be consistent. 

1. Introduction 

There are two methods to find parameter estimators in simultaneous 
equation models, namely, single-equation methods and system methods. The 
former the methods which are applied to one equation of the system at a time 
and the latter the methods which are applied to all equations of the system 
simultaneously as described in [1]. The latter are the methods which are 
much more efficient than the former because they use much more 
information [1]. 

Solution techniques of system methods consist of two methods, namely, 
three-stage least squares (3SLS) and full information maximum likelihood 
(FIML). The estimators of the former are more robust than that of the latter 
[2]. Consequently, solution technique by means of 3SLS is much more 
advantageous than the one by FIML because it is both time saving and cost 
saving. 

But sometimes, we have an obstacle to obtain the parameter estimators  
of simultaneous equation models because of the limitation of observations. 
However, these problems can be overcome by means of panel data. One 
advantage of panel data is their ability to increase the degree of freedom or 
the sample size [3-5]. 

If the model contains spatial influence and the spatial influence comes 
only through the error terms, we can use spatial error model. We refer to [14] 
for the use of first-order queen contiguity to find row-standardized spatial 
weight matrix and refer to [15-17] for examining spatial influence by means 
of Moran index. 
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There are some papers about estimation of parameters in simultaneous 
panel spatial regression models. However, they are limited only to random 
effects [6, 7, 11]. They used methods of spatial error component three-stage 
least squares (SEC-3SLS) [6] and five-step new estimation strategy [7, 11]. 

Based on above statements, we are motivated to develop simultaneous 
equation models for fixed effect panel data with one-way error component by 
means of 3SLS solutions. In this model, there are spatial influences and they 
come only through the error terms. At this time, we use fixed effect models 
with one-way error component. There are no lags for both endogenous 
explanatory variables and exogenous explanatory variables for this model. 
The objective of this paper is to obtain the closed-form and numerical 
approximation estimators of parameter models and to prove their 
consistency, especially for closed-form estimators. 

2. Models Development 

We refer to [5] with m simultaneous equations model in m endogenous 
variables, namely 

,hhhhhhh uβYαX1y +++μ= −−  (2.1) 

for ,...,,3,2,1 mh =  where hy  denotes the hth endogenous variable vector, 

hX  denotes the hth matrix of observations including (for example )hk  

exogenous explanatory variables, h−Y  denotes the –hth matrix of 

observations including endogenous explanatory variables except the hth 
endogenous explanatory variables, hμ  denotes the hth mean parameter, hα  

denotes the hth parameter vector of exogenous explanatory variables, h−β  

denotes the –hth parameter vector of endogenous explanatory variables, hu  

denotes the hth random error vector assuming mean vector 0 and covariance 

matrix nhI2σ  (homoscedasticity) in which 2
hσ  denotes the unknown hth error 

variance and nI  denotes the nn ×  identity matrix, and 1 denotes the unit 

vector. 
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We suppose that (2.1) is over identified. Solution of (2.1) by 3SLS is 
premultiplying (2.1) by the matrix of observations on all the exogenous 
explanatory variables in the system. This shows that among all the 
exogenous explanatory variables and all the random errors are uncorrelated 
in the system, and we obtain 

,uXβYXXαXGμXyX ttttt
∗∗−−∗∗∗∗∗∗∗∗ +++=  (2.2) 

where ∗X  denotes ∑
=

×
m

h
hkn

1
 matrix including all the exogenous explanatory 

variables in the system, ∗∗X  denotes ∑
=

×
m

h
hkmmn

1
 diagonal matrix whose 

submain diagonal is ,∗X  y  denotes 1×mn  vector including all of 1×n  

vectors, ,hy  G  denotes mmn ×  diagonal matrix whose submain diagonal is 

1, μ denotes 1×m  vector including all of ,hμ  X denotes ∑
=

×
m

h
hkmn

1
 

diagonal matrix whose submain diagonal is hkn ×  matrix, ,hX  α  denotes 

∑
=

×
m

h
hk

1
1 vector including all of 1×hk  vectors, ,hα  −β  denotes 

( ) 11 ×−mm  vector including all of ( ) 11 ×−m  vectors, ,h−β  −Y  denotes 

( )1−× mmmn  diagonal matrix whose submain diagonal is ( )1−× mn  

matrix, ,h−Y  u  denotes 1×mn  vector including all of 1×n  vectors, ,hu  

and n denotes the sample size of observations. 

