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1. Introduction

Fractional calculus began to attract much more attention of physicists
and mathematicians, because of the various interdisciplinary applications can
be elegantly modeled with the help of fractional derivatives [13]. They were
used in modeling of many physical and chemical processes and in
engineering [9, 10, 12, 13]. The mathematical aspects of fractional
differential equations and methods of their solution were discussed by many
authors: the nonlinear oscillation of earthquake can be modeled with
fractional derivative [13], the fluid-dynamic traffic model with fractional
derivative [12], and the differential equation with fractional order have
recently proved to be valuable tool for modeling of many physical
phenomena [10]. The analytic results on the existence and uniqueness of
solution to the fractional differential equations have been investigated by
many authors [6, 9].

During the last decades, several methods have been used to solve
fractional differential equations, fractional partial differential equations,
fractional integro-differential equations and dynamic systems containing
derivatives such as iteration method [18], the series method [7], the Fourier
transform method technique [17], special method for fractional differential
equations of rational order or for equations of special type, the Laplace
transform method [15], and the operational calculus method [11, 20, 21].
Recently, several mathematical methods such as Adomian decomposition
method [11, 20, 21], variational iteration method [20], homotopy
perturbation method [25] and homotopy analysis method [21] have been
developed to obtain the exact and approximate solutions. Some of these
methods use transformation in order to reduce equations into simpler
equations or systems of equations and other methods give the solution in a
series form which converges to the exact solution.

The polynomial integral transforms are either prototypes or have the
same applications as the Laplace transforms. In addition, almost all of these
integral transforms use exponential function of parameters as their kernels.
Using the exponential function, kernel does not only require complex
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mathematical structures but also takes a long before the solution is obtained.
Using the Mellin-Barnes integral poses the similar challenges as the Laplace
integral transform and its prototypes [5].

In [5], the author introduced a new polynomial integral transform, and
discussed the integral transform method for solving differential equations,
and also presented the definition and given the proof for the polynomial
integral transform. Using this polynomial integral transform, it is shown that
the solution of the differential equation converges for x e [1, ), also some

properties of the polynomial integral transform are established.

In this present paper, we develop the solutions for polynomial integral
transform of fractional derivative and using polynomial integral transform of
fractional derivative we solve some fractional differential equations.

2. Technical Background

In this section, we use some definitions and notations which are given
in [5] with details, and present technical preparation needed for further
discussion.

Definition 2.1 (Polynomial integral transform) [5]. Let f(x) be a

function defined for x > 1. Then the integral
B(f(x)) = Lw F(Inx)x~Sldx = F(s) 2.1)

is the polynomial integral transform of f(x) for x e [1, «), provided the

integral converges.
2.1. The convergence of the polynomial integral transform [5]

It is shown that the polynomial integral transform converges for variable
defined [1, o), by Taylor’s series expansion, then

B(f(x)) < MLOO| f(Inx)|dx, where M > 0.
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It implies that the polynomial integral transform converges uniformly for a
given s. The function f(x) must be piecewise continuous. Thus, f(x) has at

most a finite number of discontinuities on any interval 1 < x < A, and the

limit of f(x) exists at every point of discontinuity.
2.2. Existence of the polynomial integral transform

It is shown that the polynomial integral transform exists for x e [1, o).

Theorem 2.1 (Existence theorem for the polynomial integral transform)
[5]. Let f(x) be a piecewise continuous function on [1, o) and of exponential

order. Then the polynomial integral transform exists.
2.3. Properties of the polynomial integral transform

Theorem 2.2. The polynomial integral transform is a linear operator:
Bloy f(x) + a29(X)] = 01B(f (X)) + a2B(g(x)).

