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Abstract

We study the asymptotic behavior of solutions of the following
perturbed differential system:

t
y'=f(t y)+ LO g(s, y(s), Tyy(s))ds + h(t, y(t), Toy(t)).
We impose the conditions on the perturbed part
t
[} 865 ¥() Tay(s)ds, hit, y(t), Toy(0)

and on the fundamental matrix of the unperturbed system y' = f(t, y).
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1. Introduction and Preliminaries

Elaydi and Farran [8] introduced the notion of exponential asymptotic
stability (EAS) which is a stronger notion than that of uniformly Lipschitz
stable. They investigated some analytic criteria for an autonomous
differential system and its perturbed systems to be EAS. In Pachpatte
[16, 17], the stability and asymptotic behavior of the solutions of perturbed
nonlinear systems under some suitable conditions on the perturbation term is
studied. In Gonzalez and Pinto [9], the asymptotic behavior and boundedness
of the solutions of nonlinear differential systems is investigated. In Choi et
al. [6], Lipschitz and exponential asymptotic stability for nonlinear functional
systems is proved. Also, in Goo [10-12] and Goo et al. [13, 14], Lipschitz
and asymptotic stability for perturbed differential systems is studied.

In this paper, we investigate asymptotic behavior for solutions of
perturbed nonlinear systems using integral inequalities. The method
incorporating integral inequalities takes an important place among the
methods developed for the qualitative analysis of solutions to linear and
nonlinear system of differential equations.

Consider the unperturbed nonlinear system
X(t) = f(t x(t).  xto) = Xo, (1.1)

where f e CR" xR", R"), R" =[0,©) and R" is the Euclidean

n-space. We assume that the Jacobian matrix f, = of /ox exists and is

continuous on R* xR" and f(t, 0)=0. Also, consider the perturbed

functional differential system of (1.1)
y' =1t y)+f:og(s, y(s), Toy(s))ds +ht, y(t) Toy (1) ¥(to) = Yo, (1.2)

where g, he C(R" xR"xR",R"), g(t, 0,0)=nh(t,0,0)=0, and

T, T, : C(RT, R") - C(R*, R") are continuous operators. The symbol
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| -| will be used to denote any convenient vector norm in R*. Foran nxn

matrix A, define the norm | A| of Aby | A| = sup) y 1| Ax|.

Let x(t, tg, Xg) denote the unique solution of (1.1) with x(tg, tg, Xg) =
X, existing on [tg, o). Then we can consider the associated variational
systems around the zero solution of (1.1) and around x(t), respectively,
V() = it OV, V(o) = Vo (13)
and
Z'(t) = f(t, x(t, tg, X9))z(t), z(ty) = 2o (1.4

The fundamental matrix ®(t, ty, Xo) of (1.4) is given by
CD(t, to, Xo) = iX(t, to, Xo),
aXO

and @(t, ty, 0) is the fundamental matrix of (1.3).
The following definitions are standard, we state them here for convenient
[8].

Definition 1.1. The system (1.1) (the zero solution x =0 of (1.1)) is
called:

(S) stable if for any ¢ > 0 and ty > 0, there exists & = 5(tg, €) > 0

such that if | xg | < 8, then |x(t)| < & forall t > t5 > 0,

(AS) asymptotically stable if it is stable and if there exists
8 = 8(tg) > 0 such that if | Xg | < 8, then | x(t)| - 0 as t — oo,

(ULS) uniformly Lipschitz stable if there exist M > 0 and & > 0 such
that | x(t)| < M| X | whenever | x| < & and t > tg > 0,

(EAS) exponentially asymptotically stable if there exist constants
K >0, c>0, and & > 0 such that
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|X(t)| < K| xg e 070), o<ty <t
provided that | Xg | < 8,

(EASV) exponentially asymptotically stable in variation if there exist
constants K > 0 and ¢ > 0 such that

|D(t, ty, Xp)| < Ke™®t0) o<ty <t
provided that | xg | < oo.

Remark 1.2 [9]. The last definition implies that for | x | < §,

|X(t)] < K| %o e ) 0<ty<t.

Before proceeding to the statement of main results, we set forth some
known results. We need Alekseev formula to compare between the solutions
of (1.1) and the solutions of perturbed nonlinear system

y'=ft y)+9(t y) ¥o)= Yo (1.5)
where g e C(R" xR", R") and g(t, 0) = 0. Let y(t) = y(t, ty, Yo) denote
the solution of (1.5) passing through the point (tp, yg) in R™ x R".

The following is a generalization to nonlinear system of the variation of
constants formula due to Alekseev [1].

