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Abstract

Villacorta and Chaudhary [10] introduced two new theta function
identities. In this sequel, we aim to give representations for these theta
function identities in terms of combinatorial partition identities.

1. Introduction and Definitions

For g, A, p € C(|q|<1), the basic (or g-) shifted factorial (%; q)H is
defined by (see, for example, [1], [7] and [8] dealing with the g-analysis)

“ j
Cay - 1-2q .
(x; q) .:H =2 | (lq|<L A peC), (1.1)

" 1-gHt)

j=0
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so that
1 (n=0)
(@ q), = ﬁ(l _ag®) (nen) (12)
k=0
and
(% q) =] J0-%47) (gql<L2reC) (1.3)
j=0

Here and in the following, let C and N be the sets of complex numbers
and positive integers, respectively. For convenience, we write
(a1, @y, a3, .., @i q), = (a3 @), (a2; @), (a3 9), (a3 q),  (14)
and
(a1, ay, a3, .., ai; q),, = (@13 @)@ 4)(a35 @), -+ (s @)y (1.5)

In Chapter 16 of his celebrated Notebooks, Ramanujan defined the
general theta function f(a, b) as follows (see [1, p. 31, equation (18.1)]):

f(a, b) =1+ i (ab)@(a" +b")

n=l1

o n(n+l) n(n-1)

=Y a2 b 2 =fba (ab|<), (1.6)

so that, if 7 is an integer, then we have

n(n+1) n(n-1)

fla,b)=a 2 b 2 f(a(ad)", b(ab)™) = f(b, a). (1.7)

Ramanujan also rediscovered Jacobi’s famous triple-product identity
(see [1, p. 35, Entry 19]):

f(a, b) = (—a; ab), (=b; ab), (ab; ab),,, (1.8)

which was, in fact, first proved by Gauss.
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Several g-series identities emerging from Jacobi’s triple-products
identity (8) are worthy of note here (see [1, pp. 36-37, Entry 22]):

og)= Y, ¢ =1+2)" ¢
n=—w n=l1
L2 2. 2
i )P D), = TR )

- 2 2 2 ’
(4597 ) (=475 97 )

o n(n+l) 2. 2
V)= fla.q)=D q 2 _ (479
n=0

=29 Jo (1.10)
(4 4°),
and

0 n(3n-1)
f=q) = f(=q,=¢%) = D (-1)'q 2

n=—00

n(3n-1) o n(3n+1)

=D ('g 2+ (D' T =(g 9, (1.11)
n=0 n=1

Equation (11) is known as FEuler’s Pentagonal Number Theorem. The

following g-series identity:

11
(@ q%), *=4)

(4 9), = (1.12)

provides the analytic equivalent of Euler’s famous theorem.

The number of partitions of a positive integer n into distinct parts is

equal to the number of partitions of n into odd parts.

We now recall the Rogers-Ramanujan continued fraction R(g), which is
given by
1 1 1
— — 4 - - 4, 5
R(q) = ¢° 5 S(a,-4") _ 5 (@6d),(d75 0 )y

H(g) _ _
f(~4*, -¢*) (4% )’ 0°),

G(q)

q
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2 3
-4 949 9 .. (lq]<1) (1.13)

in terms of the following widely investigated Roger-Ramanujan identities:

0 n? _ 5
Ha)= Z:') (qq; D fo)

f(=¢,—¢%)
(@ 615)00(1614; o), o QS)OO(%; Z;iw(qs; ) (1.14)
and
H(q) = :O E];;( nc;)ln) - f(f;;,qi)qs)
R qs)ool(q3 ). . qs)w(q(“;;f)zzo(qﬂ qs)”, (1.15)

where the functions f(a, b) and f(—q) are defined by (1.6) and (1.11),

respectively. For a detailed historical account of (and for wvarious
investigating developments stunning from) the Rogers-Ramanujan continued
fraction (1.13) and identities (1.14) and (1.15), the reader may be referred to
the work [1, p. 77].

The following continued fraction was reported in [7] from an earlier
work cited therein:

(45 4%)oo(~a5 9)s,

(654
(¢ 4

3 2 2 5 3 3
1 qg49(-9)q" ¢°(0-¢")q” ¢(1-q°) (1.16)
-1+ 1- 1+ 1= 1+ 1-- '



Representations of Certain Theta Function Identities ... 1609

Finally, we turn to the recent investigation by Andrews et al. [2],
involving combinatorial partition identities associated with the following

general family:

0]
R(s, t, 1, u, v, w) = Z qs(” 2)err(l, u, v, w n), (1.17)
n=0

where
|:n}
u

r(l, u, v, wy n) = Z (-1)/

o @ a),,(qd" 4™,

quv(j 2)+(w—ul) j

(1.18)

