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Abstract 

By defining parametric operations between two regions valued α-cuts, 
we get the parametric operations for two fuzzy numbers defined on 

.2R  The results for the parametric operations generalized Zadeh’s 
extended algebraic operations. 

In this paper, we generate the trapezoidal fuzzy set on R  to 2R  and 
calculate the parametric operations between a 2-dimensional triangular 
fuzzy number and a trapezoidal fuzzy set. 
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1. Introduction 

We defined the parametric operations on .R  The results of parametric 
operations for two triangular fuzzy numbers were same as those of Zadeh’s 
max-min operations [1]. We generated the triangular fuzzy numbers on R  to 

2R  and calculated Zadeh’s extension principle for 2-dimensional triangular 

fuzzy numbers on 2R  [5]. By defining parametric operations between two 
regions valued α-cuts, we get the parametric operations for two triangular 

fuzzy numbers defined on .2R  We proved that the results for the parametric 
operations generalized Zadeh’s max-min composition operations [2]. We 

generalized the triangular fuzzy numbers on 2R  and calculated parametric 

operations for two generalized 2-dimensional triangular fuzzy sets on 2R  
[4]. We calculated the operators for two quadratic fuzzy numbers [6]. We 

generated also the quadratic fuzzy numbers on R  to .2R  We calculated the 
Zadeh’s max-min composition operator for two 2-dimensional quadratic 
fuzzy numbers [3]. 

In this paper, we generated the trapezoidal fuzzy numbers on R  to .2R  
We calculate the parametric operations between a 2-dimensional triangular 
fuzzy number and a trapezoidal fuzzy set. 

2. Generalized 2-dimensional Triangular Fuzzy Sets on 2R  

Let X be a set. We define α-cut and α-set of the fuzzy set A with the 
membership function ( ).xAμ  

Definition 2.1. An α-cut of the fuzzy number A is defined by 
( ){ }α≥μ|∈=α xxA AR  if ( ]1,0∈α  and ( ){ }α>μ|∈=α xxclA AR  if 

.0=α  For ( ),1,0∈α  the set ( ){ }α=μ|∈=α xXxA A  is said to be the 

α-set of the fuzzy set A, 0A  is the boundary of ( ){ }α>μ|∈ xx AR  and 

.1
1 AA =  
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Definition 2.2 [7]. The extended addition ( ) ,BA +  extended subtraction 

( ) ,BA −  extended multiplication ( )BA ⋅  and extended division ( )BA /  are 

fuzzy sets with membership functions as follows. For all Ax ∈  and ,By ∈  

( ) ( ) ( ) ( ){ } ./,,,,,minsup ⋅−+=∗μμ=μ
∗=

∗ yxz BA
yxz

BA  

We define the generalized 2-dimensional triangular fuzzy numbers on 
2R  as a generalization of generalized triangular fuzzy numbers on .R  Then 

we define the parametric operations between two 2-dimensional fuzzy 
numbers. For that, we have to calculate operations between α-cuts in .R  The 

α-cuts are intervals in R  but in ,2R  the α-cuts are regions, which make the 

existing method of calculations between α-cuts unusable. We interpret the 
existing method from a different perspective and apply the method to the 

region valued α-cuts on .2R  

Definition 2.3 [5]. A fuzzy set A with a membership function 

( )
( ) ( ) ( ) ( )

⎪⎩

⎪
⎨
⎧

≤−+−
−

+
−

−=μ

,otherwise,0

,,,
2222

1
22

1
2

2

2
1

2

2
1 hbayyaxxb

b
yy

a
xxhyxA  

where 0, >ba  and 10 << h  is called the generalized 2-dimensional 

triangular fuzzy number and denoted by ( )( ) .,,,, 2
11 ybhxa  

Note that ( )yxA ,μ  is a cone. The intersections of ( )yxA ,μ  and              

the horizontal planes ( )hz <α<α= 0  are ellipses. The intersections of 

( )yxA ,μ  and the vertical planes ( ) ( )R∈−=− kxxkyy 11  are symmetric 

triangular fuzzy numbers in those planes. If ,ba =  then ellipses become 

circles. The α-cut ( )h<α<0  αA  of a generalized 2-dimensional triangular 

fuzzy number ( )( )211 ,,,, ybhxaA =  is interior to an ellipse in the xy-plane 

including the boundary 
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{( ) ( ) ( ) ( ) }2222
1
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1

22, α−≤−+−|∈=α hbayyaxxbyxA R  

( ) ( ) ( ) .1,
2

1
2

12
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⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

