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Abstract 

Currently, uniaxial crystalline lenses become more widely used in 
laser technology and coherent optics. There are several types of 
crystalline lenses consisting of two lenses of a uniaxial crystal, which 
differ in the orientation of optical axes. These lenses are used in the 
mode of normal light incidence on the input face and carry out a shift 
between the wave fronts of ordinary and extraordinary beams at the 
output. The superposition of these waves at the output of crystalline 
lenses results in the occurrence of an interference pattern that can be 
used for a variety of purposes in laser polarized interferometers. A 
theory of the optical properties of crystals has been developed, 
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according to which the path of ordinary and extraordinary beams in 
crystalline lenses can be calculated for normal incidence of light on 
the input face of a crystalline lens. Crystalline lenses are used for 
releasing laser radiation in various laser measurement devices, 
obtaining a constant shift between the wave fronts of these beams, 
spatial encoding and decoding, spatial multiplying of optical signals 
and creating a controlled spatial filter. Many accurate measurements, 
the role of which is rapidly increasing in modern science and 
technology, are carried out by interference methods. The scope of 
application of interference devices has expanded through the creation 
of lasers and the development of electronics. 

1. Introduction 

The development of quantum electronics and coherent optics has greatly 
contributed to the increased use of various crystalline lenses in scientific, 
technological and industrial projects. Crystalline lenses help successfully to 
solve the problem of laser radiation control, control of amplitude, frequency, 
phase and polarization, creation of a continuous and discrete scanning of          
the laser beam, Q-switching and selection of optical resonator modes, 
management of the duration and form of laser pulses [1, 2]. Crystalline lenses 
are also used for creating controlled spatial filters [3-5]. On the basis of a 
crystalline lens, a number of laser polarization interferometric devices have 
been created [6], providing a high precision in the investigation of the quality 
of treatment of optical components [7], the geometric parameters of laser 
beams, the spatial correlation function of the laser radiation field and the 
degree of coherence [8]. 

The known calculations of the beam path in crystalline lenses are limited 
to the case of normal incidence of light on the front face of lenses and are 
conducted for each specific lens separately [15-18]. There is a method for 
calculating the beam path in birefringent prisms of the variable angle of 
splitting [19-21]. The theory of the propagation of electromagnetic waves in 
anisotropic crystals as well as the laws of reflection and refraction at the 
environmental interfaces were studied in research works of native and 
foreign authors [9-14, 22-35]. 
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However, a rigorous calculation of the beam path in the system 
consisting of several anisotropic crystals results in cumbersome expressions, 
which are not suitable for engineering calculations and do not allow the 
general properties of crystalline lenses to be investigated [14]. Therefore, 
there is a need for an effective method to calculate the path of laser radiation 
in a crystalline lens, to describe the conditions of occurrence of interference 
patterns at the output of a crystalline lens and to study the possibility of using 
them in different laser polarized interferometers. 

In this regard, the purpose of this paper is to present a detailed study of 
the properties of a crystalline optical lens made of the uniaxial crystal of an 
Icelandic spar with different orientations of the optical axes of crystals in 
lens components, to explore the conditions of occurrence of interference 
patterns at the output of a crystalline lens and to suggest the direction of their 
use. 

2. Methods 

The following tasks have been set and addressed in this paper: 

- to develop an effective technique for calculating the path of laser 
radiation through a crystalline lens, suitable for the analysis of the properties 
of such systems and for engineering calculations; 

- to carry out a comprehensive experimental study of a crystalline lens in 
the modes of splitting of polarized beams and interference between them and 
to investigate various cases of interference; 

- to study the possibility of using crystalline lenses for the creation of 
new laser measurement devices. 

3. Results and Discussion 

The purpose of this research is to develop an effective technique for 
calculating the path of laser radiation through crystalline lenses. 

The research objectives are as follows: to present a comprehensive 



A. Umbetov et al. 926 

experimental study of crystalline lenses, to analyze crystalline lenses in the 
modes of polarized beams as well as to give a detailed calculation of 
interference between polarized beams and to consider various cases of 
interference. 