Theorem 2.3. The inverse polynomial integral transform is also a linear
operator:

oy (%) + 029(%) = B oy F (s) + aG(s)],
where B(f(x)) = F(s) and B(g(x)) = G(s), respectively.
Theorem 2.4 (First shifting theorem) [5]. If B(f(x)) = F(s), then
B(e™f(x)) = F(s—a) for s > 1.
Theorem 2.5 (Second shifting theorem) [5]. Let
He(x)=0, 0<x<c
=1, x=>¢c

be a unit step function. Then

B(H.f(x—c)) = F(s —c).
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Theorem 2.6 [5]. If f(x) is a piecewise continuous function on [1, ),

but not of exponential order, then a polynomial integral transform
B(f(x)) >0 as s - .
2.4. The polynomial integral transform of derivatives [5]
Theorem 2.7 [5]. If f,f' " .., £ (1) are continuous on [1, o) and if
f(”)(x) is piecewise continuous on [1, «), then
B(f"(x)) = s"F(s) - s" 1 (0) - s"2£'(0) —--- — £("D(0),
where F(s) = B(f(x)).

Corollary [5]. Suppose f is a continuous function and let F(s) be the

polynomial integral transform. Then we have
B(X"F(x)(s) = (-1)"F"(s).

Definition 2.2. The Caputo fractional derivative of order o > 0 for a
continuous function f(t): (0, ) — R is defined by

(n)
L ) R 2.2)

o 1 t
D*f(t) = T(n-a) -[O (t— T)a—n+1

provided that the right-hand side is point-wise defined on (0, o) where the

Gamma function is defined by

I(z) = I: e 't2 1t

3. Main Result

Lemma 3.1. Let f(x) be a function defined for x >1. Then the

polynomial integral transform of fractional derivative is
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B[D®f ()] = s*B(f(t)) - Zn:s“‘kf(k‘l)(o), a>0 n-l<a<n,

f(t)e C"(0, o), fM(t)e Ly(0, b), b>0.

Proof. By using (2.1) and (2.2), we have
B[D® f (t)] = J 1°° D% f (Int)t~S~dt,
put Int =u, t =e", dt = e"du.

Whent =14, u=0,t— o0, U — o0,

B[D* f(t)] = I: DY f (u)eU(-SDelqy

= I: D% f(u)e !du

by Caputo fractional derivative

- £
_,[0 e r(n—a)_[o o 7 dédu

by changing the order of integration we get

£(n)
=T a)J J )O(F)nﬂ d&du,

putu-§=2zu=E&+z du=dz,

_ © en)e [ o-s(z+E),n—a-1
= F(n—a)jo f é.[o e z dzdg

_ 1 r® see(n) ® sz n-o-1
= F(n—a).[o e = f (g)dgjo e >z dz

(3.1)
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. I u 1
again by substituting sz = u, z = 5 dz = gds,

n-o-1 1

e A C R B

_ 1 ® st c(n) o _ . yne-l
B F(n—a)jo e > f (é)d&jo e e du
1 * o=st £ (n) I'(n-o)
B I*(n—oc).[o e () dE o
= 5o [Tesi ()
=" Tt ),
put & =Inm, n = e5, d¢ = %dﬂ:
_co-n[% —s-1¢(n)
=S jl n W (Inn)dn
_ Sa_nB(f(n)(t))
= Sa_n{s(n)B(f(t)) _ Sn—lf(o) _ Sn—2ff(0) T f(n—l)(o)}
= S“B(f(t)) - s* 71 (0) = s* 2 £/(0) — - — £ (D)

= s“B(f(t)) - Zn: s@ k(-1 @),

k=1

Theorem 3.2. Let 1<a <2 and a,beR. Then the fractional

differential equation

D%y(t) + aDy(t) + by(t) = 0
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with the initial conditions y(0) = kg, y'(0) = k; has its solution

= b) T(m + | +1)(-a) tle-DI+om
y(t)—k Z Z F(((I 1)| +0Lm+l)||

(= b)m . I(m+1+2)(- a)'t(“ -1)l+am+1
o Z Z ;((OCJr DI+ am + 2)I!

(- b)m 2 T(m + 1 +1)(-a) @D romro-l
ko Z Z Jl:((:c DI+ am + a)l! :

Proof. The fractional differential equation is
D%y(t) + aDy(t) + by(t) = 0.

