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Abstract

We propose and study the properties of an integral transform that has
strengths in transforms of integrals. This result is from the intrinsic
structure and properties of Laplace-typed integral transforms. Also,
this form is well adapted to solving Volterra integral equation and
semi-infinite string.

1. Introduction

The method of integral transforms has been developed because of the
easy accessibility and the high application. The form is defined by

j: K(s, t) f (t)dt,

where the kernel K(s, t) is doing the role which transforms one space to the

other space in order to solve the solution. In the previous researches, the
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nature of integral transform is mentioned well in [2-4]. The shifted data
problem [14], the Laplace transform of derivative expressed by Heaviside
functions [15], and the solution of Volterra integral equation of the second
kind by using the Elzaki transform [18] were proposed. As a study of
comprehensive forms, we have proposed the intrinsic structure and properties
of Laplace-typed integral transforms in [13] as

t
F(u) = G(f) = uO‘I: e Uf(t)dt )

for an integer o and for a generalized integral transform G. In general,
Laplace transform has a strong point in the transforms of derivatives, that is,
the differentiation of a function f(t) corresponds to multiplication of its

transform £(f) by s. While, if we choose G_,(f) as

_t
c3_2(f)=ui2jO e Uf(t)dt, @)

then this transform is giving a simple tool for transforms of integrals. That is,
the integration of a function f(t) corresponds to multiplication of G_,(f)

by u, whereas the differentiation of f(t) corresponds to division of G_,(f)

by u. This means that the integer o is applicable to -2 in (1).

The form of Laplace transform is a well-known fact, and it is defined by
£(f) = j: =St (t)dt.

Since the Laplace transform £( f) can be rewritten as

o L
e Uf(t)dt
[ evrw

for s =1/u, the value of « is applicable to 0 in (1). Similarly, Sumudu

transform [7, 8, 19] has the value of o = -1 and Elzaki [9-11, 16] has the
value of o = 1.
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In this article, we investigate the properties of the integral transform
which is o = -2 in a generalized integral transform G and we apply it to
semi-infinite string.

2. The Properties of an Integral Transform that has
Strengths in Transforms of Integrals

Theorem 1. The following properties are valid:

(A) (u-shifting) If f(t) has the transform F(u), then e®f(t) has the

transform
u
F (1 —au j

That is,

G_Z[eatf(t)]zF( u )

1-au
(B) (t-shifting) If f(t) has the transform F(u), then the shifted function

f(t — a)h(t — a) has the transform e ¥"“F(u). In formulas,
G_,[f(t - a)h(t — a)] = e ¥ F(u)

where h(t — a) is a Heaviside function (we write h since we need u to denote
u-space.)

(Ca)

, 1 1
(Cb)
1 1 1
GLH(f) ==Y -=f(0)-—=f'(0
2( ) U2 U3 () U2 ()

for Y = G_,(f) and where f is differentiable n-times.
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(Cc)

1 1 1 r 1 n
G_,(fM) AT f(O)—u—nf (0)—Ff (0)

1t
= f 0
" (0)

for n is an arbitrary natural number.

(D) Let F(u) denote the transform of an integrable function f(t), i.e.,
F(u) = G_5[f(t)]. Then

G_ZUS f(r)dr} _ UF(u)

holds for t > 0.
(E)
G_o(f *g) = u’G_5(1)G 5(g),
where * is the convolution of f and g.
(Fa)

G_y(f)(u) = f'j—f = —EY + uize_z(tf (t)).

(Fb)
6, 2
Gp(1) (1) = 5Y ~ £ 6ot (t))(l + uizj + uizc;_z(t2 (1),

(Fe)

J? G_,(f)(s)ds =a - uzG_z(%t)j

for a constant a = j: f(t)/tdt and for Y = G_,(f)(u) under the condition

of the limit of f(t)/t, astapproaches 0 from the right, exists.
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(Fd) G_»(ty") =Y +u(dY/du) and G_,(ty") = dY/du + (1/u2)y(0) for
Y =G_y(f)().

Proof. Since these can be obtained by modifying the results of a
generalized integral transform G, we would just like to check a few and skip
the rest.