When the orthogonally polarized beams are shifted by the analyzer at the 
output of a crystalline lens (CL) (Figure 1(a)), a spatially non-localized 
interference pattern occurs in the place of the transposition of ordinary (o) 
and extraordinary (e) beams. The maximum contrast of the interference 
pattern is achieved, as known, at equal intensities of the mixed beams, which 
is achieved in turn by orienting the analyzer at an angle 45º to the planes of 

oscillation of the electric vector E  for o- and e-beams. Below is the 
calculation of interference patterns (rasters), formed by two-component 
crystalline optical systems in parallel and divergent (or convergent) beams. 
Moreover, the focus is on the use of such crystalline optical systems in such 
devices as shearing interferometers. 

In the general case, four waves are formed at the CL output. When the 
CL-incident beam is polarized in such a way that the direction of oscillation 

of its electric vector is defined by the unit vector ( )0,1,01E  (Figure 1(b)), at 

the CL output there appear (oo) and (oe) waves, which pass through CL-1 
without being refracted. On the contrary, the beam with polarization 

( )0,0,11E  is refracted and forms ordinary (eo) and extraordinary (ee) waves 

at the CL output. 

Consider the interference pattern between (eo) and (ee) waves. The 
polarization of (eo) and (ee) waves at the CL output is shown in Figure 1. 
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(а) 

 
(b) 

Figure 1. Polarization of (eo) and (ee) waves at the CL output in the 
collimated laser beam. 

If the loss by internal scattering of the incident beam is neglected, then: 

 ,sin;cos 11 ϕ=ϕ= EEEE eoee  (1) 

where 1E  is the electric field intensity at the CL output. 
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In turn, the electric field intensity, according to Figure 1 and equation 
(1), can be expressed as follows: 

 ,sincos 331
likrikrki eoee

eEeeEeE Δ+
ϕρ ϕ+ϕ=  (2) 

where lΔ  is the path difference between o- and e-beams, ρe  and ϕe  are the 

unit vectors in the directions ρ and ϕ respectively and Е is the preliminary 
field intensity. 

If we go to the Cartesian coordinates, then: 

;sincos ϕ+ϕ=ρ yx eee  

,cossin ϕ−ϕ=ϕ yx eee  (3) 

where yx ee ,  are the unit vectors of the x- and y-axes. 

Therefore: 

( )EeeeE likrkirki
x

eoee Δ+ϕ+ϕ= 33 22
1 sincos  

( ) .cossinsincos 33 Eeee likrkirki
y

eoee Δ+ϕϕ+ϕϕ+  (4) 

Let the analyzer have an oscillation along the x-axis: 

[ ] 2222
1 sincos EeE lik
x

Δϕ+ϕ=  

[( ) ]lklkE Δϕ+Δϕ+ϕ= 242222 sinsincossincos  

,2sin2sin1 222
⎥⎦
⎤

⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛ ′Δϕ−= lkE  (5) 

where ( ) .33 rkkLL eeeo −+Δ=′Δ  

Similarly, for the y-axis, we get: 

 [ ] .2sin2sinsincos1 22222222
1 ⎟

⎠
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⎝
⎛ ′Δϕ=ϕϕ−= Δ lkEEeE lik

y  (6) 
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The path difference Δl for o- and e-beams on the paths ,21MM  eeMM 32  

and eoMM 32  (Figure 3) can be found through a direct calculation of the 

corresponding segments. 

A simple calculation by the methods of analytic geometry gives the 
following expressions: 
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Equations (7)-(9) make it possible to find the full path difference of o- 
and e-beams at the CL output 
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Hence, for an Iceland spar, we obtain: 

 ( ) .01,017,017,0 2

2

R
rhRhL −+=Δ  (11) 

For the plane of the screen, located at a distance from the CL, we have: 

 ( ) ,01,017,017,0 2

22

R
r

FZ
FhRhL ⎟

⎠
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⎝
⎛

−
−+=Δ  (12) 

where F is the focal distance, 22 yxr +=  is the position (radial) of the 

point on the screen. 
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Thus, as seen from (6), at ,2;0 π=ϕ  a dark field will be on the screen. 