In particular, we recall the following combinatorial partition identities
[2, p. 106, Th. 3]:

R2, 11,1, 2,2) = (-¢; ¢°),.» (1.19)
_ 2. 2
R(2,2,1,1,2,2) = (-¢°; ¢°),,. (1.20)

2 2
(g™ ™).,
m. 2m :
)eo

R(m, m,1,1,1,2) =
(¢"; q

(1.21)

The outline of this paper is as follows. In Section 2, we record a set of
known results which are required in this paper. In Section 3, we state and

prove our main results associated with the family R(s, ¢, [, u, v, w) defined

by (1.17), which depict representations of certain theta function identities in

terms of combinatorial partition identities.
2. A Set of Preliminary Results

The following identities will be required in proving our main results in
Section 3 (see [10]):

F2(=¢°) = w(g®)d(a”) - a*w(g"®)d(q) 2.1
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and

F=a>)(w(q) - qw(d®)) = f(=¢°)o(=4"), (2.2)

where all the symbols having their usual meanings.
3. The Main Results

We state our main results.

Theorem 1. Each of the following identities holds true:
2 3 9. 18\2 ( 18. 18
f (_q ) = R(za 2’ 1’ 1’ 1’ 2) (_q > q )oo (q - q )oo

~R(18,18, 1, 1,1, 2){R(2, 1, 1, 1, 2, 2)\*¢%(¢%: ¢°),.. (3.1)

9. 18\2, 18. 18
f(_q3): (q > q )oo(q > q )oo (32)
f(=¢®) R 1L,1,1,2,2)-¢q-R(9,9,1,11,2) '
and
9. 18\2, 18. 18
R(‘?" 2’ 1’ 17 17 2)(_6] > q )oo(q > q )oo
*(=¢%
R(18,18,1,1, 1, 2){R(2, 1, 1, 1, 2, 2 ¢*(¢%; 4°),,
B 2
2(=¢%)
9. 18\4 18. 18\2
(0759 °)(a "9 %)y (3.3)

CUR(LLLL 2,2)—g-R(9,9, 1,1, 1, 2)12

Proof. With the help of (1.9) and (1.10), we can compute the values for

8(9), 9(9): 6(=a"), w(a). w(ga®), w(g”), w(g'®), respectively. Further, using
these results into (2.1) and (2.2), and applying results (1.19) and (1.21), by

little algebra, we get (3.1) and (3.2). Again, squaring on both the sides of
(3.2) and using (3.1), we obtain (3.3).



Representations of Certain Theta Function Identities ... 1611

Acknowledgement

The authors thank the anonymous referees for their valuable suggestions

which led to the improvement of the manuscript.

(1]

(2]

(6]

(8]

(9]

[10]

[11]

References

B. C. Berndt, Ramanujan’s Notebooks, Part III, Springer-Verlag, New York,
1991.

G. Andrews, K. Bringmann and K. Mahlburg, Double series representations
for Schur’s partition function and related identities, J. Combin. Theory Ser. A
132 (2015), 102-119.

M. P. Chaudhary, On g-product identities, Pacific J. Appl. Math. 5(2) (2013),
123-129.

M. P. Chaudhary, Some relationships between g-product identities, combinatorial
partition identities and continued-fractions identities III, Pacific J. Appl. Math.
7(2) (2015), 87-95.

M. P. Chaudhary and Junesang Choi, Note on modular relations for the Roger-
Ramanujan type identities and representations for Jacobi identities, East Asian
Math. J. 31(5) (2015), 659-665.

M. P. Chaudhary, Sangeeta Chaudhary and Junesang Choi, Certain identities
associated with 3-dissection property, continued fractions and combinatorial
partition, Appl. Math. Sci. 10 (2016) 37-44.

H. M. Srivastava and M. P. Chaudhary, Some relationships between g-product
identities, combinatorial partition identities and continued-fractions identities,
Adv. Stud. Contemp. Math. 25(3) (2015), 265-272.

H. M. Srivastava and J. Choi, Zeta and g-zeta Functions and Associated Series and
Integrals, Elsevier Science Publisher, Amsterdam, London, New York, 2012.

M. P. Chaudhary, Sangeeta Chaudhary and Junesang Choi, Note on Ramanujan’s
modular equation of degree seven, Internat. J. Math. Anal. 10(14) (2016),
661-667.

Jorge Luis Cimadevilla Villacorta and M. P. Chaudhary, On certain theta function
identities, Ramanujan J. (submitted).

M. P. Chaudhary, Salahuddin and Junesang Choi, Certain relationships between
g-product identities, combinatorial partition identities and continued-fraction
identities, Far East J. Math. Sci. (FIMS) 101(5) (2017), 973-982.