The next model is fixed effect panel data regression model with one way 
error component [3, 4], namely 

,jjjj u1αX1y +γ++μ=  (2.3) 

for ,...,,3,2,1 Tj =  where jy  denotes the endogenous variables vector of 

jth time period, jX  denotes the matrix of jth time period including (for 

example, k) exogenous explanatory variables, μ denotes the mean parameter, 
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α  denotes the parameters vector of exogenous explanatory variables, jγ  

denotes the jth time period time specific effect parameter, ju  denotes the jth 

time period random error vector assuming mean vector 0 and covariance 

matrix ,2
nIσ  2σ  denotes the unknown error variance. There is one 

restriction of (2.3), namely ∑
=

=γ
T

j
j

1
.0  

We refer to [8] for the properties of Kronecker products, [9] for 
reparametrization, [1, 10, 2] for 3SLS estimation, and [12] for GLS and 
FGLS. By (2.1), using panel data and then adopting models in (2.3), we 
obtain new form of equations: 

hjhjhhjhhjhhj u1βYαX1y +γ+++μ= −−  (2.4) 

for ,...,,3,2,1 mh =  ,...,,3,2,1 Tj =  where hjy  denotes the jth time 

period hth endogenous variables vector, hjX  denotes the jth time period hth 

matrix including (for example, )hk  exogenous explanatory variables, hj−Y  

denotes the jth time period –hth matrix including endogenous explanatory 
variables except the jth time period hth endogenous explanatory variables, 

hjγ  denotes the jth time period hth time specific effect parameter, hju  

denotes the jth time period hth random error vector assuming mean vector 0 

and covariance matrix .2
nhIσ  There is one restriction, namely ∑

=
=γ

T

j
j

1
.0  

We refer to [13] for spatial error model, namely: 

,uXα1y ++μ=  

,ε+λ= Wuu  (2.5) 

where y denotes the endogenous variables vector, X denotes the matrix of 
observations including (for example, k) exogenous explanatory variables,        
u denotes the spatial autocorrelation of random error vector, λ denotes the 
spatial autocorrelation parameter, W denotes the row-standardized spatial 
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weight matrix, and ε denotes the random error vector assuming normal 

distribution with mean vector 0 and covariance matrix .2
nIσ  

If (2.4) contains spatial influence and the spatial influence comes only 
through the error terms, then we can adopt model in (2.5) and we obtain new 
form of equations: 

,hjhjhhjhhjhhj u1βYαX1y +γ+++μ= −−  

,hjhjhhj εWuu +λ=  (2.6) 

for ,...,,3,2,1 mh =  ,...,,3,2,1 Tj =  where hju  denotes the jth time 

period hth spatial autocorrelation of random error vector, hλ  denotes the hth 

spatial autocorrelation parameter, and hjε  denotes the jth time period hth 

random error vector assuming normal distribution with mean vector 0 and 

covariance matrix .2
nhIσ  There is one restriction, namely ∑

=
=γ

T

j
j

1
.0  

We refer to [14] for the use of first-order queen contiguity to find the 
row-standardized spatial weight matrix and to [15-17] for examining spatial 
influence by means of Moran index. Equation (2.6) can be rewritten as: 

.1
hjhhjhhjhhjhhj εA1βYαX1y −

−− +γ+++μ=  (2.7) 

Since hjhjh εuA = , ,1
hjhhj εAu −=  where .WIA hnh λ−=  

For the solution of (2.7) by 3SLS, we obtain the following equation: 

,1
hjh

t
jhj

t
jhhj

t
jhhj

t
jh

t
jhj

t
j εAX1XβYXαXX1XyX −

∗∗−−∗∗∗∗ +γ+++μ=  (2.8) 

but the restriction ∑
=

=γ
T

j
j

1
0  will not be achieved. This is due to j∗X  

having in general, different values of the matrix of observations in every jth 
time period. This paper overcomes the restrictive problem by means of 
average value approach of the matrix of observations. We use this approach 
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because the estimator of the mean is unbiased, consistent, and efficient as 
revealed by [1, 2, 5, 10]. 