Applying the polynomial integral transform of fractional derivative,
using (3.1), we have

B[D“y(t) + aDy(t) + by(t)] = 0,
s%y(s) — s%1y(0) - s(*2)y/(0) + asy(s) - ay(0) + by(s) = O,
(s* +as + b) y(s) = kgs* L + kys* 2 + akg,

s%71 1 Kks*7? + aky

y(s) = X0 (3.2)

s“+as+b

since

1 _ s

s“yas+b s*Tiatbst

S—l

_ bs~t
(s*1+ a)(1+aTJ

S +a
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-1
st bst
T a1 1+ ==
(s“ " +a) s“ "t +a

st < m( bs? "
g Ee

m=0 +a

(=b)" -1 s_m_ll— 1
(s* @+ as )Mt

_ i(—b)ms_“m_a{(l—k asl—a)m+1}—l

m=0
_ i(_b)m S—am—ai[m + I)(_asl—a)|
m=0 1=0 I

Therefore, by using equation (3.2), we have

i (_b)mi(m + Ij (_a)| S|—OL|—OLm—OL.
m=0 =0 !

2921

y(s) = {kosa_l + klsa_z + ako}{i(—b)mi(m |+ Ij(_a)l S'-(X'—(xm—a}

m=0 1=0
o m — (m + | | J—al-am-1
0=t YY" el
m=0 1=0

+ kl i (_b)mi (m I+ I)(_a)| Sl—al—am—z
m=0 1=0

+ akg Z (—b)mz (m |+ Ij(—a)I gl —ol—om-a
m=0

= 1=0
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Now, taking inverse polynomial transform, we get

A\ (a=1)1+am
Y(t)—koz( Zr(((m+l)!( ) ! T

a-1) +am+1)

0 t((x—l)|+am+1

(- b)m (m + )(-a)'
”‘12 ZF((QTI)IJra?nJrZ) i

0 t(a—1)|+am+a—1

(- b)*“ (m+1)!(-a)
+akoz ZF((GTI)l +(xam+a) Il

Hence

1:(oc—1)|+0Lm

r(m+1+1)(-a)
y(t) = ko Z = Z r(((g_+1) i lfmaf D1

(= b)m o I(m+| 1)(—a)' t(o=Dl+om+1
’ klz = (o —+1)|++ am + 2) I

1:(oc—l)l-konm+oc—1

(0 =1 + oam + o) Il

+ akg i (—:3”‘ i rr(m +1+1)(-a)
m=0 1=0

Lemma 3.3. If a = 0 in above equation, then
D%(t)+by(t)=0, l<a<?2

with initial conditions y(0) = kg and y'(0) = k; has a solution

(=bt*)™ bt (=bt)™
Y(t) - k0 Z Z F(Otm n 2) (3-3)
Theorem 3.4. Let 0 < a <1 and b € R. Then the equation

Dy(t) - by(t) = 0
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with initial condition y(0) = kg has a solution

YD) = ko Z )T (3.4)

(am+1)°

Proof. The fractional differential equation is

D%y(t) - by(t) = 0
Applying the polynomial integral transform of fractional derivative,
using (3.1), we have

B(D”y(t) - by(t)) = 0,
s%y(s) = s*71y(0) = s*72y'(0) — -+ —by(s) = O,
s*y(s) — s* ko — by(s) = 0,

(s* =b)y(s) = koS“_l,

-1

koS _ koS
ys) = -b 1-bs™®

= kos_l(l —bs™*)t

= Kkos ! Z (bs™®)M

m=0
o0
= ko ) bMs™*Mm (3.5)
Using inverse polynomial integral transform, we have

J(t) = ko > bMB s um )

m=0
© bmtam

0 _OF(am +1)°
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Theorem 35. Let 1<a <2 and a,beR. Then the fractional
differential equation

D2y(t) + aD*y(t) + by(t) = 0
with initial conditions y(0) = kg, y'(0) = k; has a solution

) (b)m 2 G T(m + 1 +1)(-at?> ™)
y(t) = koz Zr(gtaguzau)l!

mt2m+1

(-b) o I(m + | +1)(-at>™)
+"Z m! Ig{;l“((n;toj)-l+2r(’jr11+2)l!

m 2m o+2 ®

(—b)™t r(m +1 +1)(-at>~*)
+ akg Z = ;r((ZT;)|++ T N

thm B I(m+1+1)(-at> )

(=b)
+aly Z L2~ o)l + 2m o+ A

Proof. The fractional differential equation is
D2y(t) + aD%y(t) + by(t) = 0.

