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Abstract 

In this paper, we construct the polynomial integral transform of 
fractional derivative and define the convolution of functions, Also, we 
prove the convolution theorem for the polynomial integral transform 
and using this we solve the fractional differential equations which give 
the convergence of the solution faster as compared to other integral 

transforms defined on [ ).,1 ∞  
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1. Introduction 

Fractional calculus began to attract much more attention of physicists 
and mathematicians, because of the various interdisciplinary applications can 
be elegantly modeled with the help of fractional derivatives [13]. They were 
used in modeling of many physical and chemical processes and in 
engineering [9, 10, 12, 13]. The mathematical aspects of fractional 
differential equations and methods of their solution were discussed by many 
authors: the nonlinear oscillation of earthquake can be modeled with 
fractional derivative [13], the fluid-dynamic traffic model with fractional 
derivative [12], and the differential equation with fractional order have 
recently proved to be valuable tool for modeling of many physical 
phenomena [10]. The analytic results on the existence and uniqueness of 
solution to the fractional differential equations have been investigated by 
many authors [6, 9]. 

During the last decades, several methods have been used to solve 
fractional differential equations, fractional partial differential equations, 
fractional integro-differential equations and dynamic systems containing 
derivatives such as iteration method [18], the series method [7], the Fourier 
transform method technique [17], special method for fractional differential 
equations of rational order or for equations of special type, the Laplace 
transform method [15], and the operational calculus method [11, 20, 21]. 
Recently, several mathematical methods such as Adomian decomposition 
method [11, 20, 21], variational iteration method [20], homotopy 
perturbation method [25] and homotopy analysis method [21] have been 
developed to obtain the exact and approximate solutions. Some of these 
methods use transformation in order to reduce equations into simpler 
equations or systems of equations and other methods give the solution in a 
series form which converges to the exact solution. 

The polynomial integral transforms are either prototypes or have the 
same applications as the Laplace transforms. In addition, almost all of these 
integral transforms use exponential function of parameters as their kernels. 
Using the exponential function, kernel does not only require complex 
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mathematical structures but also takes a long before the solution is obtained. 
Using the Mellin-Barnes integral poses the similar challenges as the Laplace 
integral transform and its prototypes [5]. 

In [5], the author introduced a new polynomial integral transform, and 
discussed the integral transform method for solving differential equations, 
and also presented the definition and given the proof for the polynomial 
integral transform. Using this polynomial integral transform, it is shown that 
the solution of the differential equation converges for [ ),,1 ∞∈x  also some 

properties of the polynomial integral transform are established. 

In this present paper, we develop the solutions for polynomial integral 
transform of fractional derivative and using polynomial integral transform of 
fractional derivative we solve some fractional differential equations. 

2. Technical Background 

In this section, we use some definitions and notations which are given       
in [5] with details, and present technical preparation needed for further 
discussion. 

Definition 2.1 (Polynomial integral transform) [5]. Let ( )xf  be a 

function defined for .1≥x  Then the integral 

 ( )( ) ( ) ( )∫
∞ −− ==

1
1ln sFdxxxfxfB s  (2.1) 

is the polynomial integral transform of ( )xf  for [ ),,1 ∞∈x  provided the 

integral converges. 

2.1. The convergence of the polynomial integral transform [5] 

It is shown that the polynomial integral transform converges for variable 
defined [ ),,1 ∞  by Taylor’s series expansion, then 

( )( ) ( )∫
∞

≤
1

,ln dxxfMxfB  where .0>M  
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It implies that the polynomial integral transform converges uniformly for a 
given s. The function ( )xf  must be piecewise continuous. Thus, ( )xf  has at 

most a finite number of discontinuities on any interval ,1 Ax ≤≤  and the 

limit of ( )xf  exists at every point of discontinuity. 

2.2. Existence of the polynomial integral transform 

It is shown that the polynomial integral transform exists for [ ).,1 ∞∈x  

Theorem 2.1 (Existence theorem for the polynomial integral transform) 
[5]. Let ( )xf  be a piecewise continuous function on [ )∞,1  and of exponential 

order. Then the polynomial integral transform exists. 