Lemma 1.3 [2]. Let x and y be solutions of (1.1) and (1.5),
respectively. If yo € R", then for all t >ty such that x(t, ty, yp) € R",

y(t to, yo) € R",

Yo, Yo) = X o, o)+ [ (L s, y(s)als, y(9)ds
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Lemma 1.4 (Bihari-type inequality). Let u, A € C(R"), w € C((0, «))

and w(u) be nondecreasing in u. Suppose that, for some ¢ > 0,
t
ut) <c + L 2(s)W(u(s))ds, t >ty >0,
0
Then
-1 t
ut) <W W(c)+j 2(s)ds |,
to

u ds

-1 . .
Uo W(s)” W (u) is the inverse of W(u), and

where ty <t < b, W(u) = j

b = sup{t >ty :W(c)+ L: A(s)ds € domW_l}.

Lemma 1.5 [3] Let u, 7u1, 7\.2, 7u3, k4, 7\,5, 7\,6, 7\.7, kg, 7\.9, 7\,10 S C(R+),
w e C((0, »)), and w(u) be nondecreasing in u, u < w(u). Suppose that

forsome c >0 and 0 <ty <t,

uty<c+ | ; Ag(s)u(s)ds + j; ha(s)w(u(s))ds + | ; als) | tz (k4(r)u(r)
+2s(0) | t; A (r)u(r)dr + k7(’t)J.t; kg(r)w(u(r))drjdrds

i J. t: kg(s)J'tZ L1o(t)w(u(t))drds.
Then
u(t) < W—l{W ©+] :0 (xl(s> +2(5) + 15(9) LZ [w) Fas(0) ratre

+907(2) j ; xg(r)dr)dr +9(s) j t; klo(t)drjds]
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where tg <t <b;, W, W L are the same functions as in Lemma 1.4, and

by = sup{t >ty :W(c)+ J:) (kl(s) +Ao(S) + Ag(s)
. LZ (M(T) + 7»5(1)].; Lg(r)dr + M(r)LZ ks(f)drjdr

+ kg(s)L: klo(r)erds € domW‘l}.

We need the following corollary for the proof.

Corollary 1.6. Let u, &g, Ay, A3, Aa, A5, Lg € C(RT), w € C((0, ))

and w(u) be nondecreasing in u, u < w(u). Suppose that for some ¢ > 0,

uty<c+ | :O a(s)u(s)ds + [ :0 hp(5)W(U(s))ds
o :O xS(s)jtZ (1) u(t)drds

o :0 s(s) | tz hg(t)W(U(x))deds, 0 <t <t.
Then
u(t) < W_l[W(c) + j : (kl(s) + A(S)
0
+2509) tz (k4(r)dr +25(0) tz XG(r)drdeH,

where tg <t <, W, W1 are the same functions as in Lemma 1.4, and

by = Sup{t >ty 1 W(c) + j (xl(s) +g(s) + x3(s)jtz %a(t)d

t
1)

+ 7»5(8).[:) ke(r)dr) ds e domW_l}.
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2. Main Results
In this section, we study the asymptotic behavior for solutions of the
perturbed functional differential systems.

To obtain the asymptotic behavior, the following assumptions are
needed:

(H1) The solution x = 0 of (1.1) is EASV.
(H2) w(u) is nondecreasing in u such that u < w(u) and %W(U)S

v\/(%) for some v > 0.

Theorem 2.1. Assume that (H1), (H2), and that the perturbing term
g(t, y, Tyy) satisfies

[ 9(t, y(t), Toy(®) | < e @) y(t)| + bt)w( y©) )+ [Toy(®)]),  (2.1)

Ty©] <b0)[ Ky lds + 40 psulys)hds,  @2)
0 to
[hit, y(2), Toy(0) | < e el y(o)) + | Toy(0) . 23)
and
Ty < e MO0+ [ e Faolyis) e @4

where o >0, a, b, ¢, d, k,m p, g weC(R"), ab,cd k mp,qe

LYR™), and T;, T, : C(R", R") > C(R™, R") are continuous operators.
If

M(to) = w—l[w © M| tj[c(s) ey v (a(t) b

+ q(t) + b(x) LZ k(r)dr + d(r)L: p(r)drjdr]ds} <w, (2.5)
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atg

where t <tg, ¢ =]|yg|Me™?, and W, W are the same functions as in

Lemma 1.4, then all solutions of (1.2) approach zero as t — .

