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Abstract

Stair nested designs may be a good alternative to balanced nested
designs since we can work with fewer observations and the amount of
information for the different factors is more evenly distributed. In stair
nested designs the number of treatments is the sum of the “actice”
factor levels so these designs lead to a great economy. A method will
be used to minimize the sum of the variances of the estimators of the
variance components.

1. Introduction

There are many practical situations where it is realistic to suppose that
observations vy, ..., Y, are realizations of random variables Y, ..., Y,; which
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have the same mean p and whose variance-covariance matrix is defined by a
hierarchy of f nested random factors. There is a variance component
associated with each factor, and it is desired to estimate these variance
components.

In general, suppose that the factors £, ..., Fy have random effects with

variance components 612, - G}‘, and that factor F i is nested in factor F -1

for j =2,.., f. Assume that f > 2. Let m; be the maximum number of

levels of factor F] that it is feasible to use, and, for j =2, ..., f, let m j be
the maximum number of levels of factor F i that it is feasible to use within
cach level of factor F;_;. In industrial settings 7 may be large, but there

are many other practical situations in which m; < m; for 2 < j < f.

Traditional designs to estimate variance components used so-called
balanced nesting (e.g., Khuri et al. [5]). Within each combination of levels of

factors £, ..., Fj,

the same number of levels of factor F;, is used. These
designs are orthogonal designs, and the estimators of the variance
components are independent. However, they need a large number of
observations, and the number of degrees of freedom for estimating the
variance components are very different. Stair nested designs have been
introduced for the estimation of variance components and to overcome these
disadvantages of the balanced nested designs. They are reviewed in Section

2.

A method to minimize the sum of the estimated variances of the

estimators of the variance components is presented in Section 3.
2. Stair Nested Designs

Stair nested designs, which were introduced by Cox and Solomon [1] and
presented by Fernandes et al. [2-4], may be a good alternative to balanced
nested designs since we can work with fewer observations and the amount of

information for the different factors is more evenly distributed. There is
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effectively one component for each factor. For j =1, ..., f, factor F; has
a; “active” levels in component j and only a single level in each other

component. If we write “+” between components then the stair nested design
is written as

ar/l/--/1 + VYay I-/1 + -+ 1f[l]ay

and has »n = Z{:ﬂr' For j=1,.., f, factor Fj has v levels, where

N

Vj r=1

a, + f — j. Figure 1 shows a stair nested design with f =3,

a; =3,a, =2 and ay = 4. Thus there are n = 9 observations.

Levels of factor Fi
(v1=5)
Levels of factor F»

(v2 = 6)
Levels of factor F3
(v3=19)

a; =3 as =2 a3 =4
Figure 1. The stair nested design “3/1/1 + 1/2/1 + 1/1/4 ™.

Factor F] has v; levels, where v; = a; + f —1. The first a; levels are

the “active” levels for this factor; each of them is combined with a single

level of each of the remaining factors. The first observation sub-vector Y; is

constituted by the observations yy, ..., Yags it has variance-covariance matrix

Vi given by Vy =y, , with v, = z; 1 G%, where I is the identity
matrix of order .

When 1< j < f, for level a; + j —1 of the first factor we take a single
level of each of the factors F3, ..., F;_| and a; “active” levels of factor F;.
For each of these we take only one level of the remaining factors. The sub-

vector Y is constituted by the observations Vs; y+1s s Vs where s; =
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j . . . . o
Zr:1 a,. It has variance-covariance matrix V; given by V; = w;J a; t

. ) ) :
yanj, with o; :Zizlcr and vy; =Zf:jc5r, where J; is the kxk
matrix with all entries equal to 1.

For j=1,.., f, the sub-vectors Y; are mutually independent. The

sums of squares S; and mean squares M ; are given by §; = YJ’-Kanj
and M; =S;/d;, where K; =1I; —k7'J,. Thus S; and S are
independent when j # k& and multivariate normality implies that the

distribution of S [y s Xz on d; degrees of freedom, where d; = a; —1.

Then E(S;)=d;y; so y; =M is an unbiased estimator for y; for

j=1 .. f. Thus we have the following unbiased estimators for the
variance components: 6% =Yy =My, and 6% =M;-M; =Y;-Y;u
. A2 2 ~2 2
for j=1,.., f —1. Hence Var(67)=2vy/d, and Var(65)=2(y;/d; +
2 .
Vj+1/dj+1) when 1 < j < f.
Finally,if 1 < j < f and 0? =0, then M ; /M j+1 has the F distribution
on d; and d ;| degrees of freedom. Thus this ratio of mean squares may be

used to test the hypothesis that 03 =0.

3. Minimizing the Sum of the Variances of the Estimators

With d; =a; -1 for j=1,.., f, we intend to, through a proper

choice of dj, ..., df, minimize

f f-1.2 2 2 f

2y _ Y Y+ 47 Y Y7
E Var(crj)—zé (—d.-i- J_z_d1+4- =+ _df
j=1 j:1 J }
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subject to the constraint ij.zl d; = n, with n known. Using the Lagrange

multipliers with the auxiliary function
2 f-1.2 2 f
_oti Yi -
L(dy, ..., dyr, A)=2 & + 4; dj +2 i + x[;d] n},

we have to solve equation VL(dy, ..., d s, 1) =0 and this implies solving

equations

2

oL pRISEYY

| 42

od, 12

oL '

Lo, =2, 1 L W

& J

oL 2

od ¢ 2=
d%

oL /

=0 r

oA o di—-n=0
j=1"7

From the first three conditions we obtain bjz- = 273 [y} for b ;i =d;/d,
with j =2, .., f —1 and b7 =y7/v{ for by =d/d).

From the last condition we have

d _ n
1 =——F-

S
1+Zj:2bj

For j=2,.., f, we know that d| = d /b;, then using the previous results
we get
nb

_ j
dj=——7 —

7 .
1+ Zrzz b,
Now, obtaining estimators for vy;, with j=1, .., f, through pre-

sampling and choosing the value of n, we can optimize the distribution of the



282 C. Fernandes and P. Ramos

number of levels for each factor, in order to minimize the sum of the

variances of the estimators of the variance components.
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