2.3. Properties of the polynomial integral transform 

Theorem 2.2. The polynomial integral transform is a linear operator: 

( ) ( )[ ] ( )( ) ( )( ).2121 xgBxfBxgxfB α+α=α+α  

Theorem 2.3. The inverse polynomial integral transform is also a linear 
operator: 

( ) ( ) ( ) ( )[ ],21
1

21 sGsFBxgxf α+α=α+α −  

where ( )( ) ( )sFxfB =  and ( )( ) ( ),sGxgB =  respectively. 

Theorem 2.4 (First shifting theorem) [5]. If ( )( ) ( ),sFxfB =  then 

( ( )) ( )asFxfeB ax −=  for .1>s  

Theorem 2.5 (Second shifting theorem) [5]. Let 

( ) cxxHc ≤≤= 0,0  

cx ≥= ,1  

be a unit step function. Then 

( )( ) ( ).csFcxfHB c −=−  
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Theorem 2.6 [5]. If ( )xf  is a piecewise continuous function on [ ),,1 ∞  

but not of exponential order, then a polynomial integral transform 

( )( ) 0→xfB  as .∞→s  

2.4. The polynomial integral transform of derivatives [5] 

Theorem 2.7 [5]. If ( )1...,,,, −′′′ nffff  are continuous on [ )∞,1  and if 
( )( )xf n  is piecewise continuous on [ ),,1 ∞  then 

( ( )) ( ) ( ) ( ) ( )( ),000 121 −−− −−′−−= nnnnn ffsfssFsxfB  

where ( ) ( )( ).xfBsF =  

Corollary [5]. Suppose f is a continuous function and let ( )sF  be the 

polynomial integral transform. Then we have 

( ( )) ( ) ( ) ( )( ).1 sFsxfxB nnn −=  

Definition 2.2. The Caputo fractional derivative of order 0>α  for a 
continuous function ( ) ( ) R→∞,0:tf  is defined by 

( ) ( )
( )( )

( )∫ <α<−τ
τ−

τ
α−Γ

= +−α
α t

n

n
nnd

t
f

ntfD
0 1 1,1  (2.2) 

provided that the right-hand side is point-wise defined on ( )∞,0  where the 

Gamma function is defined by 

( ) ∫
∞ −−=Γ
0

1 .dttez zt  

3. Main Result 

Lemma 3.1. Let ( )xf  be a function defined for .1≥x  Then the 

polynomial integral transform of fractional derivative is 



B. R. Sontakke, G. P. Kamble and S. R. Acharya 2918 

[ ( )] ( )( ) ( )( ) ,1,0,0
1

1∑
=

−−ααα ≤α<−>α−=
n

k

kk nnfstfBstfDB  

( ) ( ) ( )( ) ( ) .0,,0,,0 1 >∈∞∈ bbLtfCtf nn  (3.1) 

Proof. By using (2.1) and (2.2), we have 

[ ( )] ( ) ,ln
1

1∫
∞ −−αα = dtttfDtfDB s  

put .,,ln duedtetut uu ===  

When ,,,0,1 ∞→∞→== utut  

[ ( )] ( ) ( )∫
∞ −−αα =
0

1 dueeufDtfDB usu  

( )∫
∞ −α=
0

dueufD su  

by Caputo fractional derivative 

( )
( )( )

( )∫ ∫
∞

+−α
− ξ

ξ−
ξ

α−Γ
=

0 0 1
1 u

n

n
su dud

u
f

ne  

by changing the order of integration we get 

( )
( )( )

( )
,1

0 1∫ ∫
∞ ∞

ξ +−α
− ξ

ξ−
ξ

α−Γ
= dud

u
fen n

n
su  

put ,,, dzduzuzu =+ξ==ξ−  

( )
( ) ( )∫ ∫

∞ ∞ −α−ξ+− ξξ
α−Γ

=
0 0

11 dzdzefn
nzsn  

( )
( )( )∫ ∫

∞ ∞ −α−−ξ− ξξ
α−Γ

=
0 0

11 dzzedfen
nszns  
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again by substituting ,1,, dssdzs
uzusz ===  

