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Abstract

Let X be a nonempty set and T(X) be the full transformation
semigroup on a set X. For an equivalence relation E on X and a

cross-section R of the partition X E induced by E, let
TE*(X) ={oeT(X): VX y e/X, (x, y) € E & (xa, ya) € E}
and
Te(X, R)

={oeT(X):Ra=R, VX, yeX, (X Y)eE=(xa ya) € E}.
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Then TE*(X) and Tg(X, R) are subsemigroups of T(X). In this

paper, we show that the set of all regular elements of Tg(X, R)

becomes a regular semigroup. Also, we give a necessary and sufficient

condition when semigroups TE*(X) and Tg(X, R) coincide.

1. Introduction and Preliminaries

An element x of a semigroup S is called regular if there exists y in S such
that x = xyx. A semigroup S is called a regular semigroup if every element

of S is regular. The set of all regular elements of S is denoted by Reg(S).

The full transformation semigroup on a nonempty set X is denoted by
T(X), that is, T(X) is the semigroup of all mappings o : X — X under

composition. The semigroup T(X) is known to be regular in [5].

Let E be an equivalence relation on X. Pei [7] has introduced a family of
subsemigroups of T(X) defined by

TE(X)={aeT(X):Vx, ye X, (xy)eE = (xa ya) € E}

and call it the semigroup of transformations that preserve an equivalence on
X. He has studied Green’s relations and regularity on Tg(X). Recently,

Deng et al. [4] introduced the subsemigroup of Tg (X) as follows:
TE*(X) ={aeT(X): VX, yeX, (X Y)eE < (xa, ya) € E}.

The authors considered regularity of elements and Green’s relations for
To(X).

Let R be a cross-section of the partition X/E induced by E. In [1],

Araujo and Konieczny defined a subsemigroup of T(X) as follows:
T(X, E,R)

={oeT(X):RacRand Vx, y e X, (X, y) € E = (xa, yo) € E}.
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Clearly, T(X, E, R) < Tg(X). They have proved that the semigroups
T(X, E, R) are precisely the centralizers of idempotents of T(X). After a
year, they studied the structure and regularity of the semigroups T(X, E, R).
Moreover, they determined Green’s relations in T(X, E, R) in [2]. In this
research, we examine a related subsemigroup of T(X, E, R): namely, the

transformation semigroups that preserve an equivalence with restricted
cross-section on X defined by

Te(X, R)
={aeT(X):Ra=Rand Vx, y e X, (X, y) € E = (xa, ya) € E}.

The aim of this paper is to prove that Reg(Tg (X, R)) is a regular semigroup.
Also, we show that TE*(X) = Teg(X, R) if and only if R is finite and E is the

identity relation.

In the remainder, let E be an equivalence relation on a set X and R be a
cross-section of the partition X/E. Denote by X/E the quotient set and E,

the E-class containing r for all r € R.
2. Main Results

A characterization of the regularity for elements in TE*(X) as follows
[4]:

Theorem 2.1 [4]. Let a € TE*(X). Then o e Reg(TE*(X)) if and only
if AN Xa =@ forall Ae X/E.

The nature of regular elements in Tg (X, R) was considered in [6].

Theorem 2.2 [6]. Let o € TE(X, R). Then a € Reg(Tg (X, R)) if and

only if a|g is an injection.

By Theorem 2.2, we obtain the following interesting result.
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Proposition 2.3. Reg(Te (X, R)) < Reg(T_.(X)).

Proof. Let o € Reg(Tg(X, R)). Then a € Tg(X). Let x, y € X be
such that (xa, ya) € E. Then there exist r, s € R such that x € E, and
y € E5. Since (xa, yo) € E and a € Tg(X), we deduce that ra = sa.
Since « is regular in Tg (X, R), it follows from Theorem 2.2 that r = s.

Hence, (x, y) € E, so a € TE*(X). Since Ra = R, we then have E,
Xoo#< for all reR. By Theorem 21, ae Reg(TE*(X)). Hence,
Reg(Te(X, R)) < Reg(TE*(X)), as desired. O

The following example shows that Reg(Tg (X, R)) may not be equal to
Reg(T_(X)).

Example 2.4. Let X =N, X/E={{x, x+1}:xisodd} and R =
{x e X : x'is odd}. Let o € T(X) be defined by

2 if x <2,
Xo = .
X otherwise.

Then o e TE*(X). By Theorem 2.1, we have that o is a regular element of
TE*(X). Since rao =1 forall reR and 1R, we have Ra # R. This

implies that o ¢ Tg(X, R), hence a ¢ Reg(Tg(X, R)).
We first prove lemma needed to determine if Reg(Tg (X, R)) is regular.

Lemma 2.5. Let o € Reg(Tg (X, R)). If r e R, then E, N Xa = Epa
for some r' € R.

Proof. Assume that r € R. Since Roa = R, there exists r’ € R such
that r = r'a. Since a e Tg(X), it then follows that Epa < E, N Xa. For
the reverse inclusion, if y e E, (] Xa, then y = xo for some x e X.

This implies that x € Eg for some s R and so sa =r. Since a e
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Reg(Te (X, R)) by Theorem 2.2, a|g is injective. Since sa. = r'a, we have
s =r'. Hence, y € E-a. This shows that E; (1 Xa < Epa and so equality
holds. O

Theorem 2.6. Reg(Tg (X, R)) is a regular semigroup.