Applying the polynomial integral transform of fractional derivative, using
(3.1), we have

B(D?y(t)) + aB(D*y(t)) + bB(y(t)) = 0,

s2y(s) - y(0) - Y'(0) + a{s*y(s) - s*y(0) - s ~2y'(0) -} + by(s) = 0,
s2y(s) — skg — ky + as®y(s) — as* kg — as® 2k; + by(s) = 0,

(s? + as* + b) y(s) = skg + ky + as®* kg + as*ky,

-1 -2
y(s) = skg + ky +as®* kg + as* kg

, (3.6)
s2+as* +b




A New Integral Transform Method for Solving Fractional ... 2925

since

1 B s ¢

s2iras®+b sZ*ia+bs

s ¢ i —ps |
- (s> +a) s> 1 a

m=0

( b)m —am-a
n;)(s )m+1

0

_ (=b)™
B Z [SZ—a(1+ asa—Z)]m+1

m=0

© (_b)m S—2m—2

-3

a—2)m+1
m=0

(1+as

(_b)ms—Zm—Z{(1+ asa—Z)m+1}—l

M M

o 22y " case 2
1=0

i
o

?MS

2( J( a)fs(@-2)1-2m-2,
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Therefore, by using equation (3.6), we have

y(s) = {kos + kg +akgs* L+ akys*™ 2}{2( b)mz(m”)( a) s(a-2)1-2m- 2}
m=0 1=0

y(s)—kOZ( b)mZ[ | Ij(_a)|s(a—2)l—2m—1

=0

+klz( b)mZ[ j( ) slo-2)1-2m-2
3 my (M | (a-2)1-2m+a-3
+aky ) (-b) Z( | )(—a) s

m=0 1=0

+aklz( b)mZ[ | Ij(—a)'s(“‘z)"zmm—"’_

1=0

Now, by taking inverse polynomial integral transform, we have

- (-b (m + 1)1(—a) t@-e)t+2m
o= koz Z (2 - o)l + 2m + )11

(- b)m = (m+|)!(_a)|t(2—a)l+2m+1
+kz Z (2 -o)l +2m+2)I!

(- b)m = (m+DI(- a)|t(2 o)l+2m—a+2
+akoz Z T(2-o)l +2m— o + 3)I!

(=b (m+ I)!(_a)lt(Z—a)l+2m_a+3
+aklz Z I(2-a)l+2m—a+ 4)I!

e ()™M G T(m 4+ 1+ 1) (—at> !
y(t) = ko Z m g; T2 -l + 2m T DI
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(=b)™2™ G (m + 1+ 1)(-at**)'
+kz . %F((Z—a)l+2m+2)l!

(- b)m M2 & r(m 4+ |+ 1) (-at? %)
+ akg Z (- ) +2m-o+ 3T

( b)m 2m a+3 X F(m+ I +1)(_at2—a)|
*aklz 2 T2 o)+ 2m - o+ A1

Definition 3.1. The convolution of functions f(t) and g(t) is denoted
by f(t)* g(t) and is defined by

F(t) * g(t) = Lt f(inu)g(int - Inu) Ly

put
Int—Inu =Inv,
Inu:lnl,
Vv
u=l, du=—i2dv
v v
when
u=lv=t and u=t,v=1]
then

f(t)*g(t) = Lt g(Inv) f(Int—1In u)%du

= g(t)= f(t).