( )
( )( )∫ ∫

∞ ∞ −α−
−ξ− ⎟

⎠
⎞⎜

⎝
⎛ξξ

α−Γ
=

0 0

1 11 duss
uedfen

n
uns  

( )
( )( )∫ ∫

∞ ∞

α−

−α−
−ξ− ξξ

α−Γ
=

0 0

11 du
s

uedfen n

n
uns  

( )
( )( ) ( )∫

∞

α−
ξ− α−Γξξ

α−Γ
=

0

1
n

ns

s
ndfen  

( )( ) ,
0∫
∞ ξ−−α ξξ= dfes nsn  

put ,1,,ln η
η

=ξ=ηη=ξ ξ dde  

( )( )∫
∞ −−−α ηηη=

1
1 ln dfs nsn  

( ( )( ))tfBs nn−α=  

{ ( ) ( )( ) ( ) ( ) ( )( )}000 121 −−−−α −−′−−= nnnnn ffsfstfBss  

( )( ) ( ) ( ) ( ) ( )( )000 121 −−α−α−αα −−′−−= nn fffsfstfBs  

( )( ) ( )( )∑
=

−−αα −=
n

k

kk fstfBs
1

1 .0  

Theorem 3.2. Let 21 <α<  and ., R∈ba  Then the fractional 

differential equation 

( ) ( ) ( ) 0=++α tbytaDytyD  
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with the initial conditions ( ) ( ) 10 0,0 kyky =′=  has its solution 

( ) ( ) ( ) ( ) ( )

( )( )∑ ∑
∞

=

∞

=

α+−α

+α+−αΓ
−++Γ−=

0 0

1
0 !11

1
!

m l

mllm

lml
talm

m
bkty  

( ) ( ) ( ) ( )

( )( )∑ ∑
∞

=

∞

=

+α+−α

+α+−αΓ
−++Γ−+

0 0

11
1 !21

1
!

m l

mllm

lml
talm

m
bk  

( ) ( ) ( ) ( )

( )( )∑ ∑
∞

=

∞

=

−α+α+−α

α+α+−αΓ
−++Γ−+

0 0

11
0 .!1

1
!

m l

mllm

lml
talm

m
bak  

Proof. The fractional differential equation is 

( ) ( ) ( ) .0=++α tbytaDytyD  

Applying the polynomial integral transform of fractional derivative, 
using (3.1), we have 

[ ( ) ( ) ( )] ,0=++α tbytaDytyDB  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ,0000 21 =+−+′−− −α−αα sbyaysasyysyssys  

( ) ( ) ,0
2

1
1

0 aksksksybass ++=++ −α−αα  

( ) ,0
2

1
1

0
bass

aksksksy
++

++
= α

−α−α
 (3.2) 

since 

11

11
−−α

−

α ++
=

++ bsas
s

bass
 

( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

+
++

=

−α

−
−α

−

as
bsas

s

1

1
1

1

1
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( )