As a consequence of this approach, we can write (2.8) as 

,1
hjh

t
hj

t
hhj

t
hhj

t
h

t
hj

t εAX1XβYXαXX1XyX −
∗∗−−∗∗∗∗ +γ+++μ=  (2.9) 

which can be rewritten to obtain new forms of vectors and matrices as 
follows: 

,j
t

j
t

j
tt

j
t εAXGγXθZXGμXyX ∗∗∗∗∗∗∗∗∗∗∗ +++=  (2.10) 

where [ ]jjj −= YXZ #  and [ ]tt
−= βαθ #  having dimensions ×mn  

( )⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+∑

=

m

h
h mmk

1
1  and ( ) 11

1
×⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−+∑

=

m

h
h mmk , respectively. ∗A  denotes 

mnmn ×  diagonal matrix whose submain diagonal is ,1−
hA  jε  denotes 

1×mn  vector including all of 1×n  vectors, .hjε  All others of the vectors 

and matrices are denoted like the ones in equation (2.2), we just add index j 

except for matrix of .∗∗X  We change j∗X  for ∗X  with ∑
=

∗∗ =
T

j
jT 1

1 XX  

and ∗∗X  denotes ∑
=

×
m

h
hkmmn

1
 diagonal matrix whose submain diagonal is 

.∗X  For ,...,,3,2,1 Tj =  the restriction ∑
=

=γ
T

j
hj

1
0  is changed to 

∑
=

=
T

j
j

1
.0γ  

3. Estimating the Parameters 

Now, we estimate all of the parameter models from equation (2.10) and 

their estimators ,ˆ,ˆ θμ  and .ˆ jγ  Estimation of (2.10) is done in three stages. 

During the first-stage, we estimate all the endogenous explanatory variables 
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in the system in every time period as follows: 

,hjhjjhj vαXy += ∗  (3.1) 

where ∗
jX  denotes the matrix of observations including intercept and all the 

exogenous explanatory variables in the system in every jth time period, hjα  

denotes the hth parameter vector of the exogenous explanatory variables in 
the system in every jth time period, and hjv  denotes the hth error random 

vector in every jth time period assuming mean vector 0 and covariance 

matrix nvh
I2σ  in which 2

hvσ  denotes the unknown thhv  error variance. 

To obtain hjŷ , we must find the estimator of .hjα  Estimator for hjα  is 

obtained by minimizing residual sum of squares ( )hj
t
hj vv  in least squares 

method. To minimize this residual sum of squares, we first differentiate with 
respect to ,hjα  then by setting this derivative equal to zero, we obtain the 

estimator of hjα  which is given by 

( ) .ˆ 1
hjjjjhj

tt yXXXα ∗−∗∗=  (3.2) 

We estimate hjy  by 

,ˆˆ hjjhj αXy ∗=  (3.3) 

and obtain 

[ ] [ ],ˆˆˆˆˆ,ˆˆˆˆˆ 43124321 mjjjjjmjjjjj yyyyYyyyyY …… == −−  

[ ] [ ].ˆˆˆˆˆ,ˆˆˆˆˆ ,13214213 jmjjjmjmjjjjj −−− == yyyyYyyyyY ……  

During the second-stage, we first estimate parameter hλ  because this 

parameter is unknown. We assume that there is no spatial influence in (2.6). 