The proof of (D). Using (C) and putting g(t) = j(t) f (t)dr,
G5(1(1) = G_a(9/() = 6-2(0) ~ 5 6(0) = G_2(0).
The proof of (E). Let us put
o
G_Z(f)=ui2j0 e Uf(1)de
and
L o Y
G_2(9)= 5 [, e Somav
Then
L co T o Y
G_Z(f)e_z(g)=u—4j0 e Uf(r)dr-jo e Ug(v)adv.

As let us put t = v + t, where 1 is at first constant. Then v =t — t and
S0, we get

-7

1 po -t 1 Tpw L
G_ == e Ug(t-rt)dt=—-el e Ug(t - t)dt.
2(0)= [ e Tat-n . [ e vot-o

Since we can change the order of integration by using dominated
convergence theorem [5, 12],

o w L
G_2<f>e_2<g)=ui4 [ 1@ e et - nte,
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and when t varies t to oo, t varies 0 to t. Hence,
1 0 —l t
- u —
G_o(1)G-2(9) = [ e ¥ [ f(a(t - o)duat

L o L
:u_4j0 e U(f *g)(t)dt

1
=U—ZG—2(f *0). O

As we have seen above, for G_j, -integral transform, the integration of
a function f(t) corresponds to multiplication of G_5(f) by u, whereas

the differentiation of f(t) corresponds to division of G_,(f) by u. Using
1 1
Go(f)= 5 F(

U) for Laplace transform £(f) = F(s), we can obtain
the table of G_j -integral transforms as follows.

It is a well-known fact that convolution helps in solving integral
equations of certain type, mainly Volterra integral equation. Hence, we
would like to explain the idea in terms of examples appearing in [17]. Next,
we would like to check an example related to semi-infinite string.

Example 1. Solve the Volterra integral equation of the second kind
t -
y(t) - jo y(0)sin(t - t)dt = t.

Solution. This is rewritten as a convolution
y(t) — y #sint = t.
Taking G_,-integral transform on both sides and applying (C) of

Theorem 1, we have

Y (u) - u?Y () —— =Y(u)(1— “zzjzl

1+u 1+u




On the Form and Properties of an Integral Transform ...

for Y = G_,(y). The solution is

and gives the answer

by Table 1.

Y(u)=1+u?
_+,. 1.3
y(t)_t+6t

Table 1. Table of G_j, -integral transforms

f(t) G_»(f)
1 1 1/u
2 t 1
3 " n, u"t
1
at L
4 € u(l—au)
sin at a
5 1+ u?a?
cos at L
6 u(l+u?a?)
a
sinh at
4 1-u?a?
h at L
8 cosh al u(l—uzaz)
1-au
at I 2 ]
9 e cos at u3(%~—a) 4 a2
a
1 2 sin at o[(1 2 5]
0 e sin a u (U_a) ta

Example 2. Solve the Volterra integral equation of the second kind:

y(t)—j;(1+r)y(t _1)dt =1 sinht.

2837
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Solution. In a similar way as in Example 1, the given equation is same to
y—(1+t)*y=1-sinht. Taking G_, -transform, we have

1
1-u?

Y(u) - uz(% +1jY(u) = % —
hence

1-u?—-u

YW[L-u-u?]= :
Wl : u(l - u®)
Simplification gives

1

Y= u(l — u?)

and so we obtain the answer
y(t) = cosht

by Table 1.

Example 3. Find the solution of
O+ [ @ -1y@de =1
+ - =1
y 0 T)y(t)dt
Solution. Taking G_5 -transform on both sides, we have
Y+¥W-D=%
for Y = G_,(y). Thus,

Vet
u@+uc)

and so, we obtain the solution y = cost.

Let us check this by the direct calculation. Expanding the given equation,
we have
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(t)+t . t (1) ’ t ()dr=1
+1- t)dt — | 1y(r)dt =1.
y 0 y 0 y

Differentiating both sides twice with respect to t, we have y"(t) + y(t) = 0.
Thus, from y(0) =1 and y'(0) = 0 obtained by calculating course, we have
the solution y = cost.

Similarly, we can easily obtain the solution of integral equations by
using G_, -integral transform. For example, let us consider

Y- [ y@de=1

By G_,-transform, we have Y —uY =1/u and so, we have the solution

y=et for Y = G_5(y). Of course, this result is same to the result
y —y*1=1 by using convolution, and the result y'(t)— y(t) =0 of the

direct calculation is same as well. Similarly, since

1

aty _
G_Z(te ) = (1_ au)2 )

the solution of

t
y(t) + 2et.[ e "y(t)dt = te!
0

is y = sinht. Here, we note that the G_j -transform of y + 2(y = e!) = te'
is
1 1

Y +2Y'u(l—u) - (1-u)

for Y = G_,(y).