≤⎟
⎠
⎞

⎜
⎝
⎛

α−
−

+⎟
⎠
⎞

⎜
⎝
⎛

α−
−

|∈= hb
yy

ha
xxyx R  

Definition 2.4. A 2-dimensional fuzzy number A defined on 2R                 
is called convex fuzzy number if for all ( ),1,0∈α  the α-cuts =αA  

{( ) ( ) }α≥μ|∈ yxyx A ,, 2R  are convex subsets in .2R  

Theorem 2.5 [5]. Let A be a convex fuzzy number defined on 2R  and 

{( ) ( ) }α=μ|∈=α yxyxA A ,, 2R  be the α-set of A. Then, for all 

( ),1,0∈α  there exist piecewise continuous functions ( )tf α1  and ( )tf α2  

defined on [ ]π2,0  such that {( ( ) ( )) }.20, 2
21 π≤≤|∈= ααα ttftfA R  

If A is a continuous convex fuzzy number defined on ,2R  then the α-set 
αA  is a closed circular convex subset in .2R  

Corollary 2.6 [5]. Let A be a continuous convex fuzzy number defined  

on 2R  and {( ) ( ) }α=μ|∈=α yxyxA A ,, 2R  be the α-set of A. Then, for 

all ( ),1,0∈α  there exist continuous functions ( )tf α1  and ( )tf α2  defined on 

[ ]π2,0  such that {( ( ) ( )) }.20, 2
21 π≤≤|∈= ααα ttftfA R  

Definition 2.7 [5]. Let A and B be convex fuzzy numbers defined on 2R  
and 

{( ( ) ( )) },20, 2
21 π≤≤|∈= ααα ttftfA R  

{( ( ) ( )) }π≤≤|∈= ααα 20, 2
21 ttgtgB R  

be the α-sets of A and B, respectively. For ( ),1,0∈α  we define that the 

parametric addition ( ) ,BA p+  parametric subtraction ( ) ,BA p−  parametric 

multiplication ( ) BA p⋅  and parametric division ( ) BA p/  of two fuzzy 

numbers A and B are fuzzy numbers that have their α-sets as follows: 
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(1) 

( ) ( ( ) ) {( ( ) ( ) ( ) ( )) },20,: 2
2211 π≤≤|∈++=++ ααααα ttgtftgtfBABA pp R  

(2) ( ) ( ( ) ) { ( ) ( )( ) },20,: 2 π≤≤|∈=−− αα
α ttytxBABA pp R  where 

( ) ( ) ( )
( ) ( )⎪⎩

⎪
⎨
⎧

π≤≤ππ−−

π≤≤π+−
=

αα

αα

α
2if,
,0if,

11

11

ttgtf
ttgtftx  

and 

( ) ( ) ( )
( ) ( )⎪⎩

⎪
⎨
⎧

π≤≤ππ−−

π≤≤π+−
=

αα

αα

α
,2if,

,0if,

22

22

ttgtf
ttgtfty  

(3) 

( ) ( ( ) ) {( ( ) ( ) ( ) ( )) },20,: 2
2211 π≤≤|∈⋅⋅=⋅⋅ ααααα ttgtftgtfBABA pp R  

(4) ( ) ( ( ) ) { ( ) ( )( ) },20,/:/ 2 π≤≤|∈= αα
α ttytxBABA pp R  where 

( ) ( )
( )

( ) ( ) ( )
( )

( )π≤≤π
π−

=π≤≤
π+

=
α

α

αα

α

α 2,0
1

1

1

1 t
tg

tftxt
tg

tftx  

and 

( ) ( )
( )

( ) ( ) ( )
( )

( ).2,0
2

2

2

2 π≤≤π
π−

=π≤≤
π+

=
α

α

αα

α

α t
tg

tftyt
tg

tfty  

For 0=α  and ,1=α  ( ( ) ) ( ( ) )α
→α

∗=∗ + BABA pp 0
0 lim  and ( ( ) )1BA p∗  

( ( ) ) ,lim 1
α

→α ∗−= BA p  where ./,,, ⋅−+=∗  

For ,10 21 ≤<< hh  let 

( )( )211111 ,,,, ybhxaA =    and   ( )( )222222 ,,,, ybhxaB =  

be two generalized 2-dimensional triangular fuzzy numbers. If ,0 1h<α≤  

then ( ( ) )α∗ BA p  can be defined same as Definition 2.7. If ,1h=α  then 
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( ( ) ) ( ( ) ) ./,,,,lim
1