This shows that the convolution of f(t) and g(t) obeys the commutative

law of algebra.
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Theorem 3.6 (Convolution theorem). If B[f(t)] = F(s) and B[g(t)] =
G(s), then

B[F (1) * g(1)] = BU; f(Inu)g(int - In u)%du} _ F(s)G(s).
Proof. By (3.1), we have

B[F (1) * g(1)] = BU; f(Inu)g(int - In u)%du}

® t
— -s-1 _ l
= J.t:1t Ul f(Inu)g(Int —In u)u du}dt
by changing the order of integration, we get

_ Im Ut:wt_s_lf(ln u)g(Int — In u)%dt}du

u=l| Jt=u
0 t=00
= j MU t5Ig(Int - In u)dt}du
u=1 u t=u
put
Int—Inu=1Inv,
Int = In(uv),
t=uv, dt=udv
when
t=u,v=1 and t = oo, v = oo,
then

Bf(t) * g(t)] = I‘” MU\Zl(uv)_s_lg(lnv)udv}du

u=1 U
=J.OO u_s_lf(lnu)duj vSIg(Inv)dv
u=1

= F(s)G(s).

[e 0]
v=1
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Theorem 3.7. Let O<a <1 and a,beR. Then the fractional
differential equation

D%y(t) + aDy(t) + by(t) = f(t)

with initial conditions y(0) = kg, y'(0) = kq, ¥"(0) = k, has its solution

y(t) = Z( )" Z[”” Jcatew

+ak02( b)m i(m-l,-l)l( a)lt(Ot - l+am-1

(o =)+ am+ a)l!

(=b (m + 1)(~a) t(@-DI+om
+koz Z r(ErOl—l)|+ocm +1)ll

C((oa =)l + am+ 2)I!

+k1i(_r?3m 2(m+l)!(_a)lt(a—l)l+am+l

+k2i(_r?3m i(m+|)!(_a)lt(a—l)l+am+2.

C((o =) + am + 3)I!
Proof. The fractional differential equation is
Dy(t) + aDy(t) + by(t) = f(t)
with initial conditions y(0) = kg, y'(0) = kq, y"(0) = k.

Applying the polynomial integral transform of fractional derivative,
using (3.1), we have

B[D*y(t) + aDy(t) + by(t)] = B[ f ()],
s*y(s) — s*1y(0) — s*2y'(0) — s*~3y"(0) — --- + asy(s) — ay(0) + by(s)
= B(f(t)),

(s* +as + b)y(s) = F(s) + kos® L + kys* 72 + kps*~3 + aky,
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CF(s) + Kos® T 4+ kgs® 2 + kps® 2 + akg

y(s) : (3.7)
s +as+b
1
y(s) = F(s) . akg . kos*
s“+as+b s*+as+b s*+as+b
-2 -3
+ ks + kps™ , (3.8)
s“+as+b s*+as+b
since
1 _ s‘l
s“yas+b s*Tiatbst
- 1
(s*t+a)l1+ b‘i
s“*+a
-1
st bs~1
= ol I+ ==
s“ T +a st +a

Il
Q
wn
= |
LN
s
N
N’
3
TN
%)
$lo
= U’l
Q
~
3

— _ m S
- mzzo( b) (Sot—l n a)m+1
® -m-1
— — m S
N n%)( ) (S(x—l(1+ asl (x))m+1
~ 0 o g-om-a
h mz_‘a( b) 1+ asl—a)m+1
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ii( o ey (" castef

1=0

_ i(_b)mi[m + Ij(_a)| Sl—al—am—(x.
m=0 1=0 |

Therefore, using equation (3.7), we have
(S)— F(S)Z( b) Z[ j | | al-am-a
< m - | J—al-am-a
+ak02( b) Z( ) -a)'s
m=0 1=0
+ ko i(_b)mi(m + ') (—a) gl -al-om-1
m=0 1=0
Lk i(_b)mi(m j _g)f gl-ol-om-2
! |
m=0 1=0
+ ko i(—b)mi(m |+ Ij(—a)l gl-al-am-3
m=0 1=0