We substitute hj−Y  by hj−Ŷ  in (2.6), where hjhjhj −−− += VYY ˆˆ  and obtain 
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new equations as follow: 

,∗+γ++μ= hjhjhhjhhj u1θZ1y  (3.4) 

where [ ]hjhjhj −= YXZ ˆ#  and [ ]t
h

t
h

t
h −= βαθ #  having dimensions 

( )1−+× mkn h  and ( )11 −+× mkh , respectively, and ∗
hju  denotes the 

composite random error with .ˆ hjhhjhj uβVu += −−
∗  By using the results of 

(3.3), we apply least squares method to find the parameter estimators of 
,, hh θμ  and .hjγ  Because the matrix in the right-hand side is less than full 

rank, to get the estimator of hθ , we use nn ×  dimensional transformation 

matrix Q in which .0Q1 =  We note in passing that t
n n 11IQ 1−=  is 

symmetrical and idempotent. Premultiplying (3.4) by Q, we have 
∗+= hjhhjhj QuθQZQy  and by means of least squares method the estimator 

of hθ  is as follows: 

( ) ( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
= ∑∑

=

−

=

T

j
hj

t
hj

T

j
hj

t
hjh

1

1

1

ˆ QyQZQZQZθ  

.
1

1

1 ⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
= ∑∑

=

−

=

T

j
hj

t
hj

T

j
hj

t
hj QyZQZZ  (3.5) 

By (3.4), the estimators of hμ  and hjγ  are 

,ˆˆ
1 1 ⎥

⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
−=μ ∑ ∑

= =

T

j
h

T

j
hjhj

t
h nT θZy1  (3.6) 

( ),ˆˆ1ˆ hhj
t

hhj
t

hj nn θZ1y1 −μ−=γ  (3.7) 

respectively. 
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From (3.5)-(3.7), we can estimate ∗
hju  as follows: 

( ) .ˆˆˆˆˆ hjhjhhjhjhhjhj yyθZ1yu −=−γ+μ−=∗  (3.8) 

We use ∗
hjû  to estimate parameter hλ  by means of concentrated log-

likelihood. 

The likelihood function of ,...,,3,2,1,...,,2,1, Tjnihj ==ε  denoted 

by hL  is as follows: ( )∏
=

π−
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

σ
−πσ=

T

j
hj

t
hj

h
hhL

1
222 ,

2
1exp2 εε  and by Jacobian 

transformation, we obtain the natural logarithm of hL  as =hLln  

( ) ∑
=

+
σ

−πσ−
T

j
hhjh

t
h

t
hj

h
h TnT

12
2 ,ln

2
12ln2 AuAAu  where hA  is the 

absolute of the determinant of .hA  

We take derivative of 2
hσ . Setting this derivative equal to zero, we obtain 

the estimator of ,2
hσ  namely 

∑
=

=σ
T

j
hjh

t
h

t
hjh nT

1

2 .1ˆ uAAu  (3.9) 

By (3.9), we obtain the concentrated log-likelihood as follows: 

,ln1ln2ln
1

h

T

j
hjh

t
h

t
hj

con
h TnT

nTCL AuAAu +
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
−= ∑

=
 (3.10) 

where ( ) .22log2
nTnTC −π−=  

Let W have eigenvalues ....,,, 21 nωωω  The acceptable spatial 

autocorrelation parameter is 11
minimum

<λ<
ω h  [18]. We use numerical 
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method for con
hLln  to find estimator of ,hλ  namely method of forming 

sequence of hλ  by means of R program. Its procedure is as follows: 

(1) We make sequence values of ,hλ  where =λh  seq(start value, end 

value, increasing). 

(2) For every ,...,,2,1, mhhj =u  we insert values of hλ  in (3.10) and 

find the largest .ln con
hL  Because the values of hju  are unknown, we use 

residual error from (3.8). 

(3) Finding the value of hλ , we obtain the largest con
hLln .  