Proof. Let x(t) = x(t, tg, yg) and y(t) = y(t, tg, yo) be solutions of

(1.1) and (1.2), respectively. By the assumption (H1), it is EAS by Remark
1.2. Using Lemma 1.3, together with (2.1)-(2.4), we obtain

|y(®)]

<Myple 0+ | ; Me‘““—”( I e—‘“[(a(r) @)y
+b(r)w(] y(x) ) + b(r)Jt:) k(r)| y(r)|dr

40 D] y () e+ ¢S] y(s) |+ ¢ Sets ] (s)) .

Applying the assumption (H2), we have
| y(t)]

<M|yple )+ | :0 Me““(e‘*s | S ((a(r) +4(0)] y(x) [e**

to

+b(2)w( y(=)[e*) + b(r) | t; K(r)| y(r)[e*"dr
+ d(T)It; p(r)w( y(r)lear)drjdr +m(s)] y(s)[e*® +c(s)w( y(S)|)e°‘des.
Set u(t) = | y(t)|e™. An application of Lemma 1.5 and (2.5) obtains

ly(t)] < e_“tW_l{W(c) +M j : (c(s) +m(s) + 6% J’ (a(r) + b(x)
0

S
to

+q(n)+ b(t)j ; k(r)dr + d(x) LO p(r)dr]drjds} < e tMty),
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atg

where t >ty and ¢ = M| yg |[e™0. Hence, all solutions of (1.2) approach

zero as t — oo. This completes the proof. g

Remark 2.2. Letting c(t) = m(t) = q(t) = 0 in Theorem 2.1, we obtain

the same result as that of Theorem 3.5 in [4].

Theorem 2.3. Assume that (H1), (H2), and that the perturbing term
g(t, y, Tyy) satisfies

J (s ¥(5) () s < & alt)] (0] bW y(O )+ Toy©)). 29

Ty <b0) [ k)| () |ds + ) p(s)u] y(s) s, @)
0 to
| h(t, y(t), Toy(®) | < e““(b(t) J : c(s)] y(s) |ds +| Tay(t) Ij, (2.8)
0
and
Ty < O YO |+ A0, asul v, @9)

where oo >0, a,b,c,d, k, m p, g weCR"), ab,cd k mp,qe

LYR™), and T, T, : C(RT, R") > C(R™, R") are continuous operators.
If

M (to) = W —1{w (©)+M j :O(a(s) +b(s) + m(s) + b(s)
0
. .[ts (c(r) + k(r))dt + d(S)j ; (p(t)+ q(T))de ds} <, (2.10)
0 t

where by = o0, ¢ = M| yg |e°‘t°, and W, WL are the same functions as in

Lemma 1.4, then all solutions of (1.2) approach zero as t — .
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Proof. Let x(t) = x(t, tg, Yg) and y(t) = y(t, ty, Yo) be solutions of

(1.1) and (1.2), respectively. By the assumption (H1), it is EAS. Applying
Lemma 1.3, together with (2.6)-(2.9), we have

| y(t)] < M| yg et

to

. Me‘““—s)[e-“(a(s) + )] ()| + bls)w( ()]
+ b(s)jtz (c(x) + k(x))| y(v)|d

ECINCORIOIER |>dr]ds.
It follows from (H2) that

V(O] < M| yg [e™70) 4 j; Me—“‘[<a<s> +m(s)] y(s) |
+b(s)w(| y(s)|e*®) + b(s)J.tZ (c(1) + k(1))| y(r)|e*"dt

S
+d(s)[ " (p()+ a(e)wl y() |e°“>drj s
0
Define u(t) = | y(t) |e°‘t. Then, by Corollary 1.6 and (2.10), we have

t
|y(t)| < e *w ‘{W(c) +M J.t (a(s) +b(s) + m(s)
0

T b(s) j tz (c(t) + k(x))dz + d(s) j tz (p(r) + q(t))drj ds}

<e ™ M(ty),

where ¢ = M| y0|e°‘t0. Hence, all solutions of (1.2) approach zero as

t — oo, and so the proof is complete.
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Remark 2.4. Letting c(t) = k(t) = m(t) = q(t) = 0 in Theorem 2.3, we
obtain the same result as that of Theorem 3.7 in [4].

Theorem 2.5. Assume that (H1), (H2), and that the perturbing term
g(t, y, Tyy) satisfies

[ g(t, y(®), Tay(®)| < e”(@(t)] y(®) |+ bO)w( yt) )+ Tay(®)]).  (2.11)
Ty©)] <b0)[ K|y ds + O] pow(ys)ds,  (212)
0 0

| h(t, y(), Toy()] < e *n(t)| y(t) |+ | T2y(t) ], (2.13)

and

| Toy(t)] < e‘“tm(t)w(| y(t)|) + I:O e~ *®d(s)w( y(s)[)ds, (2.14)

where o >0, a,b,c,d, k,mn, pweC@R"), abcd kmn, pe

LY(R™), and T, T, : C(R*, R") - C(R*, R") are continuous operators. If

M(t) = w—l[w ©+M][ ;O[m(s) T n(s)+ eaSLZ (a(r) +b(x)

fd(n)+ b(t)Jt; k(r)dr + c(r)jt; p(r)dr)dr)ds} < w, (2.15)

atp

where t > tg, ¢ =] yg|Me™0, and W, W1 are the same functions as in

Lemma 1.4, then all solutions of (1.2) approach zero as t — .

