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Abstract 

Stair nested designs may be a good alternative to balanced nested 
designs since we can work with fewer observations and the amount of 
information for the different factors is more evenly distributed. In stair 
nested designs the number of treatments is the sum of the “actice” 
factor levels so these designs lead to a great economy. A method will 
be used to minimize the sum of the variances of the estimators of the 
variance components. 

1. Introduction 

There are many practical situations where it is realistic to suppose that 
observations nyy ...,,1  are realizations of random variables nYY ...,,1  which 
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have the same mean μ and whose variance-covariance matrix is defined by a 
hierarchy of f nested random factors. There is a variance component 
associated with each factor, and it is desired to estimate these variance 
components. 

In general, suppose that the factors fFF ...,,1  have random effects with 

variance components ,...,, 22
1 fσσ  and that factor jF  is nested in factor 1−jF  

for ....,,2 fj =  Assume that .2≥f  Let 1m  be the maximum number of 

levels of factor 1F  that it is feasible to use, and, for ,...,,2 fj =  let jm  be 

the maximum number of levels of factor jF  that it is feasible to use within 

each level of factor .1−jF  In industrial settings 1m  may be large, but there 

are many other practical situations in which jmm ≤1  for .2 fj ≤<  

Traditional designs to estimate variance components used so-called 
balanced nesting (e.g., Khuri et al. [5]). Within each combination of levels of 
factors ,...,,1 jFF   the same number of levels of factor 1+jF  is used. These 

designs are orthogonal designs, and the estimators of the variance 
components are independent. However, they need a large number of 
observations, and the number of degrees of freedom for estimating the 
variance components are very different. Stair nested designs have been 
introduced for the estimation of variance components and to overcome these 
disadvantages of the balanced nested designs. They are reviewed in Section 
2. 

A method to minimize the sum of the estimated variances of the 
estimators of the variance components is presented in Section 3. 

2. Stair Nested Designs 

Stair nested designs, which were introduced by Cox and Solomon [1] and 
presented by Fernandes et al. [2-4], may be a good alternative to balanced 
nested designs since we can work with fewer observations and the amount of 
information for the different factors is more evenly distributed. There is 
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effectively one component for each factor. For ,...,,1 fj =  factor jF  has 

ja  “active” levels in component j and only a single level in each other 

component. If we write “+” between components then the stair nested design 
is written as 

faaa 1111111 21 +++  

and has ∑ == f
r ran 1 .  For ,...,,1 fj =  factor jF  has jv  levels, where 

∑ = −+= j
r rj jfav 1 .  Figure 1 shows a stair nested design with ,3=f  

2,3 21 == aa  and .43 =a  Thus there are 9=n  observations. 

 

Figure 1. The stair nested design “ 411121113 ++ ”. 

Factor 1F   has 1v  levels, where .111 −+= fav  The first 1a  levels are 

the “active” levels for this factor; each of them is combined with a single 
level of each of the remaining factors. The first observation sub-vector 1Y  is 

constituted by the observations ;...,, 11 ayy  it has variance-covariance matrix 

1V  given by ,111 aIV γ=  with ∑ = σ=γ f
r r1

2
1 ,  where kI  is the identity 

matrix of order k. 

When ,1 fj ≤<  for level 11 −+ ja  of the first factor we take a single 

level of each of the factors 12 ...,, −jFF  and ja  “active” levels of factor .jF  

For each of these we take only one level of the remaining factors. The sub-
vector jY  is constituted by the observations ,...,,11 jj ss yy +−

 where =js  
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∑ =
j
r ra1 .  It has variance-covariance matrix jV  given by +ω= jajj JV  

,jajIγ  with ∑ −
= σ=ω 1

1
2j

r rj  and ∑ = σ=γ f
jr rj ,2  where kJ  is the kk ×  

matrix with all entries equal to 1. 

For ,...,,1 fj =  the sub-vectors jY  are mutually independent. The 

sums of squares jS  and mean squares jM  are given by jajj jS YKY′=  

and ,jjj dSM =  where .1
kkk k JIK −−=  Thus jS  and kS  are 

independent when kj ≠  and multivariate normality implies that the 

distribution of jjS γ  is 2χ  on jd  degrees of freedom, where .1−= jj ad  

Then ( ) jjj dSE γ=  so jj M=γ̂  is an unbiased estimator for jγ  for 

....,,1 fj =  Thus we have the following unbiased estimators for the 

variance components: ,ˆˆ 2
fff M=γ=σ  and  11

2 ˆˆˆ ++ γ−γ=−=σ jjjjj MM  

for .1...,,1 −= fj  Hence ( ) fff dVar 22 2ˆ γ=σ  and ( ) ( +γ=σ jjj dVar 22 2ˆ  

)1
2

1 ++γ jj d  when .1 fj <≤  

Finally, if fj <≤1  and ,02 =σ j  then 1+jj MM  has the F distribution 

on jd  and 1+jd  degrees of freedom. Thus this ratio of mean squares may be 

used to test the hypothesis that .02 =σ j  

3. Minimizing the Sum of the Variances of the Estimators 

With 1−= jj ad  for ,...,,1 fj =  we intend to, through a proper 

choice of ,...,,1 fdd  minimize 
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subject to the constraint ∑ = =f
j j nd1 ,  with n known. Using the Lagrange 

multipliers with the auxiliary function 

( ) ∑ ∑
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we have to solve equation ( ) 0,...,,1 =λ∇ fddL  and this implies solving 

equations 
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From the first three conditions we obtain 2
1

22 2 γγ= jjb  for ,1ddb jj =  

with 1...,,2 −= fj  and 2
1

22 γγ= ffb  for .1ddb ff =  

From the last condition we have 

.
1

2

1
∑ =

+
= f

j jb

nd  

For ,...,,2 fj =  we know that ,1 jj bdd =  then using the previous results 

we get 

.
1

2∑ =
+

= f
r r

j
j

b

nb
d  

Now, obtaining estimators for ,jγ  with ,...,,1 fj =  through pre-

sampling and choosing the value of n, we can optimize the distribution of the 
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number of levels for each factor, in order to minimize the sum of the 
variances of the estimators of the variance components. 
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