Now taking the inverse polynomial integral transform, we have

y(t) = B‘l{(F(s) + ako)i(—b)mi(mI+ I)(—a)'s"“"“m‘“
m=0 1=0

kg Z (=D Z (m + 1)1(—a) t(@-Dl+am

(o = 1)1 + am + 1)1

( b)m © ( |)( )|t(0L -1)l+am+1
+klz Z mFZL(OL l)alJrOLerZ)ll

0

( b)m ( |)( )|t(OL Dl+oam+2
+k22 Z mrJ(r(og 1€)le +oam+ 31 [
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The inverse of the first term depends upon the nature of F(s). We apply
partial fraction or convolution theorem. Let the inverse of first term be G(t).
Then

y(t)—Z( )" Z[ JRI

(o — 1)1 + am + a)I!

+ ak Z ( Z (m + |)!(_a)|t(0€—1)|+(xm_]_

— C((o =)l + am + 1)I!

+ko Z = b? Z (m + 1)i(=a)' e Divom
m=0 m:

N klz( b)m i (m + D)1(—a) t(eDI+om1
m=0

C((o =) + am + 2)I!

m+|)|( a)lt((x—l)|+0tm+2

S (-0)™ < ( (-
+k2m§) m! g(; T((o— Dl + am + 3)I!

Theorem 3.8. Let O<a <1 and a,beR. Then the fractional

differential equation
DZy(t) + aD“y(t) + by(t) = f(t)

with initial conditions y(0) = kg, y'(0) = kg, y"(0) = k, has its solution

y(t>—2< b)mz[ Je-atem

(- b)m = ( (- )lt(Z—a)I+2m+1
+k12 Z mFEF(Z—oSlI +2m+ 2)I!

( ( |)!(— )It(2—a)l+2m
+koz Z rp(EFZ—oc)aI1+2m + 1)l
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(= b)m > (M + I)!(_a)|t(2—(x)l+2m—a+2
+akz Z Ir'(2-a)+2m—oa+3)I!

© (m+|)( a) t(Z o)l+2m-o+3

(= b)m
”"‘12 Z T2 -o)l +2m—a + A

m + I)l(_a)'t(Z—a)l+2m—a+4

(b ( :
+akzz Z T(2-a)l+2m—a +5)I °

Proof. The fractional differential equation is

D?y(t) + aDy(t) + by(t) = f (t)
with initial conditions y(0) = kg, y'(0) = kq, y"(0) = k.

Applying the polynomial integral transform of fractional derivative,
using (3.1), we have

B[D?y(t) + aD%y(t) + by(t)] = B[f (t)],

s2y(s) — 5y(0) - y'(0) + a{s“y(s) - s*1y(0) — s*~?y'(0) = -+-} + by(s)
= B(f(1)),

s2y(s) — skg — ky + as®y(s) — akps® L — akys* 2 — ak,s* 3 + by(s)
= F(s),

(s? + as® + b)y(s) = ks + kg + akos® L + akys* 2 + akos® 3 + F(s),

F(s) + koS + kg + akos® ™ + akys®* 2 + ak,s®~3
y(s) = o , (3.9)
s“+as” +b

since

1 B s ¢

s2yas®+b  s2%4a+bs

-1
s ™ bs™*
- 2—ao 1+ 2—ao
S +a S +a

-
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_ 0 _ m
s * Z —pbs™*
§27% 4 g §27% 4 g

m=0

b m —O(m o
Z ( ) )m+1

(s2 “+a

© (_b)m S—am—a

— (SZ—OL(l i aSOL—l))m+l

bm—2m2
:Z( )a2)m+1

—(L+as

i (_b)m S—2m—2{(1 n as(x—Z)m+1}—1

m=0

< mom_2sem (M + 1 PN

_mz_‘a(—b) s2 2;( I ](—as 2)

_ i(_b)mi(m + Ij(_a)| S(a—2)|—2m—2.
m=0 1=0 I

Therefore, using equation (3.9), we have

y(s) = {F(s) + kos + ky + akoso‘_l + aklso‘_2 + akzsa_S}

{Z( b)mz[ )( a)l ste-2)l-2n- 2}

46) = (Fls) k) Y (0" (et ste-2ian-2

m=0 1=0

n kO i (_b)mi [m |+ I) (_a)l S(a—2)|—2m—1
m=0 1=0
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+ akg Z(_b)mz(m + Ij(_a)| s(0-2)1-2m+a-3
m=0 =0 '

