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Abstract

By defining parametric operations between two regions valued o-cuts,
we get the parametric operations for two fuzzy numbers defined on

R2. The results for the parametric operations generalized Zadeh’s
extended algebraic operations.

In this paper, we generate the trapezoidal fuzzy set on R to R? and
calculate the parametric operations between a 2-dimensional triangular
fuzzy number and a trapezoidal fuzzy set.
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1. Introduction

We defined the parametric operations on R. The results of parametric
operations for two triangular fuzzy numbers were same as those of Zadeh’s
max-min operations [1]. We generated the triangular fuzzy numbers on R to

R? and calculated Zadeh’s extension principle for 2-dimensional triangular

fuzzy numbers on R? [5]. By defining parametric operations between two
regions valued a-cuts, we get the parametric operations for two triangular

fuzzy numbers defined on R?. We proved that the results for the parametric
operations generalized Zadeh’s max-min composition operations [2]. We

generalized the triangular fuzzy numbers on R? and calculated parametric

operations for two generalized 2-dimensional triangular fuzzy sets on R?
[4]. We calculated the operators for two quadratic fuzzy numbers [6]. We

generated also the quadratic fuzzy numbers on R to R?. We calculated the
Zadeh’s max-min composition operator for two 2-dimensional quadratic
fuzzy numbers [3].

In this paper, we generated the trapezoidal fuzzy numbers on R to R?.
We calculate the parametric operations between a 2-dimensional triangular
fuzzy number and a trapezoidal fuzzy set.

2. Generalized 2-dimensional Triangular Fuzzy Sets on R?

Let X be a set. We define a-cut and a-set of the fuzzy set A with the
membership function pa(x).

Definition 2.1. An a-cut of the fuzzy number A is defined by
A, ={xeR|pa(x)>a} if a €(0,1] and A, =cl{x € R|pa(x) > a} if

a =0. For a € (0, 1), the set A* ={x e X |ua(x) = a} is said to be the

a-set of the fuzzy set A, A is the boundary of {x € R|pa(x)> o} and
Al = A
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Definition 2.2 [7]. The extended addition A(+)B, extended subtraction
A(-)B, extended multiplication A(-)B and extended division A(/)B are

fuzzy sets with membership functions as follows. Forall x € A and y € B,

naxe(z) = sup minfua(x), pg(y)h *=+ - /.
Z=X*Y

We define the generalized 2-dimensional triangular fuzzy numbers on

R? asa generalization of generalized triangular fuzzy numbers on R. Then
we define the parametric operations between two 2-dimensional fuzzy
numbers. For that, we have to calculate operations between a-cuts in R. The
o-cuts are intervals in R but in R?, the o-cuts are regions, which make the

existing method of calculations between a-cuts unusable. We interpret the
existing method from a different perspective and apply the method to the

region valued a-cuts on R?.

Definition 2.3 [5]. A fuzzy set A with a membership function

2 2
X=X —
I"LA(X’ y) = h- \/( azl) + (y bzyl) ) bz(x - Xl)z + aZ(y — y1)2 < a2b2h2,

0, otherwise,

where a,b>0 and 0<h <1 is called the generalized 2-dimensional

triangular fuzzy number and denoted by ((a, X, h, b, yl))z.

Note that pa(X, y) is a cone. The intersections of pa(x, y) and
the horizontal planes z = a (0 < a < h) are ellipses. The intersections of
ua(x, y) and the vertical planes y — y; = k(x — %) (k € R) are symmetric
triangular fuzzy numbers in those planes. If a = b, then ellipses become

circles. The a-cut (0 < o < h) A, of a generalized 2-dimensional triangular

fuzzy number A = ((a, xq, h, b, yl))2 is interior to an ellipse in the xy-plane

including the boundary
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A, = {(x y) € R?|b?(x - x)? + a%(y - y1)* < a%?(h - )%}

2 2
_ 2 X=X Y- W%
‘{(X' ne®i(Gs) () * }
Definition 2.4. A 2-dimensional fuzzy number A defined on R?

is called convex fuzzy number if for all o e (0,1), the a-cuts A, =

{(x, y)e R? lna(X, y) = o} are convex subsets in R?.