1 ⋅−+=∗∗=∗ α

→α −
BABA p

h

h
p  

Thus, ( ( ) ) 1h
p BA ∗  becomes an ellipse not a point. If ,21 hh ≤α<  then by 

the Zadeh’s max-min principle operations, we have to define 

( ( ) ) ./,,,, ⋅−+=∗∅=∗ αBA p  

Theorem 2.8 [3]. Let 

( )( )211111 ,,,, ybhxaA =    and   ( )( )222222 ,,,, ybhxaB =  

be two generalized 2-dimensional triangular fuzzy numbers. If <0  
,121 ≤< hh  then we have the following: 

(1) For ,0 1h<α<  the α-set of ( ) BA p+  is 

( ( ) ) ( ) ( ) ( )⎪⎩

⎪
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛

α−+α−
−−|∈=+ α
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212, haha
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yyy  

(2) For ,0 1h<α<  the α-set of ( ) BA p−  is 

( ( ) ) ( ) ( ) ( )⎪⎩

⎪
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛

α−+α−
+−
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2211
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+ hbhb
yyy  

(3) ( ( ) ) ( ) ( )( ){ },20, π≤≤|=⋅ αα
α ttytxBA p  where 

( ) ( ) ( )( ) thaxhaxxxtx cos11222121 α−+α−+=α  

( ) ( ) ,0,cos 1
2

2121 hthhaa <α<α−α−+  
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( ) ( ) ( )( ) thbyhbyyyty sin11222121 α−+α−+=α  

( ) ( ) .0,sin 1
2

2121 hthhbb <α<α−α−+  

(4) ( ( ) ) ( ) ( )( ){ },20,/ π≤≤|= αα
α ttytxBA p  where 

( ) ( )
( ) ( ) ( )

( ) .0,cos
sin,cos

cos
1

222
111

222
111 hthby

thbytythax
thaxtx <α<

α−−
α−+

=
α−−
α−+

= αα  

3. Parametric Operations between 2-dimensional Triangular 
Fuzzy Number and Trapezoidal Fuzzy Set 

In this section, we define the 2-dimensional trapezoidal fuzzy sets on 2R  
as a generalization of trapezoidal fuzzy sets on .R  Then we want to calculate 
the parametric operations between 2-dimensional triangular fuzzy number 

and trapezoidal fuzzy set on .2R  

Definition 3.1 [5]. A fuzzy set A with a membership function 

( )
( ) ( ) ( ) ( )
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otherwise,,0
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where 0, >ba  is called the 2-dimensional triangular fuzzy number and 

denoted by ( ) .,,, 2
11 ybxaA =  

Note that ( )yxA ,μ  is a cone. The intersections of ( )yxA ,μ  and          

the horizontal planes ( )10 <α<α=z  are ellipses. The intersections of 

( )yxA ,μ  and the vertical planes ( ) ( )R∈−=− kxxkyy 11  are symmetric 

triangular fuzzy numbers in those planes. If ,ba =  then ellipses become 

circles. The α-cut αA  of a 2-dimensional triangular fuzzy number =A  

( )211 ,,, ybxa  is interior to an ellipse in the xy-plane including the boundary 
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{( ) ( ) ( ) ( ) }2222
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Definition 3.2. A fuzzy set B with a membership function 
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where 0, >ba  and h<1  is called the 2-dimensional trapezoidal fuzzy set 

and denoted by ( )( ) .,,,, 2
11 ybhxaB =  

( )yxB ,μ  is a truncated cone. The intersections of ( )yxB ,μ  and             

the horizontal planes ( )10 <α<α=z  are ellipses. The intersections of 

( )yxB ,μ  and the vertical planes ( ) ( )R∈−=− kxxkyy 11  are symmetric 

trapezoidal fuzzy sets in those planes. If ,ba =  then ellipses become  

circles. The α-cut αB  of a 2-dimensional trapezoidal fuzzy number =B  

( )( )211 ,,,, ybhxa  is interior to an ellipse in the xy-plane including the 

boundary 

{( ) ( ) ( ) ( ) }2222
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Note that if ,10 << h  then ( )( )211 ,,,, ybhxa  becomes a generalized 

2-dimensional triangular fuzzy number and if ,1 h<  then ( )( )211 ,,,, ybhxa  

becomes a 2-dimensional trapezoidal fuzzy set. 
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Theorem 3.3. Let ( )21111 ,,, ybxaA =  be a 2-dimensional triangular 

fuzzy number and ( )( )22222 ,,,, ybhxaB =  be a 2-dimensional trapezoidal 

fuzzy set. Then we have the following: 