+ aklz(_b)mz(m I+ |j(_a)| ((a-2)l-2m+a-a
m=0 1=0

n k2 i(_b)mi(m I+ Ij (_a)| S(O(—2)|—2m+0(—5.
m=0 1=0

Now, taking the inverse polynomial integral transform, we have

V() = —1{(F(s>+k1>2( b)" Z( j (-a)fsto2n=

m=0 1=0

(- b) (m + 1)(=a) tZe)t+2m
+koz Z(; F((+2—oc)l+2m + It

m + I)I( a)lt(z—ot)|+2m—a+2

(= b)m S ( (-
+akoz Z [(2— o)+ 2m—o + 3)I!

m+ 1 )l (_a)| t(Z—OL)|+2m—OL+3

S ()" 5 (
+ak1mZ:‘6 ml IZ(; I'(2-o)l+2m—o + 4)l!

( (m I I)!(_a)|t(2—(x)|+2m—0(+4
+ak22 Z T2 —a)l +2m—a+5) |
The inverse of the first term depends on the nature of F(s) and depending

on its nature, we will apply inverse by partial fraction or by convolution
theorem.
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Let the inverse of the first term be G(t). Then we get

v = b)mz[m+ Je-atem

m=0

(~b)™ ( Ni(- )|t(2—0c)l+2m+1
+klZ Z mFEr(2—03I+2m+2)I!

( b)m ® (m |)'( a) t(2 a)l+2m
+k02 % @ o s om T IT

m + I)I(_a)lt(z—ot)|+2m—a+2

(b (m+1)!
+akoz Z [(2— o)+ 2m—o + 3)I!

(-b (m+ I)!(_a)lt(Z—a)l+2m_a+3
+ak12 Z I((2-o)l +2m—o + 4)l!

+ak22( b)m i(m—i-l)l( a)lt(z a)l+2m—-a+4

~ r(2-a)l+2m—-a+5)I -

Example 3.1. The fractional differential equation
5

D4y(t) - 2Dy(t) - 3y(t) = 0
with initial conditions y(0) = kg and y'(0) = k; has a solution

5
2m

|
y(t)_koZleF(m+|+1)t4 '
G+ 7 e

m=0 I=0 T

5
4

I +1
N klz . ZF(mE| +1)2 t42)“
2 !

4
5.5

|
4 4 4
+2k02 Zr(m+|+l)2t .

+— +§II
4 4 4)"
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Example 3.2. The fractional differential equation
5
D?y(t) - DSy(t) - 5y(t) = 0
with initial conditions y(0) = kg and y'(0) = k; has a solution

4

S 5M2M S T(m 4+ | +1)(t5)!

('[) kOZ = (4 )( )
|:ol"(§l+2m+l)l!

4
5m2m+1 r(m+1+1)(t5)
+k12 (m+1+ 1))
|_0F(§I+2m+2jll
4 4
< Smtzm_g o T'(m + | +1)('[§)I
koz ! Z 4 9
= |:Or(§|+2m—g)ll

9 4

0 2m-z =l
5Mt 5 r(m+1+2)(t5

_kl§ ( )( )

4 14\,
— iy |
|= or(5I+2m 5)'

Example 3.3. The fractional differential equation
4
D3y(t) - 2y(t) = 0

with initial conditions y(0) = kg and y'(0) = k; has a solution

Qt)
Yt =k Z T(am +1)
Example 3.4. The fractional differential equation

3
D2y(t) + 4y(t) = 0
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with initial condition y(0) = kg has a solution

3

y(t) = koz ¢ 4t r((;ntﬁ 2 (3.10)

4. Conclusion

Hence, by the polynomial integral transform, we can easily obtain the
solution of the fractional differential equations.
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