Theorem 2.5 [5]. Let A be a convex fuzzy number defined on R? and
A% = {(x, y) e R?|ua(X, y) = a} be the a-set of A. Then, for all

a € (0,1), there exist piecewise continuous functions f*(t) and f5'(t)
defined on [0, 2r] such that A% = {(f,*(t), f*(t)) e R?|0 <t < 2n}.

If A'is a continuous convex fuzzy number defined on R?, then the a-set
A% is a closed circular convex subset in R?.

Corollary 2.6 [5]. Let A be a continuous convex fuzzy number defined
on R? and A% = {(x, y) € R?|ua(X, y) = o} be the a-set of A. Then, for

all a € (0, 1), there exist continuous functions f;*(t) and f;*(t) defined on
[0, 2] such that A* = {(f*(t), f5*(t)) € R?|0 <t < 2m}.

Definition 2.7 [5]. Let A and B be convex fuzzy numbers defined on R?
and

A% = {(f2(t), f5(t) e R?|0 <t < 2n},

B* = {(of"(t), 05 (t) e R?[0 <t < 2n}
be the a-sets of A and B, respectively. For a e (0, 1), we define that the
parametric addition A(+)pB, parametric subtraction A(—)pB, parametric
multiplication A(-)pB and parametric division A(/),B of two fuzzy

numbers A and B are fuzzy numbers that have their a-sets as follows:
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1)
A(+)p B (A(+)B)* = {(F* (1) + of (1), T5"(t)+ g5 (1) e R®[0 <t < 2n},

(2) A(-)pB : (A(-)pB)* = {(X (1), Yo (1) € R2|0 <t < 2}, where

ft) - gt +n), if0<t<m,
X(x(t): o o )
fPt)—g/(t-n), if n<t<2n

and

f2t)-g5(t+m), if0<t<m,
y(x(t) = o o .
fz(t)—gz(t—ﬂ), IfTCStSZTE,

)

A()pB 1 (AC)B)* = {(F*(1)- of (1), F5(1)- g5 (1) e R?[0 <t < 2x},

(4) A(/)pB: (A(/)pB)O‘ = {(Xg (1), yo (1)) € R? |0 <t < 2x}, where

=10 gcrcm x)e—tO  (rei<on
o (t + m) i (t - m)

and

ya(t)zofz(x& O<t<n) ya(t):% (m<t<2m).
g9z (t+ ) 9z (t-mn)

Fora=0and o =1, (A(*),B)’ = lim - (A(*),B)* and (A(*), B)!
= limg_,1— (A(¥),B)*, where =+, — -, /.
For 0 <h <hy <1, let
A=((ay, x1, y, b, y1)* and B = ((ag, X, hy, by, ¥2))?

be two generalized 2-dimensional triangular fuzzy numbers. If 0 < a < by,

then (A(*),, B)* can be defined same as Definition 2.7. If o = hy, then
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(A(*),B)™ = lim (A(x),B)*, *=-+ -+ 1.
a—>h

Thus, (A(=!<)|OB)hl becomes an ellipse not a point. If hy < o < hy, then by

the Zadeh’s max-min principle operations, we have to define
(A(*)IDB)OL =0, *=+,--1/.
Theorem 2.8 [3]. Let

A=((ay, xq, b, b, y1))° and B =((az Xp, hy, by, ¥7))°

be two generalized 2-dimensional triangular fuzzy numbers. If 0<
hy < hy <1, then we have the following:

(1) For 0 < o < hy, the a-setof A(+),B is

2
(A(+)pB)" = {(x, R e )

- OL) + az(hz - O(.)

Y-Y1—-¥ 2_
+(bl<h1—a>+bz<hz—a>) =i

(2) For 0 < o < hy, the a-set of A(-),B is

—a)+ay(hy —a)

2
(A(_)pB)(x _ {(X, y) c R2|(a1(h1 X=X + X j

2
YY1tV _
(R et w) - 1}
(3) (A()pB)* = (1), Yo ()0 < t < 21, where

Xo () = X1Xp + (Xaz(p — @) + Xp84(hy — a)) cost

+ agay(hy — ) (hy — a)cos®t, 0<o <hy,
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Ya(t) = Y1yo + (yiba(hy — o) + yoby(hy — a))sint
+ by (hy — a)(hy —a)sin?t, 0< o <hy.