1

1

1

1

1
1

−

−α

−

−α

−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

+
+

+
=

as
bs

as
s  

( )
( )∑

∞

=
−α

−

−α

−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

+
−

+
=

0
1

1

1

1
1

m

m
m

as
bs

as
s  

( )
( )∑

∞

=
+−α

−−

+
−=

0
11

1

m
m

m
m

as
sb  

( )
( ( ))∑

∞

=
+α−−α

−−

+
−=

0
111

1

1m
m

m
m

ass
sb  

( ) {( ) }∑
∞

=

−+α−α−α− +−=
0

1111
m

mmm assb  

( ) ( )∑ ∑
∞

=

∞

=

α−α−α− −⎟
⎠
⎞

⎜
⎝
⎛ +

−=
0 0

1

m l

lmm as
l

lm
sb  

( ) ( )∑ ∑
∞

=

∞

=

α−α−α−−⎟
⎠
⎞

⎜
⎝
⎛ +

−=
0 0

.
m l

mlllm sa
l

lm
b  

Therefore, by using equation (3.2), we have 

( ) { } ( ) ( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−⎟
⎠
⎞

⎜
⎝
⎛ +

−++= ∑ ∑
∞

=

∞

=

α−α−α−−α−α

0 0
0

2
1

1
0

m l

mlllm sa
l

lm
baksksksy  

( ) ( ) ( )∑ ∑
∞

=

∞

=

−α−α−−⎟
⎠
⎞

⎜
⎝
⎛ +

−=
0 0

1
0

m l

mlllm sa
l

lm
bksy  

( ) ( )∑ ∑
∞

=

∞

=

−α−α−−⎟
⎠
⎞

⎜
⎝
⎛ +

−+
0 0

2
1

m l

mlllm sa
l

lm
bk  

( ) ( )∑ ∑
∞

=

∞

=

α−α−α−−⎟
⎠
⎞

⎜
⎝
⎛ +

−+
0 0

0 .
m l

mlllm sa
l

lm
bak  
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Now, taking inverse polynomial transform, we get 

( ) ( ) ( ) ( )
( )( )

( )
∑ ∑
∞

=

∞

=

α+−α

+α+−αΓ
−+−=

0 0

1
0 !11

!
!

m l

mllm

l
t

ml
alm

m
bkty  

( ) ( ) ( )
( )( )

( )
∑ ∑
∞

=

∞

=

+α+−α

+α+−αΓ
−+−+

0 0

11
1 !21

!
!

m l

mllm

l
t

ml
alm

m
bk  

( ) ( ) ( )
( )( )

( )
∑ ∑
∞

=

∞

=

−α+α+−α

α+α+−αΓ
−+−+

0 0

11
0 .!1

!
!

m l

mllm

l
t

ml
alm

m
bak  

Hence 

( ) ( ) ( ) ( )
( )( )

( )
∑ ∑
∞

=

∞

=

α+−α

+α+−αΓ
−++Γ−=

0 0

1
0 !11

1
!

m l

mllm

l
t

ml
alm

m
bkty  

( ) ( ) ( )
( )( )

( )
∑ ∑
∞

=

∞

=

+α+−α

+α+−αΓ
−++Γ−+

0 0

11
1 !21

1
!

m l

mllm

l
t

ml
alm

m
bk  

( ) ( ) ( )
( )( )

( )
∑ ∑
∞

=

∞

=

−α+α+−α

α+α+−αΓ
−++Γ−+

0 0

11
0 .!1

1
!

m l

mllm

l
t

ml
alm

m
bak  

 Lemma 3.3. If 0=a  in above equation, then 

( ) ( ) 21,0 ≤α<=+α tbytyD  

with initial conditions ( ) 00 ky =  and ( ) 10 ky =′  has a solution 

 ( ) ( )
( )

( )
( )∑ ∑

∞

=

∞

=

αα

+αΓ
−+

+αΓ
−=

0 0
10 .21

m m

mm

m
bttkm

btkty  (3.3) 

Theorem 3.4. Let 10 <α<  and .R∈b  Then the equation 

( ) ( ) 0=−α tbytyD  



A New Integral Transform Method for Solving Fractional … 2923 

with initial condition ( ) 00 ky =  has a solution 

 ( ) ( )
( )∑

∞

=

α

+αΓ
=

0
0 .1

m

m

m
btkty  (3.4) 

Proof. The fractional differential equation is 

( ) ( ) .0=−α tbytyD  

Applying the polynomial integral transform of fractional derivative, 
using (3.1), we have 

( ( ) ( )) ,0=−α tbytyDB  

( ) ( ) ( ) ( ) ,000 21 =−−′−− −α−αα sbyysyssys  

( ) ( ) ,00
1 =−− −αα sbykssys  

( ) ( ) ,1
0

−αα =− sksybs  

( ) α−

−

α

−α

−
=

−
=

bs
sk

bs
sksy

1

1
0

1
0  

( ) 11
0 1 −α−− −= bssk  

( )∑
∞

=

α−−=
0

1
0

m

mbssk  

∑
∞

=

−α−=
0

1
0 .

m

mmsbk  (3.5) 