By substituting 11 ˆ −− = hh AA  with WIA hnh λ−= ˆˆ  and =−hjY  

,ˆˆ hjhj −− + VY  where hj−V̂  is residual error matrix from (3.1), into (2.7), we 

obtain 

,∗∗+γ++μ= hjhjhhjhhj u1θZ1y  (3.11) 

where [ ],ˆ hjhjhj −= YXZ #  [ ]t
h

t
h

t
h −= βαθ #  and hjhhhjhj εAβVu 1ˆˆ −

−−
∗∗ +=  

having dimensions ( ),1−+× mkn h  ( )11 −+× mkh  and 1×n , respectively. 

( ) hhjhjhhj −−−−− −= βYYβV ˆˆ  can be absorbed into error hjh εA 1ˆ −  because 

hjX  and ( )hjhj −− − YY ˆ  as well as hj−Ŷ  and ( )hjhj −− − YY ˆ  are independent 

[2, 10]. 

Since the error variance in equation (3.11) is not constant and the matrix 
in the right-hand side is less than full rank, we overcome these problems by 
means of reparametrization and generalized least squares (GLS). The 
estimators are as follows: 

[ ] [ ]∑∑
=

−

=

−
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
−=

T

j
hjn

t
hh

t
h

t
hj

T

j
hjn

t
hh

t
h

t
hjh

1

1

1
,ˆˆˆˆˆ yI1bAAZZI1bAAZθ  (3.12) 
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( )∑
=

−=μ
T

j
hhjhj

t
hh T

1
,ˆ1ˆ θZyb  (3.13) 

( ),ˆˆˆ hhjhhj
t
hhj θZ1yb −μ−=γ  (3.14) 

where ( ) h
t
h

t
h

t
h

tt
h AA11AA1b ˆˆˆˆ 1−=  which having n×1  dimension. By (3.12) 

to (3.14), we can estimate ∗∗
hju  as follows: 

( ) .ˆˆˆˆ hhjhjhhjhj θZ1yu −γ+μ−=∗∗  (3.15) 

We then use (3.15) and (3.9) to find the estimated covariance matrix of 

the estimator ,ˆ ∗∗
hju  namely 

∗σ=σ

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

σσσσ

σσσσ
σσσσ
σσσσ

=
hhh

mmmm

m

m

m

ˆˆ,

ˆˆˆˆ

ˆˆˆˆ
ˆˆˆˆ
ˆˆˆˆ

ˆ 2

2
321

3
2
33231

223
2
221

11312
2
1

"
#%###

"
"
"

Σ  if ∗= hh  with 

∑
=

∗∗∗∗
∗∗∗ =σ

T

j
jhh

t
hhjhh

t
nT

1
,ˆˆˆˆ1ˆ uAAu  

where 2ˆ hσ  denotes the hth estimated error variance, ∗σ
hh

ˆ  denotes the ∗h th 

and the hth estimated error covariance, and Σ̂  denotes mm ×  estimated 
covariance matrix. 

From (2.10), we have error covariance matrix ( ) =∗∗∗ j
t εAX ˆvar  

( ) .ˆvarˆ
∗∗∗∗∗∗ XAεAX t

j
t  This covariance shows that random errors are 

heteroscedastic, where ( ) ( )t
jjj E εεε =var  for ,...,,3,2,1 mhh == ∗  =t

jε  

[ ],21 mjjj εεε "  [ ],21 hnjjhjh
t
hj εεεε "=  in which we assumed that 
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( )
⎪⎩

⎪
⎨
⎧

≠

=σ
=εε

∗

∗
∗

∗∗
ii

ii
E hh

jihhij
if0

if
 

so that ( ) nhh
t

jhhjE Iεε ∗∗ σ= . We obtain ( ) nj 1Σε ⊗=var  with mnmn×  as 

its dimension. Consequently, ( ) ( ) #
ˆˆˆvar ΣXAIΣAXεAX =⊗= ∗∗∗∗∗∗∗∗∗

t
n

t
j

t  

which is ∑ ∑
= =

×
m

h

m

h
hh kmkm

1 1
 symmetrical matrix. 

