Far East Journal of Mathematical Sciences (FIMS)

© 2017 Pushpa Publishing House, Allahabad, India

http://www.pphmj.com

http://dx.doi.org/10.17654/MS102102189

Volume 102, Number 10, 2017, Pages 2189-2198 ISSN: 0972-0871

CENTER OF THE SKEW POLYNOMIAL RING
OVER QUATERNIONS

Amir Kamal Amir, Jusriani Djuddin, Mawardi Bahri, Nur Erawaty and
Nurul Mukhlisah Abdal

Department of Mathematics

Faculty of Mathematics and Natural Sciences
Hasanuddin University

Makassar, Indonesia

Abstract
We determine the center of a skew polynomial ring over quaternions.
1. Definitions and Notations

The form of centers and ideals of skew polynomial rings over
commutative ring have been investigated during the last few years. In [1],
center of skew polynomial ring over a domain, has been considered. In
[2, 3, 5], invertible, maximal and prime ideals of skew polynomial ring over
commutative Dedekind domain were considered. In this paper, the form of
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the center of the skew polynomial ring over the noncommutative ring which
is quaternion is found.

Recall the set of quaternion
H = {q = do + i0g + jap + kag|dp, &, U2, d3 € R},
where i, j and k should satisfy Hamilton multiplication rule as follows:
i2=j°=k®=-1 ij=-ji=k jk=-Kkj=i Kki=-ik=].
Then the maps o; : H — H and o, : H — H defined, respectively, by
c1(a) = o1(ag + & + apj + agk) = (ap — ai — azj + agk)
and
oy(a) = oy(ag + i + ayj + agk) = (ag + api + agj — k)
are endomorphisms.

Let o be an endomorphism over H. Then the skew polynomial ring
over gquaternions with an unknown variable x, denoted by H[x; ], is a ring

consisting of polynomials

A(x) = GnX" + Qg™+ o+ X% + gX + Qg
with qq, 01, 0o, g3 € H and the multiplication rule xa = o(a)x, for each
ae H.

2. The Main Results

In this part, we formulate the center’s form of the skew polynomials ring
over quaternion.

Theorem 1. Let H[x; o1] be a skew polynomial ring over quaternions,

where o is defined by

csl(a) = Gl(ao + ali + a2j + a3k) =ag — ali - a2j + a3k.
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Then its center is given by

t
Z(H[x; o1]) = {Z(Pznxzn + Pons1k ) Pon, Ponas € R}-
n=0

Proof. First, we show that

t
{Z(panzn + p2n+1kX2n+l)| Pons Pon+1 € R} c Z(H[x; 1))
n=0

For this, choose

t
p(x) € {Z(Dznxzn + Ponsak ) Pon, Ponas € R}}-
n=0

We obtain that p(x)q(x) = q(x) p(x), Vvq(x) € H[x; o1]. Without loss of

generality, the proof is given for q(x) = a, where a € H and for q(x) = x.

When g(x) = a, let

t
pO) = D (P2nX™" + Ponsak®™), pgn, Ponis € .
Then

t
p(x)a(x) = {Z(Pznxzn + Pansak®™ ) |[ag + agi + 2 + agk].
n=0

Since of"(a) =a = ay + & + 8, + agk and o?""1(a) = 54(a) = ag — i

—ay] + agk, we obtain
p(x)a(x)

2n+1)
n=0
t

t
= {Z(DZn(ao + agi + 2 +8gk) X" + Pn.1k(3g — agi — Az + agk)x
= [Pan(ag + agi + apj +agk)x*" + pon,a(—ag + agi —agj + agk)x
0

2n+l].

n=

M)
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Next,

q(x) p(x)

t
=[ap + i +apj + ask]{Z(Pznxzn + I02n+1kX2n+1)}
n=0

t
= {Z(pZn(aO +agi+ayj+ agk)xzn + ponsa(ag +agi +ayj + a3k)kx2”+1)}
n=0

t
= [Pan(@g + i + ] +agk)X*" + ponq(-ag + api — a j +agk)x*"].
n=0
)
From equations (1) and (2), we see that p(x)q(x) = q(x) p(x).
When q(x) = x, then
ot
p(x)a(x) = Z(panzn + p2n+1kX2n+1)]X
Ln=0
[~ot
= ano(panZnﬂ + p2n+1kX2n+2)}- ®)
On the other side,
\ 2 2n+1
q(x) p(x) = X{Z(pznx "+ ponsakx ™ )}-
n=0
Since xp;j = pjx and xk = kx, thus
t
Q00RO =| o (Pan®™ + payko?™) | @

From equations (3) and (4), we get p(x)q(x) = q(x) p(x).
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Now, we show that
t
Z(H[x; o1]) = {Z(pznxzn + P2n+1k ) Pon, Pons € R}-
n=0
Let r(x)e Z(H[x; o1]). Thus r(x) satisfies r(x)qg(x)= qg(x)r(x),
vq(x) € H[x; o1].

Suppose
r(X) =Ty + {X + -+ X' = Z;:o rc", 1, eH.
For q(x) = 1,
r(x)a(x) = r(x)i = ir(x) = q(x)r(x).