@) (A()pB)* = {(Xa(t) Yo (t)]0 <t < 21}, where

X1 +ay(hy —a)cost (t)= yp + by (hy —a)sint
o

Xa (1) = Xp —ay(hy —a)cost’ ~ Yo —by(hy —a)cost’ 0<a<h.

3. Parametric Operations between 2-dimensional Triangular
Fuzzy Number and Trapezoidal Fuzzy Set

In this section, we define the 2-dimensional trapezoidal fuzzy sets on R?
as a generalization of trapezoidal fuzzy sets on R. Then we want to calculate
the parametric operations between 2-dimensional triangular fuzzy number

and trapezoidal fuzzy set on R?.

Definition 3.1 [5]. A fuzzy set A with a membership function

2 2

X=X -

halxy)= 1_\/( a21) o2 bel) . bP(x=xq)? +a(y - yp)? <a’h?,
0, otherwise,

where a, b > 0 is called the 2-dimensional triangular fuzzy number and

denoted by A = (a, xq, b, y1)2.

Note that pa(X, y) is a cone. The intersections of pa(x, y) and
the horizontal planes z = o (0 < o <1) are ellipses. The intersections of
na(x, y) and the vertical planes y — y; = k(x — %) (k € R) are symmetric
triangular fuzzy numbers in those planes. If a = b, then ellipses become

circles. The a-cut A, of a 2-dimensional triangular fuzzy number A =

(a, xq, b, y1)2 is interior to an ellipse in the xy-plane including the boundary
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Ay = {(x, y) e R?|b%(x - x)? + a?(y - y1)* < a%0?(1— )}

~foenex (G2t (3% <o

Definition 3.2. A fuzzy set B with a membership function

2 2 2 2
h_\/(x—le) e h_ls\/(x—le) UG
a b a b
2 2
X — X -
ng(x, y) =41, Os\/( 21) +(y 3/1) <h-1,
a b
0, otherwise,

where a, b > 0 and 1 < h is called the 2-dimensional trapezoidal fuzzy set
and denoted by B = ((a, x, h, b, yl))z.

ug(x, y) is a truncated cone. The intersections of pg(x, y) and
the horizontal planes z = o (0 < o <1) are ellipses. The intersections of
ug(x, y) and the vertical planes y — y; = k(x — %) (k € R) are symmetric

trapezoidal fuzzy sets in those planes. If a =D, then ellipses become

circles. The a-cut B, of a 2-dimensional trapezoidal fuzzy number B =

((a, xg,h, b, yl))2 is interior to an ellipse in the xy-plane including the

boundary

By = {(x, ¥) € RZ|b%(x - x)* + a?(y - y,)? < a%b?(h - o)’}

- {(x y) e R? |(ﬁ)2 * (b{h_—y(i )2 < 1}

Note that if 0 <h <1, then ((a, x{, h, b, yl))2 becomes a generalized

2-dimensional triangular fuzzy number and if 1 < h, then ((a, X, h, b, y;))?
becomes a 2-dimensional trapezoidal fuzzy set.
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Theorem 3.3. Let A = (g, X, by, y1)2 be a 2-dimensional triangular

fuzzy number and B = ((a, Xy, h, by, y2))2 be a 2-dimensional trapezoidal

fuzzy set. Then we have the following:

(1) For 0 < o <1, the a-set of A(+),B is

al(l - OL) + a2(h — OL)

(A(+)B)* = {(x. ) e B i jz

2
YY1 ¥ _
(aratnia) -1

(2) For 0 < a < 1, the a-set of A(—)IO B is

yl-a)+asth-a)

2
Y—-V1+Y2 _
+(b1(1—0€)+b2(h—0€)) _l}'

(3) (A()pB)* = {(X(t), Ya(1))[0 < t < 25}, where

(A(—>pB)°‘={(x,y>eR2|( X2 Xt X jz

Xq (1) = XXp + (Xga2(h — @) + Xpaq(1 — a)) cos t
+aay(1—a)(h—a)cos’t, 0<o <1,
Yo (t) = Y1y2 + (yibz(h — o) + Yoy (1 — o)) sin t
+bby(1-a)(h—a)sin®t, 0<a <1
@) (A(1)pB)* = {(x4 (), Yo (t)|0 <t < 21}, where

x; + (11— a)cost
X9 —ay(h—a)cost’