Proof. It is easy to see that Reg(Tg (X, R)) contains the identity mapping
on X, hence Reg(Tg (X, R)) # &. Let o, B € Reg(Tg(X, R)). To show that
of} is regular, let r,se R be such that raf =saf. Since ra, sa € R and
B e Reg(Te(X, R)), we get ra =sa by Theorem 2.2. Similarly, we
have r =s. This verifies that afj|g is injective. From Theorem 2.2, off €
Reg(Te (X, R)). Hence, Reg(Tg (X, R)) is a subsemigroup of Tg (X, R).

Let a € Reg(Tg(X, R)). We construct B € Reg(Tg (X, R)) such that
a = afa. For each r € R, we choose r' € R such that E, N Xa = Epa
by Lemma 2.5. It follows that r =r'a. Let a, =r. For each ye
(Er N Xa)\{r}, we choose ay € Ey such that ayo =y. Define B :
E, - E¢ by

ay If x e Xa,
XBr =1, .
r'  otherwise.

Then B, is well-defined, E, c E+ and rB, =a, =reR. Let

B e T(X) be defined by Blg, = By forall r e R. Since R is a cross-section

of the partition X/E induced by E, B is well-defined. Obviously,
BeTe(X) and RB < R. Let r e R. Then ra = s for some s € R. Thus,
B =as =s' for some s’ e R with s'a =s. Therefore, s'‘a =ro. By
assumption, we have that s' = r and thus sp = SBlg,=SPs = as = s'=r. It
follows that RB = R and therefore B € Tg (X, R). If x € X, then xa € E,

forsome r € R. Thus,

xafo = (xa)Blg, o = (Xa)Bra = ayga = xo
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and therefore o = afa. It remains to show that B € Reg(Tg (X, R)). To do
this, let r, s € R be such that rB=sf. Then rB=a, =r" and sB=ag =5
forsome r', s" € R with r = r'a and s = s’a. Thus, r = r'a = s'a. = s. By
Theorem 2.2, B € Reg(Tg (X, R)).

Hence, the theorem is completely proved. O

Next, we describe the complement of Reg(Tg (X, R)) in Tg(X, R).

Theorem 2.7. If Tg(X, R)\Reg(Tg (X, R)) is a nonempty set, then it is
an ideal of Tg (X, R).

Proof. Suppose that Tg(X, R)\Reg(Te(X,R))#J. Let ae
Te(X, R)\Reg(Tg (X, R)) and B,y eTe(X, R). Suppose that Boy e
Reg(Tg (X, R)). Claim that ay|r is injective. Let r, s € R be such that
roy = say. Since RB=R, rB=r and s'B =s for some r’, s' € R. Thus,
r'Bay = s'Bay. By the regularity of Boy, we get that r' = s’ and hence
r=rp=sP=s So we have the claim. From Theorem 2.2, ay e
Reg(Te(X, R)). Since o ¢ Reg(Tg(X, R)), there are distinct elements
r, s € R such that ra = sa. Thus, roy = say. But ay € Reg(Tg(X, R)),

we have that r and s must be equal, contradicting the supposition. Hence,
Bay ¢ Reg(Tg (X, R)). Consequently, Tg (X, R)\Reg(Tg (X, R)) is an ideal
of T (X, R), as required. O
The next theorems provide conditions under which semigroups TE*(X)
and Tg (X, R) are regular [4, 6].
Theorem 2.8 [4]. TE*(X) is a regular semigroup if and only if X/E is
finite.

Theorem 2.9 [6]. Tg(X, R) is a regular semigroup if and only if R is
finite.
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Finally, we investigate the equality of the semigroups T_.(X) and
Te (X, R).

Theorem 2.10. Tg (X, R) = T_.(X) if and only if R is finite and E is
the identity relation.

Proof. Suppose that Tg (X, R) =TE*(X). To show that TE*(X) is
regular, let o e TE*(X). Then o eTg(X, R) and hence Ra=R. It
follows that E, (| Xa = & for all r € R. From Theorem 2.1, we have a e
Reg(TE*(X)). Hence, TE*(X) is regular. By Theorem 2.8, X/E is finite
and this implies that R is finite. Next, to show that E is the identity relation
on X, let a, b € X be such that (a, b) € E. Then there exists r € R such
that a, b € E,. Let a, B € T(X) be defined by

a if xeE,,
Xo = .
X otherwise

and

{b if x e Ey,
XB =

X otherwise.

Obviously, a, B e TE*(X). By assumption, o, B € Tg(X, R). It then
follows that a =ra=r =rB =Db. Hence, E is the identity relation, as
desired.

Conversely, assume that R is finite and E is the identity relation. Since
R is finite, X/E is also finite. Then Theorems 2.8, 2.9 and Proposition 2.3
imply that Tz (X, R) < TE*(X). For the reverse inclusion, let o € TE*(X).
It suffices to show that Ro. = R. Let r € R. Then ro € Eg for some s € R.
Since E is the identity relation, ra = s and hence Ra < R. On the other
hand, let r € R. Since X/E is finite, by Theorem 2.8, we have o is a regular
element of TE*(X). By Theorem 2.1, E, ) Xa # &. Then there exists
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r' e R such that Ea < E,. Consequently, (r'e, r) e E. By assumption,
we have r'a =r. Thus, R c Ra, the equality holds. Thus, a € Tg(X, R)
and hence Tg(X, R) = TE*(X).

Therefore, the proof is complete. O
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