We use the estimator of #Σ  because Σ is unknown. The estimator of #Σ  

is as follows: 

#
2

#

2
##3#2#1

#3
2
#3#32#31

#2#23
2

#2#21

#1#13#12
2
#1

# ˆˆ,

ˆˆˆˆ

ˆˆˆˆ
ˆˆˆˆ
ˆˆˆˆ

ˆ
∗σ=σ

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

σσσσ

σσσσ
σσσσ
σσσσ

=
hhh

mmmm

m

m

m

"
#%###

"
"
"

Σ  if ∗= hh with 

( ) .ˆˆˆˆ 11
# ∗

−−
∗ ∗∗∗ σ=σ XAAX t

hh
t

hhhh
 

In the above results, we see that the error variance in equation (2.10) is 
not constant and the matrix in the right-hand side is less than full rank. For 
the last-stage, we overcome those problems again by means of 
reparametrization and GLS. The estimators are as follows: 

∑∑
=

∗∗
−

=

∗∗

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
=

T

j
j

t
j

T

j
j

t
j

1

1

1
,ˆˆˆˆˆ yMHZZMHZθ  (3.16) 

[ ] ( )∑
=

∗−∗ −=
T

j
jj

ttT
1

1 ,ˆˆˆˆ θZyHGGHGμ  (3.17) 

[ ] ( ),ˆˆˆˆˆ 1 θZμGyHGGHGγ jj
tt

j −−= ∗−∗  (3.18) 
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where t
∗∗

−
∗∗

∗ = XΣXH 1
#ˆˆ  and [ ] .ˆˆˆ 1

mn
tt IHGGHGGM −= ∗−∗∗  ,ˆ,ˆ ∗∗ MH  

and mnI  have dimension mnmn × . 

In this paper, the estimators of θ, α and jγ  are called the estimators of 

feasible generalized least squares-multivariate spatial error three-stage least 
squares fixed effect panel simultaneous (FGLS-MSE3SLSFEPS). 

4. Properties of Estimators 

Theorem (Consistency). If +++= ∗∗∗∗∗∗∗∗ j
t

j
tt

j
t GγXθZXGμXyX  

j
t εAX ∗∗∗  as defined in (2.10), then μθ ˆ,ˆ  and jγ̂  are consistent estimators. 

Proof. Recall (2.10). This can be rewritten as θZGμy jj +=  

.jj εAGγ ∗++  Estimators of equation (2.10) are as follows: 
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We refer to [1, 2, 10, 19-21]. Asymptotic expectation and variance of 

μθ ˆ,ˆ  and jγ̂  are as follows: 
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This shows that jγ̂  is asymptotically unbiased estimator. If ,∞→n  then 

{ } .ˆvar.asy 0γ →j  Therefore, jγ̂  is a consistent estimator. 
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5. Illustration 

Suppose there are three dependent variables ,1y  ,2y  3y  and six 

exogenous explanatory variables ,11x  ,12x  ,21x  ,22x  ,31x  32x  observed for 

two time periods and the number of observations being 10 locations with 
equation models as follows: 

,113132121212111111 ijjijijijijij uyyxxy +γ+β+β+α+α+μ=  

,223231212222212122 ijjijijijijij uyyxxy +γ+β+β+α+α+μ=  
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Figure 5.1. Illustration of the 10 neighboring locations. 
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Then from Figure 5.1, we obtain row-standardized spatial weight matrix 
as follows: 
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The formulation of Moran index is as follows: 
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If there is at least one ( ),IEIhj >  then we conclude that there is a 

spatial influence for the equation models. 
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Table 5.1. Data for dependent and exogenous explanatory variables 
Variables 