Since o?"(i) = i and o?"(i) = —i,

r(x)i = [Ztn:o rnx”}i = Z;ZO(—l)” rix" (5)

and

ir(x) = i[Z:\_o rnx”} = [Z;_o irnx”}. (6)

Since r(x)i = ir(x), from equations (5) and (6), we obtain r,i = i,
and —rynqi = ifhn41. Then, suppose that ry, = agn + ayni + axn j + agpk,
from the equality of r,i =ir,, we get ay, =ag, =0, thus ry, =
agn + agni. Furthermore, let 1o ,q = by, + byl + bopj + byk, from the
equality of —ryqi =ifp,,1, We obviously obtain by, =by, =0. Then

font1 = bonJ + bypk. Therefore, r(x) can be written as

t t
r(x) = D (0nX°" + D ) = D (g + g )X + (i j + hngh) x*™*1),
n=0 n=0

where hy,, € R.
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Next, choose q(x) = j,

r(x)9(x) = ()]
- [Zz_o ((hno + hrgi)X2™ + (o j + hngk)X2n+1)}j
= 20 (o + b o ()" + (i + g £ ()™ |
since of"(j) = | and of""(j) = -],
r(0a00) = | 21 (o + b ()" + (g + k) (=)
- [Ztn:o (Mo + hgk) X" + (hnp + hn3i)x2”+1)} (7)
Q000 = (1)) Xp_o (o + g X" + (o + gk ™1

t . .
= Do (oo = hgk)X*™ + (=hng + hygi) x*™). ®

Since r(x)q(x) = q(x)r(x), from equations (7) and (8), we obtain h, =
hh2 =0, so

t
r(x) = Z:(hnox2n + hyakx®1),
n=0

Since hng, hyg € R, it can be written in general form as

t
r(x) = ano(thxzn + hpp1kx®1 1) where hyp, opyg € R.

Accordingly, r(x) e {Z;:O(pmxzn + P2ns1k" ™) P2n, Pansa € R}, it

is shown that
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Z(H[x; o1])

t
- {p(x) = Z(panzn + p2n+1kX2n+1)| Pon: Pon1 € R, t e Z+} O
n=0

Theorem 2. Let H[x; 5,] be a skew polynomial ring over quaternions,

o, be an endomorphism such that
Gz(a) = 02(a0 + a]_i + a2j + a3k) =4dg + a2i + a3j + alk

for each ag + aji + a5 + azk e H. The center of ring H[x; c,] is

t . .
Z(H[x; o2]) = {ang(psnxg” + Pana+ i+ j+ k)X

+pmﬂa—r4—kw“”NmeR}
Proof. It is easily shown that
o3'(@)=a, o3"(a)=o0y(a) and o3"X(a)=oc5(a). (9

Further, the proof process is divided into two parts:

(a) We will show that

t - -
{ano(p%x% + P+ i+ + k)XgnJr1

¢ bana(l— i — | — k)2 € R} c Z(Hx o))
Let

t o
r(x) e {Z:nzo(psnx3n + Pansa(l+ i+ j+ k)3

+pwﬁa—rw—kw%”nmeR}

We will show that r(x)q(x) = q(x)r(x), vq(x) e H[x; 5]
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Without loss of generality, the proof will be done just for two types of
q(x). Firstly, for g(x) = a, where a € H and secondly, for q(x) = x.

With methods similar to the proof of Theorem 1, we get
a(x)r(x) = r(x)a(x).
(b) We will show that

Z(H[x; o3])
. 3 3 3n+2
c {Z(pi%nx "+ Pansa(d+i+ j+k)x i, Pans2(l—i—J—k)x ) P; € R}-
n=0

Let r(x)e Z(H[x; o1]). It means that r(x) satisfies r(x)g(x)=
a(x) p(x), va(x) e H[x; o] Let r(x)zztnzornx”, r, € H.
When q(x) =i,
r(x)a(x) = r(x)i = ir(x) = q()r(x).

Since o3"(i)=1i, o3"(i)=k and o3"*?(i)=j, with a simple
calculation, we obtain

t

r(x) = > (X" + 1™+ 1, px%12)
n=0

t
0 1.,3 0 1 . 0 1 3n+l
= Z((CSn +C3ni) X" + (C3ns1 + Cangal + Cansaf + Caniak) X )
n=0

3n+2

0 1 .1 . 0
+(C3n4+2 + C3n42l + Cany2) — Cani2K) X

with cij e R.
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Next, when q(x) = j, we have

r()a(x)=r(x)]

Ued 1 :y.3n 0 1 5.0 1 3n+l
= [ano((csn +C3ni) X +(C3n 41+ C3n+al + C3n+1] + Can41k) X

0 1 . .1 . 0 3n+2. ]
+(C3n12 + C3np2l + Cany2] — Cans2K) X )} .

Since r(x)j = jr(x), with a simple calculation, we get

1 0 1 0 1
C3n =0, C3n41 =C3ny1 and C3pip = —C3no-
So,
t
r(x) = Z[cgnx?’” + Qg @+i+ j+ k)M (e, - - j - k)32,

n=0

Thus, we have

r(x)

t
c {Z(psnx3n + Panaa@+i+ k)X 4 g (L-i - - k)X pj e R}
n=0

0
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