Proof. Let x(t) = x(t, tp, yg) and y(t) = y(t, tg, yo) be solutions of

(1.1) and (1.2), respectively. By the assumption (H1), it is EAS by Remark
1.2. Using Lemma 1.3, together with (2.11)-(2.14), we obtain

|y(t)]

< M| Yo |e—ot(t—to) + ‘[tt Me—OL(t—S)(J.tS e—ar(a(rn Y(T)|
0 0
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£ (0(2) + 9w Y(2) )+ 6(2) [ K] () o

#e(@)f prywd y(r>|)drjdr+e—“5n<s>| Y(S)|+ e m(s)w y<s>|>]ds.

Applying the assumption (H2), we have
[y

< M|y |e_°‘(t_t0) + Jt: Me_“t(easjtz (a(r)| y(t)|e**
+ (0(x) + d(D)w( y(1) &%) + b(o) t:) K(r)| y(r)|e®"dr
+ C(T)Jt; p(r)w( y(r)|e°‘r)erdr

+ m(s)w(| y(s)[e*®) + n(s)| y(s)|e°°sjds.

Set u(t) = y(t) |e°‘t. An application of Lemma 1.5 and (2.15) obtains

S
to

|y(t)| < e_“tW_l[W(c) +M I: [m(s) +n(s) + eo‘sj [a(r) +b(1)
0

+ d() + b(x) j t: k(r)dr + C(t)JtZ p(r)drjdtjds} < etM(ty).

where t >ty and ¢ = M| yg |e°‘t0. Therefore, all solutions of (1.2) approach
zero as t — oo. Hence, the theorem is proved. O

Remark 2.6. Letting d(t) = m(t) = n(t) = 0 in Theorem 2.5, we obtain
the same result as that of Theorem 3.5 in [4].

Theorem 2.7. Assume that (H1), (H2), and that the perturbing term
a(t, y, Tyy) satisfies
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| :OI 9(s. y(s). Toy(s)) | ds <e™*(a(t)] y(t) [+ b(t)w( y(t)) +| Try(t)]), (2.16)
Ty®)] <) | k) y(s)lds + m)[ ps)w( y(s) s, @.17)
0 to

0 300, Toy)] = &m0 ctopu ys) Do + [Ty ], (216)
and

Tay)] < 900w YO )+ bOf, a(@) v)lds, @19

where o >0, a,b,c,d, k,m p, g weCR"), ab,c d k,mp,qe
LY®R™), and T, T, : C(R*, R") > C(R™, R") are continuous operators. If

M (ty) = W_l{w(c) M th(a(s) +b(s)+ d(s)
0

+(s) [ :J (K(2) + a(x)de + m(s) tz (c(t) + p(r))drjds} <0, (2.20)

where by = oo, ¢ = M| yp [e*, and W, W™ are the same functions as in
Lemma 1.4, then all solutions of (1.2) approach zero as t — .

Proof. Let x(t) = x(t, tp, yg) and y(t) = y(t, ty, Yp) be solutions of

(1.1) and (1.2), respectively. By the assumption (H1), it is EAS. Applying
Lemma 1.3, together with (2.16)-(2.19), we have

t
|y(t)] < M| yg o) 4 [7 me—at=9)
to

(e a1 o)+ bls v+ 56 (k) + a0yt

+ m(s)J.tZ (c(t) + p(r))w(] y(t)[)dt + d(s)w(] y(s) |)D ds.
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It follows from (H2) that

Y] < M]yo Jeot00) ¢ | Me““(a(S)l y(s)[e*
0
B0+ D YO ) 60 60+ (e o) e

+m(s)[ :J (c(x) + p(e))w( y(r)|e°“)erds.
Let u(t) = | y(t) |e°‘t. Then, by Corollary 1.6 and (2.20), we obtain

t
y(t)| < e~“w _1{W(c) M jt (a(s) +b(s) + d(s)
0

+(s) [ tZ (K(2) + a(x)de + m(s) tZ (c(z) + p(r))drj ds}
< e_atM (to),

where ¢ = M| yq |e°°t0. Therefore, all solutions of (1.2) approach zero as
t — oo. Hence, the proof is complete. OJ

Remark 2.8. Letting a(t) = d(t) = m(t) = q(t) = 0 in Theorem 2.7, we
obtain the same result as that of Theorem 3.3 in [14].
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