(1) For ,10 <α<  the α-set of ( ) BA p+  is 
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(2) For ,10 <α<  the α-set of ( ) BA p−  is 
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(3) ( ( ) ) {( ( ) ( )) },20, π≤≤|=⋅ αα
α ttytxBA p  where 

( ) ( ) ( )( ) taxhaxxxtx cos1122121 α−+α−+=α  

( ) ( ) ,10,cos1 2
21 <α<α−α−+ thaa  

( ) ( ) ( )( ) tbyhbyyyty sin1122121 α−+α−+=α  

( ) ( ) .10,sin1 2
21 <α<α−α−+ thbb  

(4) ( ( ) ) ( ) ( )( ){ },20,/ π≤≤|= αα
α ttytxBA p  where 

( ) ( )
( ) ( ) ( )

( ) .10,sin
sin1,cos
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Proof. Since A and B are convex fuzzy numbers defined on ,2R  by 

Theorem 2.5, there exist ( ) ( ) ( )2,1, =αα itgtf ii  such that for ,10 <α<  

{( ( ) ( )) },20, 2
21 π≤≤|∈= ααα ttftfA R  

{( ( ) ( )) }.20, 2
21 π≤≤|∈= ααα ttgtgB R  

Since ( )21111 ,,, ybxaA =  and ( )( ) ,,,,, 2
2222 ybhxaB =  we have 

( ) ( ) ( ) ( ) ,10,sin1,cos1 112111 <α<α−+=α−+= αα tbytftaxtf  

( ) ( ) ( ) ( ) .10,sin,cos 222221 <α<α−+=α−+= αα thbytgthaxtg  

(1) If ,10 <α<  since 

( ) ( ) ( ) ( )( ) ,cos1 212111 thaaxxtgtf α−+α−++=+ αα  

( ) ( ) ( ) ( )( ) ,sin1 212122 thbbyytgtf α−+α−++=+ αα  

we have 
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Furthermore, we have 
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( ( ) ) ( ( ) )α
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(2) If π≤≤ t0  and ,10 <α<  then we have 

( ) ( ) ( ) ( )( ) ,cos1 212111 thaaxxtgtf α−+α−+−=π+− αα  

( ) ( ) ( ) ( )( ) .sin1 212122 thbbyytgtf α−+α−+−=π+− αα  

In the case of ,2π≤≤π t  we have 

( ) ( ) ( ) ( ),1111 π+−=π−− αααα tgtftgtf  

( ) ( ) ( ) ( ).2222 π+−=π−− αααα tgtftgtf  

Thus, 
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Furthermore, we have 
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(3) Let ( ( ) ) ( ) ( )( ){ }.20, π≤≤|=⋅ αα
α ttytxBA p  Since 

( ) ( ) ( ) ( ) ,sin1,cos1 112111 tbytftaxtf α−+=α−+= αα  

( ) ( ) ( ) ( ) ,sin,cos1 222221 thbytgtaxtg α−+=α−+= αα  

we have 

( ) ( ) ( )tgtftx αα
α ⋅= 11  

( ) ( )( ) taxhaxxx cos1122121 α−+α−+=  

( ) ( ) ,10,cos1 2
21 <α<α−α−+ thaa  

( ) ( ) ( )tgtfty αα
α ⋅= 22  

( ) ( )( ) tbyhbyyy sin1122121 α−+α−+=  

( ) ( ) .10,sin1 2
21 <α<α−α−+ thbb  

Furthermore, we have 

( ) ( ) ( ) ,coscoslim 2
21122121

0
0 thaataxhaxxxtxtx +++== α

→α +
 

( ) ( ) ( ) ,sinsinlim 2
21122121

0
0 thbbtbyhbyyytyty +++== α

→α +
 

( ) ( ) ( ) ,cos1lim 2121
1

1 thaxxxtxtx −+== α
→α −

 

( ) ( ) ( ) .sin1lim 2121
1

1 thbyyytyty −+== α
→α −

 

(4) Let ( ( ) ) ( ) ( )( ){ }.20,/ π≤≤|= αα
α ttytxBA p  Similarly, we have 

( ) ( )
( ) ( ) ( )

( ) .10,sin
sin1,cos

cos1
22
11
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11 <α<

α−−
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=
α−−
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Furthermore, we have 

( ) ( ) .sin
sin,cos

cos
22
11

0
22
11

0 thby
tbytythax

taxtx
−
+

=
−
+

=  

The proof is complete. 
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