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Abstract

Anderson and Smith [1] defined weakly prime ideal of a commutative
ring with identity and considered the necessary and sufficient
condition for a ring in which every proper idea is weakly prime.
Hirano et a. [2] generalized the definition of weakly prime ideal for
any ring (not necessary commutative nor with identity) and proved
some properties of ring in which every proper ideal is weakly prime
(then it is called fully weakly prime ring). Necessary and sufficient
conditions for fully weakly prime ring are aso given. Hirano et a. [2]
also studied some possibilities of nilpotent radical of fully weakly
prime ring. In this paper, we establish a necessary and sufficient
condition for a fully weakly prime ring using the characteristics of its
nilpotent radicals.
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1. Introduction

A proper idea P of commutative ring R is called prime if abe P
implies ae P or b e P, for any a, b e R This definition was generalized
for any ring. A proper ideal P of any ring R is called prime if IJ c P
implies| < P or J ¢ P, forideals| and J of R. In[1], Anderson and Smith
considered the definition of weakly prime idea of commutative ring with
identity. A proper ideal P of ring R is called weakly prime if 0= abe P
implies ae P or be P, for any a, b e R Furthermore, Hirano et al. [2]
generalized the weakly prime ideal for any ring (not necessary commutative
nor with identity). Hirano et al. [2] aso proved some possibilities of nilpotent
radical of ring in which every proper ideal is weakly prime.

2. Some Results

We begin with the following:

Definition 1 (Hirano et a. [2]). Let R be any ring and P be a proper
ideal of R. Then P is called aweakly primeideal if and only if for any proper
idealsl andJof Rwith 0= IJ cP,l cPorJcP.

Definition 2 (Hirano et a. [2]). A ring whose every proper ided is
weakly primeis called afully weakly prime ring.

Hirano et al. [2] considered necessary and sufficient condition for a fully
weakly prime ring by multiplication of its ideds. In the following
proposition, it is proved that aring is fully weakly prime if and only if the
multiplication of itsideals satisfies some conditions.

Proposition 3 (Hirano et a. [2]). Aring Ris a fully weakly prime ring if
and only if for anyidealsl and Jof R, 13 =0, I =1 or 1J = J.

Hirano et al. [2] also studied nilpotent radical (sum of all nilpotent ideals)
of fully weakly prime ring. Moreover, by Proposition 3, we can conclude that
every ideal of fully weakly prime ring is idempotent ideal or square zero
ideal. Therefore, when we discuss nilpotent radical of fully weakly prime
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ring, it means we only talk about the sum of all the square zero ideals of the
ring. The nilpotent radical of thering Ris denoted by N(R).

Corollary 4 (Hirano et a. [2]). Let R be a fully weakly prime ring. Then
(N(R))2 =0 and every prime ideal of R contains N(R)...(*), and one of
the following holds:

(1) N(R)=R

(2 N(R)=P(R) is a minimal prime ideal. All other ideals are
idempotent and linearly ordered. If N(R) = 0, then N(R) is the only non-
idempotent prime ideal.

(3) N(R)=P(R) is not a prime ideal. In this case, there exist two
minimal ideals J; and J,, with N(R) = J; N J, and J;J, = J5J1 = 0. All
other ideals containing N(R) also contains J; + J, and they are linearly
ordered.

By adding some conditions to the possibilities of nilpotent radical in
Corollary 4, we can give a sufficient condition for a ring to be fully weakly
prime. The following theorem provides a necessary and sufficient condition
for aring to be fully weakly prime.

Theorem 5. Let R be any ring for an ideal | of which either 12=0or
1Z2=1%0 and either | = N(R) or N(R)c I. Then R is fully weakly
primeif and only if one of the following holds:

() N(R =R

(2) All ideals containing N(R) are linearly ordered and for any ideals |
andJwith | < N(R) and N(R)c J, I3 =00r IJ =1.

(3) There exist exactly two minimal ideals B, and P, of R, such that
N(R) < R for i € {1, 2}. Moreover, BP, = P,R, = 0 and all other ideals
containing N(R) also contains B, + P, and they are linearly ordered. For
anyidealsl and Jwith | < N(R) and N(R)c J, IJ=00r IJ =1.
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Proof. Let R be afully weakly primering. By Corollary 4, then either
(1) N(R) = R, and thus (1) holds.

(2) N(R) isaprimeidea. In this case, all ideals containing N(R) are
linearly ordered. Let | and J be any ideals with | < N(R) and N(R) < J.
Let 1J #0. By Proposition 3, IJ=J or IJ=1. Snce IJcINJc
Il cN(R)c J, I3 =1.Hence, I3 =0o0r IJ =1. Thus, (2) holds.

(3) N(R) is not a prime idea. In this case, there exist exactly two
minimal ideals B and P, such that N(R)=R NP, < J; and N(R) =
RNP, < Jy. Moreover, BP, = PR, =0 and al other ideals containing
N(R) also contains B + P, and they are linearly ordered. Let | and J be any
ideals with 1 < N(R) and N(R) < J. Let 1J # 0. By Proposition 3, we
have 1I3=J or IJ=1. Since Jc INJclcNRcJ, 13=1I.
Hence, 1J =0 or IJ = 1. Thus, (3) holds.

