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Abstract 

We determine the center of a skew polynomial ring over quaternions. 

1. Definitions and Notations 

The form of centers and ideals of skew polynomial rings over 
commutative ring have been investigated during the last few years. In [1], 
center of skew polynomial ring over a domain, has been considered. In       
[2, 3, 5], invertible, maximal and prime ideals of skew polynomial ring over 
commutative Dedekind domain were considered. In this paper, the form of 
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the center of the skew polynomial ring over the noncommutative ring which 
is quaternion is found. 

Recall the set of quaternion 

{ },,,, 32103210 RH ∈|+++== qqqqqqqqq kji  

where i, j and k should satisfy Hamilton multiplication rule as follows: 

.;;;1222 jikkiijkjkkjiijkji =−==−==−=−===  

Then the maps HH →σ :1  and HH →σ :2  defined, respectively, by 

( ) ( ) ( )kjikji 3210321011 aaaaaaaaa +−−=+++σ=σ  

and 

( ) ( ) ( )kjikji 1320321022 aaaaaaaaa −++=+++σ=σ  

are endomorphisms. 

Let σ be an endomorphism over .H  Then the skew polynomial ring     
over quaternions with an unknown variable x, denoted by [ ],; σxH  is a ring 

consisting of polynomials 
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with H∈3210 ,,, qqqq  and the multiplication rule ( ) ,xaxa σ=  for each 

.H∈a  

2. The Main Results 

In this part, we formulate the center’s form of the skew polynomials ring 
over quaternion.  

Theorem 1. Let [ ]1; σxH  be a skew polynomial ring over quaternions, 

where 1σ  is defined by 

( ) ( ) .3210321011 kjikji aaaaaaaaa +−−=+++σ=σ  
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Then its center is given by 
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Proof. First, we show that 
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For this, choose 
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We obtain that ( ) ( ) ( ) ( ),xpxqxqxp =  ( ) [ ].; 1σ∈∀ xxq H  Without loss of 

generality, the proof is given for ( ) ,axq =  where H∈a  and for ( ) .xxq =  

When ( ) ,axq =  let 
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Since ( ) kji 3210
2
1 aaaaaan +++==σ  and ( ) ( ) i101

12
1 aaaan −=σ=σ +  

,32 kj aa +−  we obtain 
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Next, 
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From equations (1) and (2), we see that ( ) ( ) ( ) ( ).xpxqxqxp =  

When ( ) ,xxq =  then 
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On the other side, 
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Since xpxp ii =  and ,xx kk =  thus  

 ( ) ( ) ( ) .
0

22
12

12
2 ⎥⎦

⎤
⎢⎣
⎡ += ∑ =

+
+

+t
n

n
n

n
n xpxpxpxq k  (4) 

From equations (3) and (4), we get ( ) ( ) ( ) ( ).xpxqxqxp =  
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Now, we show that 
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Let ( ) [ ]( ).; 1σ∈ xxr HZ  Thus ( )xr  satisfies ( ) ( ) ( ) ( ),xrxqxqxr =  

( ) [ ].; 1σ∈∀ xxq H  

Suppose 
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Since ( ) ( ),xrxr ii =  from equations (5) and (6), we obtain nn rr 22 ii =  

and .1212 ++ =− nn rr ii  Then, suppose that ,32102 kji nnnnn aaaar +++=  

from the equality of ,22 nn rr ii =  we get ,032 == nn aa  thus =nr2  

.10 inn aa +  Furthermore, let ,321012 kji nnnnn bbbbr +++=+  from the 

equality of ,1212 ++ =− nn rr ii  we obviously obtain .010 == nn bb  Then 

.3212 kj nnn bbr +=+  Therefore, ( )xr  can be written as 
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Next, choose ( ) ,j=xq  
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Since ( ) ( ) ( ) ( ),xrxqxqxr =  from equations (7) and (8), we obtain =1nh  

,02 =nh  so 
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Since ,, 30 R∈nn hh  it can be written in general form as 
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[ ]( )1; σxHZ  
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Theorem 2. Let [ ]2; σxH  be a skew polynomial ring over quaternions, 

2σ  be an endomorphism such that 

( ) ( ) kjikji 1320321022 aaaaaaaaa +++=+++σ=σ  

for each .3210 H∈+++ kji aaaa  The center of ring [ ]2; σxH  is 
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Proof. It is easily shown that 
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Further, the proof process is divided into two parts: 
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We will show that ( ) ( ) ( ) ( ),xrxqxqxr =  ( ) [ ].; 2σ∈∀ xxq H  
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Without loss of generality, the proof will be done just for two types of 
( ).xq  Firstly, for ( ) ,axq =  where H∈a  and secondly, for ( ) .xxq =  

With methods similar to the proof of Theorem 1, we get 
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Next, when ( ) ,j=xq  we have 
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