Using inverse polynomial integral transform, we have 

( ) ( )∑
∞

=

−α−−=
0

11
0

m

mm sBbkty  

( )∑
∞

=

α

+αΓ
=

0
0 .1

m

mm

m
tbk  
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Theorem 3.5. Let 21 <α<  and ., R∈ba  Then the fractional 

differential equation 

( ) ( ) ( ) 02 =++ α tbytyaDtyD  

with initial conditions ( ) ( ) 10 0,0 kyky =′=  has a solution 

( ) ( ) ( ) ( )
( )( )∑ ∑

∞

=

∞

=

α−

++α−Γ
−++Γ−=

0 0

22
0 !122

1
!

m l

lmm

lml
atlm

m
tbkty  

( ) ( ) ( )
( )( )∑ ∑

∞

=

∞

=

α−+

++α−Γ
−++Γ−+

0 0

212
1 !222

1
!

m l

lmm

lml
atlm

m
tbk  

( ) ( ) ( )
( )( )∑ ∑

∞

=

∞

=

α−+α−

+α−+α−Γ
−++Γ−+

0 0

222
0 !322

1
!

m l

lmm

lml
atlm

m
tbak  

( ) ( ) ( )
( )( )∑ ∑

∞

=

∞

=

α−+α−

+α−+α−Γ
−++Γ−+

0 0

232
1 .!422

1
!

m l

lmm

lml
atlm

m
tbak  

Proof. The fractional differential equation is 

( ) ( ) ( ) .02 =++ α tbytyaDtyD  

Applying the polynomial integral transform of fractional derivative, using 
(3.1), we have 

( ( )) ( ( )) ( )( ) ,02 =++ α tybBtyDaBtyDB  

( ) ( ) ( ) { ( ) ( ) ( ) } ( ) ,00000 212 =+−′−−+′−− −α−αα sbyysyssysaysysys  

( ) ( ) ( ) ,01
2

0
1

10
2 =+−−+−− −α−αα sbykaskassyasksksys  

( ( ) ,) 1
2

0
1

10
2 kaskasksksybass −α−αα +++=++  

( ) ,2
1

2
0

1
10

bass
kaskasksksy

++

+++
= α

−α−α
 (3.6) 
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since 

α−α−

α−

α ++
=

++ bsas
s

bass 22
1  

( )
⎭
⎬
⎫

⎩
⎨
⎧

+
++

=

α−

α−
α−

α−

as
bsas

s

2
2 1

 

( )

1

22 1
−

α−

α−

α−

α−

⎭
⎬
⎫

⎩
⎨
⎧

+
+

+
=

as
bs

as
s  

( ) ∑
∞

=
α−

α−

α−

α−

⎭
⎬
⎫

⎩
⎨
⎧

+
−

+
=

0
22

m

m

as
bs

as
s  

( )
( )∑

∞

=
+α−

α−α−

+

−=
0

12
m

m

mm

as
sb  

( )
[ ( )]∑

∞

=
+−αα−

α−α−

+

−=
0

122 1m
m

mm

ass
sb  

( )
( )∑

∞

=
+−α

−−

+

−=
0

12

22

1m
m

mm

as
sb  

( ) {( ) }∑
∞

=

−+−α−− +−=
0

11222 1
m

mmm assb  

( ) ( )∑ ∑
∞

=

∞

=

−α−− −⎟
⎠
⎞

⎜
⎝
⎛ +

−=
0 0

222

m l

lmm as
l

lm
sb  

( ) ( ) ( )∑ ∑
∞

=

∞

=

−−−α−⎟
⎠
⎞

⎜
⎝
⎛ +

−=
0 0

222 .
m l

mllm sa
l

lm
b  
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Therefore, by using equation (3.6), we have 

( ) { } ( ) ( ) ( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−⎟
⎠
⎞

⎜
⎝
⎛ +

−+++= ∑ ∑
∞

=

∞

=

−−−α−α−α

0 0

2222
1

1
010

m l

mllm sa
l

lm
bsaksakksksy  

( ) ( ) ( ) ( )∑ ∑
∞

=

∞

=

−−−α−⎟
⎠
⎞

⎜
⎝
⎛ +

−=
0 0

122
0

m l

mllm sa
l

lm
bksy  

( ) ( ) ( )∑ ∑
∞

=

∞

=

−−−α−⎟
⎠
⎞

⎜
⎝
⎛ +

−+
0 0

222
1

m l

mllm sa
l

lm
bk  

( ) ( ) ( )∑ ∑
∞

=

∞

=

−α+−−α−⎟
⎠
⎞

⎜
⎝
⎛ +

−+
0 0

322
0

m l

mllm sa
l

lm
bak  

( ) ( ) ( )∑ ∑
∞

=

∞

=

−α+−−α−⎟
⎠
⎞

⎜
⎝
⎛ +

−+
0 0

422
1 .

m l

mllm sa
l

lm
bak  

Now, by taking inverse polynomial integral transform, we have 

( ) ( ) ( ) ( ) ( )
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Definition 3.1. The convolution of functions ( )tf  and ( )tg  is denoted 

by ( ) ( )tgtf ∗  and is defined by 

( ) ( ) ( ) ( )∫ −=∗
t

duuutguftgtf
1

1lnlnln  

put 

,lnlnln vut =−  

,lnln v
tu =  

dv
v

duv
tu 2

1, −==  

when 

tvu == ,1    and   ,1, == vtu  

then 

( ) ( ) ( ) ( )∫ −=∗
t

duvutfvgtgtf
1

1lnlnln  

( ) ( ).tftg ∗=  

This shows that the convolution of ( )tf  and ( )tg  obeys the commutative 

law of algebra. 
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Theorem 3.6 (Convolution theorem). If ( )[ ] ( )sFtfB =  and ( )[ ] =tgB  

( ),sG  then 

( ) ( )[ ] ( ) ( ) ( ) ( ).1lnlnln
1

sGsFduuutgufBtgtfB
t

=⎥⎦
⎤

⎢⎣
⎡ −=∗ ∫  

Proof. By (3.1), we have 

( ) ( )[ ] ( ) ( ) ⎥⎦
⎤

⎢⎣
⎡ −=∗ ∫

t
duuutgufBtgtfB

1
1lnlnln  

( ) ( )∫ ∫
∞

=
−−

⎥⎦
⎤

⎢⎣
⎡ −=

1 1
1 1lnlnln

t

ts dtduuutguft  

by changing the order of integration, we get 

( ) ( )∫ ∫
∞

=

∞=

=
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⎢⎣
⎡ −=

1
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u

t
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( ) ( )∫ ∫
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=

∞=

=
−−

⎥⎦
⎤

⎢⎣
⎡ −=

1
1 lnlnln

u

t

ut
s dudtutgtu

uf  

put 
,lnlnln vut =−  

( ),lnln uvt =  

udvdtuvt == ,  

when 
1, == vut    and   ,, ∞→∞→ vt  

then 

( ) ( )[ ] ( ) ( ) ( )∫ ∫
∞

=

∞

=
−−

⎥⎦
⎤

⎢⎣
⎡=∗

1 1
1 lnln

u v
s duudvvguvu

uftgtfB  

( ) ( )∫ ∫
∞

=

∞

=
−−−−=

1 1
11 lnln

u v
ss dvvgvduufu  

( ) ( ).sGsF=  
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Theorem 3.7. Let 10 <α<  and ., R∈ba  Then the fractional 

differential equation 

( ) ( ) ( ) ( )tftbytaDytyD =++α  

with initial conditions ( ) ( ) ( ) 210 0,0,0 kykyky =′′=′=  has its solution 

( ) ( ) ( ) ( )∑ ∑
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=

−⎟
⎠
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⎛ +
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0 0m l
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∞
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( ) ( ) ( ) ( )
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∞
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0 0
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!
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m l
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lml
talm

m
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Proof. The fractional differential equation is 

( ) ( ) ( ) ( )tftbytaDytyD =++α  

with initial conditions ( ) ( ) ( ) .0,0,0 210 kykyky =′′=′=  

Applying the polynomial integral transform of fractional derivative, 
using (3.1), we have 