Conversely, let (1), (2) or (3) hold. First, it will be proved that
(N(R))? = 0. Since N(R) = 2 Ni, with N? =0, for every i e A, where
A is an index set. Therefore, there exists a natural number k such that
(N(R)¥ = 0. But since (N(R))?> =0 or (N(R))?> = N(R)# 0, (N(R))?

= 0. Now, we prove the converse as follows:
(1) Let (1) hold. Since N(R) = R, R? = 0. Therefore, for any idedls |
andJof R, 1J ¢ R? = 0. Thus, Risafully weakly primering.

(2) Let (2) hold. Let K be any nonzero proper ideal of R, and | and J be
any idealswith 0 = 1J < K.

e For N(R) c K.

—If <N(R) or J=N(R), then I c N(Rc K or Jc
N(R) < K.
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—If NR)c| and N(R)yc J, then I = J or J c I, since all
ideals containing N(R) are linearly ordered. Hence, | = 12 <
WcKorJ=J2c1JcK.
Thus, K isweakly primeideal.

eFor K = N(R). Clam | < N(R) and N(R) < J.

—Suppose | < N(R) and J = N(R). Then 1IJ ¢ (N(R))2 =0.
Itisacontradiction.

—Suppose N(R)c | and N(R)yc J. Then | < J or J c I, since
al ideals containing N(R) are linearly ordered. Hence, | = 12
WcKord=J2cllcK.

It isacontradiction.

Therefore, | < N(R) and N(R) < J. Consequently, 13 =0 or 1J =1.

Since 3 =0, IJ=1 and | =13 < K. Thus, K is a weakly prime ideal,
and Risafully weakly prime ring.

3. Let (3) hold. Let K be any nonzero proper ideal of R, and | and J be
any idealswith 0 = 1J < K.

eFor B+ P, c K.

—-IflcR+P o JcRhR+P, thenwehave | c B +P, c K
orJcPhR+PBk cK.

-fR+PRclandPR+P cJ, thenl < J or J c I, sinceal
ideals containing N(R) other than B and P, are linearly ordered.

Therefore, | =12 c1Jc K or J=J2c 1J c K.

Thus, K isaweakly prime ideal.
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eFor K =R,.

—If 1< N(R) or J=N(R), then  cN(Rch o Jc
N(R) < R.

—1f N(R) < | and N(R) c J.

*In case, R+P,cl o R +P < J. Without loss of

generality, assume B, + P, < |. Weclam J = R,.
Suppose J = P,. Then

P =(R)’=RR+(R)’ =(R+P)R cllcK =R,
It isacontradiction.

Suppose R+ P, < J. Then | < J or J c I, sinceall ideals
containing B + P, are linearly ordered. Therefore, | = 12
cllcKorld=JcllcK,

Itisacontradiction. Hence, J = B, < K.

*If lcR+P,and Jc R +P, then | =R and J =Py,
for i, j e {1, 2}. Therefore, | =R or J=R. Hence, | =
RcKoJ=RcK.

Thus, K is aweakly prime ideal. With the same argument as above, it can be
proved that K = P, isalso aweakly primeideal.

eFor K = N(R). Weclam | < N(R) and N(R) < J.
—Suppose | = N(R) and J = N(R). Then 1J < (N(R))? = 0.

It isacontradiction.
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— Suppose N(R) < | and N(R) < J.
*If R+Pc | or B+ P, cJ. Without loss of generality,
assume B+ P c I.

Suppose J = R, for i € {1, 2}. Then

R=R)=RR+(R’=R+PR)RclckK
It isacontradiction.
Suppose B+ P, < J. Then| < J or J c I, sinceal ideals
containing B + P, are linearly ordered. Therefore, | = 12 ¢
JcKord=J2cllcK.
Itisacontradiction.
#*If R+Pcl and JcR+P, then | =R and J = P,
with i, j € {1, 2}.
Suppose | =R and J =P,. Then IJ = BP, =0.
It isacontradiction.

Suppose | =P = J, for some i € {1, 2}. Then P = (P)?
=1J c K.

It is a contradiction.

Therefore, | < N(R) and N(R) < J. Consequently, I3 =0or 1J = 1.
SncelJ#0, IJ=1and | =1J c K.

Thus, K isaweakly primeideal, and Risafully weakly primering.
Acknowledgement

The authors thank the anonymous referees for their valuable suggestions
which led to the improvement of the manuscript.



890 Rissa Asdiyanti and Irawati
References

[1] D. D. Anderson and E. Smith, Weakly prime ideals, Houston J. Math. 29(4)
(2003), 831-840.

[2] Y.Hirano, E. Poon and H. Tsutsui, On ringsin which every ideal is weakly prime,
Bull. Korean Math. Soc. 47(5) (2010), 1077-1087.