Y1 +b(1—a)sint

yo —bo(h—a)sint’ 0<a<l

yoc(t) =

Xoc(t) =
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Proof. Since A and B are convex fuzzy numbers defined on R?, by

Theorem 2.5, there exist f;*(t), gi*(t)(i =1, 2) suchthat for 0 < o < 1,
A% = {(f2(t), f8(t) e R2|0 <t < 2n},
B* = {(gf"(t). 05 (1)) e R®|0 <t < 2m}.
Since A = (a;, X, by, y1)? and B = ((ap, Xp, h, by, V»))?, we have
f1%(t) = x; + ay(L—a)cost, ' (t)=y; +b(l-a)sint, 0<a <],
g1 (t) = X9 + ap(h —a)cost, g5(t) =y, +by(h—a)sint, 0<a <l
() If 0 < a <1, since
f2(t) + g (t) = X + X + (g1 — o) + ay(h — ) cost,
f2 (1) + 92 (1) = y1 + y2 + (41 - &) + by(h — @))sint,
we have

X — X — Xo

2
(A(+)pB)a _ {(X, y) € R? |(a1(1_ a)+ ay(h - Ot)j

2
Y—-Y1-Y2 _
(e etw) ‘1}

Furthermore, we have

(A(+),B)’ lim (A(+)pB)"

a—0

2 2
2, (X=X =X Y=-Y1—-Y2) _
V) eRIN =207 " oibn ) — i
1 2 2
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(A(+),B) = lim (A+),B)"

fenew g Oy -

2 If0<t<mand0< a <1, then we have

f%(t) — 9" (t + ) = X — Xp + (811 — &) + ay(h — a)) cost,
(1) = g2 (t+7) = y1 — yp + (L - @) + by(h — a))sint.
In the case of = <t < 2w, we have
fi*(t) - o' (t — ) = f"(t) - or' (t + m),
f2H(t) - 92 (t - m) = f2'(t) - g2 (t + m).

Thus,
X=X + X

o 2 i
(A(-)pB)* = {<X, y)eR |(a1(1—oc)+ ay(h —a)j

Y-"Nt+t¥ 2_
*(bl(l—anbz(h—a)) =

Furthermore, we have

(A(-)pB)° = lim (A(-),B)"

a—0
—l(x, y) e R?| X—%X%+X 2+ YY1tV 221
' a1+a2h b]_+b2h '

(A(-)pB) = lim (A(-),B)"

a—1

) {<x, e Rty )2 +(yb_z(yhl—+1§2j2 1}
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(3) Let (A(-)pB)O‘ = {(X,(t), Yo (1))]0 <t < 27}, Since
f%(t) = x; + ay(L— a)cost, 3 (t) = y; + byl — a)sint,
01" (t) = X9 + ay(1—a)cost, g5(t) =y, +by(h —a)sint,
we have
X (1) = f*(t) - 91" (t)
= XX + (¥ap(h — o) + Xp8y(1 — at)) cost

+aa,(1—-a)(h - a)coszt, O<a<l,

Yo (t) = 12°(t) - 92 ()
= Y1¥2 + (Yo (h — @) + yoty (1 - a))sint
+byby(1 - a)(h = a)sin®t, 0<a <1.
Furthermore, we have

Xo(t) = lim xy(t) = xXo + (x@2h + Xp31) cost + garh cos’t,
a—0"

Yo®) = 1im y,(t) = yiyz + (yaboh + yoby)sint + bybyhsin®t,

a—0

x(t) = lim x,(t) = X + xa,(h —1)cost,
a—>1"

ya(t) = lim vy, (t) = y1¥» + yioo(h —1)sint.

a—1"

(4) Let (A(/)pB)" = {(x4(t), Yo (1))|0 <t < 2n}. Similarly, we have

X +a;(1-a)cost Y1+ bl -a)sint
Xa (1) = X, —as(h —a)cost’ a(t) = Yo —by(h —a)sint’ 0<a<l
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Furthermore, we have

X + @ cost _ Y1 +Dbysint
Xo(t) = X, — ashcost’ ()= y, —byhsint’
The proof is complete.
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