Dependent Exogenous explanatory 
Time Location 

1y  2y  3y  11x  12x  21x  22x 31x  32x  

1 1 15 25 20  45 51 46 49 47 48 

 2 17 28 23  40 55 42 56 45 53 

 3 14 27 21  41 56 40 58 42 51 

 4 12 26 24  42 58 43 57 40 55 

 5 18 29 22  47 57 45 58 42 51 

 6 19 28 26  46 54 44 55 43 54 

 7 20 31 29  45 56 47 54 49 57 

 8 13 33 31  43 57 46 59 45 52 

 9 14 29 28  47 59 48 60 46 59 

 10 16 27 25  44 52 43 53 44 52 

2 1 16 24 21  50 65 51 64 53 65 

 2 17 29 27  51 66 52 67 54 63 

 3 15 27 23  59 66 58 68 57 71 

 4 14 26 22  58 64 59 66 54 73 

 5 17 30 28  57 63 60 62 56 61 

 6 20 29 27  61 67 61 68 60 67 

 7 18 32 31  63 68 62 65 61 64 

 8 14 32 30  62 68 64 66 59 71 

 9 15 29 27  64 69 65 68 53 59 

 10 18 26 23  58 65 57 69 58 67 

Note: data illustration 

;80.1511 =y  ;30.2821 =y  ;90.2431 =y  ;40.1612 =y  ;40.2822 =y  

;90.2532 =y  ;2442.011 −=I  ;0539.021 =I  ;4586.031 =I  ;2317.012 −=I  

;0878.022 −=I  ;1078.032 −=I  and ( ) ( ) =
−
−

=
−
−

== 110
1

1
1

nIEIE hj  

.1111.0−  

Based on the above result, by means of R Program version 3.0.3, we obtain 
that there is a spatial influence for the equation models. 
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We then continue to estimate parameters by means of FGLS-3SLS. For 
the first-stage, we estimate all the endogenous explanatory variables in the 
system in every time period and the results are as in Table 5.2. 

Table 5.2. Estimated values for endogenous explanatory variables 
Endogenous explanatory variables Time Location 

1y -estimate 2y -estimate 3y -estimate 

1 1 16.5625 26.5828 21.7290 

 2 15.0373 28.5890 25.1588 

 3 16.1904 27.6672 20.7955 

 4 12.3775 26.0621 23.9145 

 5 16.1804 28.3403 22.0819 

 6 17.2918 26.9959 24.8593 

 7 18.7007 29.1060 26.5129 

 8 12.3543 31.5231 28.7592 

 9 16.4805 31.4345 30.8012 

 10 16.8246 26.6991 24.3877 

2 1 15.5100 25.9073 23.1069 

 2 17.3247 27.0314 24.7638 

 3 15.8433 26.3597 22.8089 

 4 13.3019 25.4562 21.0773 

 5 17.3259 29.7492 27.8872 

 6 18.1930 30.2621 28.3106 

 7 18.0785 31.1379 29.8797 

 8 14.7653 32.0924 30.1569 

 9 14.9671 29.3371 27.3870 

 10 18.6902 26.6667 23.6217 

For the second-stage, we estimate .#Σ  From (3.5)-(3.8), we obtain 
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;4294.16ˆ;6897.3ˆ;0005.29ˆ 321 −=μ=μ=μ  

;4711.1ˆ;4711.1ˆ;3963.1ˆ;3963.1ˆ 22211211 −=γ=γ=γ−=γ  

.2131.0ˆ;2131.0ˆ 3231 =γ−=γ  

Table 5.3. Estimated values for residual errors 
Residual errors Time Location 

1u -estimate 2u -estimate 3u -estimate 

1 1 -2.0852 -1.2510 -2.1640 

 2 1.3894 -0.1567 -2.1566 

 3 -0.8172 1.1237 -3.0398 

 4 -2.5630 -1.6336 2.1391 

 5 2.7690 1.9038 -2.9422 

 6 2.4922 -0.1981 2.5667 

 7 4.0701 1.6595 2.6443 

 8 -2.6813 2.3459 2.2713 

 9 -1.6205 -3.1377 -1.5306 

 10 -0.9535 -0.6557 2.2118 

2 1 0.4177 -1.8521 -1.5421 

 2 1.4548 1.8653 2.9468 

 3 -1.1030 0.1722 -0.4396 

 4 -2.4882 0.2060 -0.2406 

 5 -0.6258 0.7948 0.5418 

 6 3.3293 -1.0818 -1.4951 

 7 1.2802 1.2572 1.6116 

 8 -2.6666 0.8980 -0.9222 

 9 -1.1394 -0.9537 0.3575 

 10 1.5410 -1.3061 -0.8181 
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Figure 5.2. Graphs of function of lambda. 