Example 4. Heaviside function and Dirac’s delta function, shifted data
problems.
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Solution. First, let us check the G_, -transform of Heaviside function
h(t — a):

1 o0 _l 1 0.0 _l

G_z[h(t—a)]z—zj e uh(t—a)dtz—j e Udt

uc 90 a

u2

a

t
I TR R T
= u[e ]a_ue :

Next, we consider the function fi(t—a)=1k if a<t<a+k, and0

otherwise. Taking G_j -transform, we have

t t
L= 2 [T TUf (t—a)dt = - L [e uptk
G_y[fit a)]_uzjoe fic(t — a)dt = - = [e 913

_a+k _a _a _%
:_i(e u _e U):_e U,e _1.
uk uk

If we denote the limit of f, as &(t — a), then

. 1 —
o(t—a)= lim f(t—a)=—e U,
(t-a) = lim f(t-a) = =

Finally, let us see shifted data problems. For a given differential equation
y'+ay +by =r(t), y(a)=cqg, y'(a)=c, where a #0 and a and b are
constants, we can set t = t; + a. This gives t; = 0 and so, we have

yi+ayp+by=r(tp+a) %0 =co %0)=c

for input r(t). Taking the transform, we can obtain the output y(t).

Example 5 (Semi-infinite string). Find the displacement w(x, t) of an

elastic string subject to the following conditions:

(a) The string is initially at rest on the x-axis from x = 0 to oo.
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(b) For t >0, the left end of the string is moved in a given manner,
namely, according to a single sine wave w(0, t) = f(t) =sint if 0 <t < 2mr,
and zero otherwise.

(c) Furthermore, limw(x, t) =0 as x — o for t > 0.

Of course, there is no infinite string, but our model describes a long
string or rope (of negligible weight) with its right end fixed far out on the
x-axis [17].

Solution. It is well-known fact that the equation of semi-infinite string
can be expressed by

o*w 20w

2 ¢ 3%

ot OX
subject to w(0, t) = f(t), limw(x,t)=0 as x — o, w(x,0)=0 and
wi(x, 0) = 0. Taking G_,-transform with respect to t, and by (C) of
Theorem 1, we have

*wl| 1
Gl —|==W - w(x 0)- —W(x 0)_—
{atz } u? ud t u?

for Y = G_,(f). Writing W(x, u) = G_,[w(x, t)], we have

G. {82 } 1jw __idt

t 2
2 1 2
=2 = | e uw(x, t)dt = _ofw(x, t)] =
ax2 u? -[0 ( x> (. 1)
Thus,
w1
= w=o
x%  clu?

Since this equation contains only a derivative with respect to x, it may be
regarded as an ODE, where W (x, u) is considered as a function of x. This
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implies that a general solution can be represented by
W(x, u) = Au)e¥ + B(u)e X/,

From the initial conditions, we have W (0, u) =G_,[w(0, t)]=G_,[f ()]
= F(u). In [5, 12], we have dealt with the validity on exchangeability of

integral and limit in the solving process of PDEs by using Lebesgue
dominated convergence theorem [5]. Hence, we have

t
o0 ——
lim W(x, u) = lim iz e Yw(x, t)dt
X—>00 X—0 | 0

t

1‘[00 - .
== e U lim w(x, t)dt = 0.
il (X, 1)

X—>00
This implies A(u) = 0 and so, W(0, u) = B(u) = F(u). Thus,
W(x, u) = F(u)e ¥,

By the t-shifting theorem, we obtain the inverse transform

w(x, t) = f(t - 5)h[t - ﬁj - sin(t - 5)
c c c
for % <t< % + 2n and zero otherwise, where h is a Heaviside function.

3. Conclusion

The form and the properties of an integral transform that has strengths in
transforms of integrals have been proposed. This result is obtained from a
generalized integral transform G and is applicable to o = -2 in (1). This
gives some help for solving integral equations by means of its simplicity for
transform of integration. Additionally, some examples related to Volterra
integral equation and semi-infinite string have been presented as well.
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