[ ( ) ( ) ( )] ( )[ ],tfBtbytaDytyDB =++α  

( ) ( ) ( ) ( ) ( ) ( ) ( )sbyaysasyysysyssys +−+−′′−′−− −α−α−αα 0000 321  

( )( ),tfB=  

( ) ( ) ( ) ,0
3

2
2

1
1

0 aksksksksFsybass ++++=++ −α−α−αα  
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( ) ( ) ,0
3

2
2

1
1

0
bass

aksksksksFsy
++

++++
= α

−α−α−α
 (3.7) 

( ) ( )
bass

sk
bass

ak
bass

sFsy
++

+
++

+
++

= α

−α

αα

1
00  

,
3

2
2

1
bass

sk
bass

sk
++

+
++

+ α

−α

α

−α
 (3.8) 

since 

11

11
−−α

−

α ++
=

++ bsas
s

bass
 

( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
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++
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−α

−
−α

−
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−
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⎜⎜
⎝

⎛

+
+

+
=
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s  

( )∑
∞

=
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−

−α

−

⎟⎟
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⎞
⎜⎜
⎝

⎛

+
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1

1
1
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m
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∞

=
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1

m
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( ( ))∑

∞
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0
111
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1m
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m
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∞
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0
111m

m

m
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( ) {( ) }∑
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0

1111
m

mmm assb  
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( ) ( )∑ ∑
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Therefore, using equation (3.7), we have 

( ) ( ) ( ) ( )∑ ∑
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=
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⎠
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( ) ( )∑ ∑
∞

=

∞

=

−α−α−−⎟
⎠
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−+
0 0
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( ) ( )∑ ∑
∞

=

∞
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−α−α−−⎟
⎠
⎞

⎜
⎝
⎛ +
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0 0

3
2 .

m l

mlllm sa
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bk  

Now taking the inverse polynomial integral transform, we have 

( ) ( )( ) ( ) ( )
⎪⎩

⎪
⎨
⎧

−⎟
⎠
⎞

⎜
⎝
⎛ +

−+= ∑ ∑
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=
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The inverse of the first term depends upon the nature of ( ).sF  We apply 

partial fraction or convolution theorem. Let the inverse of first term be ( ).tG  

Then 

( ) ( ) ( ) ( )∑ ∑
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Theorem 3.8. Let 10 <α<  and ., R∈ba  Then the fractional 

differential equation 

( ) ( ) ( ) ( )tftbytyaDtyD =++ α2  

with initial conditions ( ) ( ) ( ) 210 0,0,0 kykyky =′′=′=  has its solution 
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Proof. The fractional differential equation is 

( ) ( ) ( ) ( )tftbytyaDtyD =++ α2  

with initial conditions ( ) ( ) ( ) .0,0,0 210 kykyky =′′=′=  

Applying the polynomial integral transform of fractional derivative, 
using (3.1), we have 

[ ( ) ( ) ( )] ( )[ ],2 tfBtbytyaDtyDB =++ α  

( ) ( ) ( ) { ( ) ( ) ( ) } ( )sbyysyssysaysysys +−′−−+′−− −α−αα 0000 212  

( )( ),tfB=  
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1
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 (3.9) 
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Therefore, using equation (3.9), we have 
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Now, taking the inverse polynomial integral transform, we have 
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The inverse of the first term depends on the nature of ( )sF  and depending  

on its nature, we will apply inverse by partial fraction or by convolution 
theorem. 
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Let the inverse of the first term be ( ).tG  Then we get 
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Example 3.1. The fractional differential equation 
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with initial conditions ( ) 00 ky =  and ( ) 10 ky =′  has a solution 
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Example 3.2. The fractional differential equation 

( ) ( ) ( ) 055
6
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with initial conditions ( ) 00 ky =  and ( ) 10 ky =′  has a solution 
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Example 3.3. The fractional differential equation 

( ) ( ) 025
4

=− tytyD  

with initial conditions ( ) 00 ky =  and ( ) 10 ky =′  has a solution 
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Example 3.4. The fractional differential equation 

( ) ( ) 042
3

=+ tytyD  
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with initial condition ( ) 00 ky =  has a solution 

( ) ( )
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0 0
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4. Conclusion 

Hence, by the polynomial integral transform, we can easily obtain the 
solution of the fractional differential equations. 
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