By W, we have the acceptable spatial autocorrelation parameter to        
be .16242.1 <λ<− h  By the method of forming sequence of hλ  with 

increasing 0.01, we obtain 

(1) ( ).01.0,99.0,6142.1seq −=λh  

(2) For every ,3,2,1, =hhju  we insert values of hλ  to (3.10) and find 

the largest .ln con
hL  We use residual error from Table 5.3. 

(3) We obtain .0258.0ˆ;5242.0ˆ;3342.0ˆ
321 =λ−=λ−=λ  From (3.12) 

to (3.15), it follows 
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;0892.1ˆ;0892.1ˆ;1697.1ˆ;1697.1ˆ 22211211 −=γ=γ=γ−=γ  

.2252.0ˆ;2252.0ˆ 3231 =γ−=γ  

Table 5.4. Estimated values for residual errors 
Residual errors Time Location 

1u -estimate 2u -estimate 3u -estimate 

1 1 -2.0276 -1.7228 -2.2548 
 2 1.7354 -0.0777 -2.1559 
 3 -0.6877 1.4103 -3.0375 
 4 -2.6673 -1.7008 2.1551 
 5 2.8813 2.1329 -2.9296 
 6 2.5544 -0.0697 2.5846 
 7 4.3957 1.7895 2.6734 
 8 -2.0044 2.4592 2.2926 
 9 -1.0423 -2.6488 -1.4288 
 10 -0.8548 -0.7101 2.1931 
2 1 0.4360 -2.0388 -1.5636 
 2 1.6002 2.0544 2.9229 
 3 -1.1994 0.2145 -0.4320 
 4 -2.6595 -0.1325 -0.2117 
 5 -0.1104 0.5151 0.5204 
 6 3.7548 -0.8357 -1.4836 
 7 1.7832 1.2665 1.5965 
 8 -2.0198 0.7209 -0.8520 
 9 -0.9434 -1.0140 0.3263 
 10 1.5356 -0.9529 -0.8397 

We obtain 

.

142,414.613,983.004,690.123,943.87

3,960,7061,141.6471,569.4760,705.21
4,690.1271,569.4783,961.0271,066.58
3,943.8760,705.2171,066.5860,331.13
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For the last-stage, we estimate the parameters of equation models (5.1). By 
(3.16) to (3.18), we obtain 

;
4.1290
22.6601
48.1897
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and the estimated equation models (5.1) are 

1211211111 0.03350.69230.128648.1897ˆ iiii yxxy −−+=  

,ˆ2.94580.1649 1113 ii uy +−+  

1112212112 0.22790.12090.044022.6601ˆ iiii yxxy −−+=  

,ˆ0.21380.5671 1213 ii uy +−+  

1113213113 0.16790.09740.00374.1290ˆ iiii yxxy −−−=  

,ˆ1.14731.0580 1312 ii uy +−+  

,ˆ0.3342ˆ 1111 uwt
iiu −=  

,ˆ0.5242ˆ 2112 uwt
iiu −=  
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,ˆ0.0258ˆ 3113 uwt
iiu =  

2221221121 0.03350.69230.128648.1897ˆ iiii yxxy −−+=  

,ˆ2.94580.1649 2123 ii uy +++  

2122222122 0.22790.12090.044022.6601ˆ iiii yxxy −−+=  

,ˆ0.21380.5671 2223 ii uy +++  

2123223123 0.16790.09740.00374.1290ˆ iiii yxxy −−−=  

,ˆ1.14731.0580 2322 ii uy +++  

,ˆ0.3342ˆ 1221 uwt
iiu −=  

,ˆ0.5242ˆ 2222 uwt
iiu −=  

.ˆ0.0258ˆ 3223 uwt
iiu =  
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