At ,4
π=ϕ  the intensity varies according to the law: 

 .2sin222
1 ⎟

⎠
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⎝
⎛ ′Δ= LkEE y  (13) 

Since at the CL output two subsequent beams correspond to (eo) and (ee) 

waves, ,33
eeeo kk =  and it is possible to note: 

.LL Δ=′Δ  

The conventional signs of the interference maximum at 4
π=ϕ  can be 

defined from (13) as follows: 
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where .2;1;0 ±±=S  

Following from (14), with regard to formula (12), we obtain: 
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where .17,01 h=Δ  

Thus, the interference pattern for 2
1yE  has the form of concentric rings 

intersected by a dark cross (see Figure 2), and for 2
1xE -rings with a light 

cross (see Figure 2(b)). For 2
1yE  at ,4

π=ϕ  the locus of the points 

corresponding to the interference pattern by analogy with (15) can be written 
as: 
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(a) 

 
(b) 

Figure 2. Interference rasters generated by the CL: (a) in a collimated laser 
beam at the input; (b) in a convergent laser beam at the input. 

At the same time, 2
1yE  and 2

1xE  determine the intensity distribution 

in eoF  and ,eeF  respectively. Indeed, the intensity distribution in the focus 

eeF  is given by the expression: 
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where 
ee

ee
x FZ

FE
−

=′ 2
1  is the intensity distribution on the screen located at 

a distance z from the CL, ( ) ϕρ= drdrds  is the element of area on the screen 

and ρ is the position (radial) of the point on the CL rear plane (Figure 3): 
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Finally, with regard to (18) and (19), from (17) we obtain: 
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where const.=B  

 

Figure 3. The scheme for calculating the distribution of light intensity in the 
focus .eeF  

Similarly, find the expression for the intensity distribution in the focus 
:eoF  
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The total intensity is given as 
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The second terms of the expressions (20) and (21) are small as compared 
with the first terms, and therefore, the intensity ratio in the focuses eeF  and 

eoF  is equal to: 
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 (23) 

The obtained result is in qualitative agreement with the experiment. 

Next, consider the interference pattern between (oo) and (ee) beams at 
the CL output. As shown, the (oo)-beam passes through the CL without 
deviation, and the (ee)-beam passes through the focus determined according 
to the expression (12): 

,2 hn
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where h is the height of the spherical segment, and the focal length is 
measured from the back face of the CL. 
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Take a point ( )zyxM ,,  on the screen and consider the incidence of (oo) 

and (ee) waves on this point. A simple calculation of the beam path within 

the accuracy of 
2
⎟
⎠
⎞⎜

⎝
⎛
R
d  can show that the direction of the refracted e-beam is 

determined by the unit vector at the CL output (Figure 3), where 
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and in the area II within CL- by the vector ( ),,, ezeyexe kkkk ′′′′  where 

( ) ;cosϕ−=′ oeex nnR
dk  

( ) ( ) .1;sin 2
2

2
oeezoeey nn

R
dknnR

dk −−=′ϕ−=′  (25) 

As can be seen from (24) and (25), the partial e-beam falls on the point 
M from the beam entering CL-1 at a distance d from the axis: 

 ( ) ( ) ,1
oeee nnFz

Rd
−−

ρ
=  (26) 

where .22
1 yx +=ρ  

The total amplitude when adding (oo) and (ee) beams depends on the 
phase difference Δψ between them: 

 ( ( ) ) ,2 0
λ

−+Δπ
=ψΔ

rkk e  (27) 

where ( )1,0,00k  is the unit vector of the о-beam and Δ is the path difference 
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of о- and е-beams as they pass through the CL. It appears that Δ within the 

accuracy of up to 
2
⎟
⎠
⎞⎜

⎝
⎛
R
d  (where d is the radius of the beam) does not depend 

on the position of the point ( )zyxM ,,  on the screen and is actually defined 

by the phase difference of o- and e-beams as they pass through the CL center. 
This result can be obtained through the consideration of beam trajectories. 

The condition of the illumination maximum on the screen at the point 
( )zyxM ,,  can be written as: 

 ,2 Sπ=ψΔ  (28) 

where .3;2;1 ±±±=S  

The substitution of (24) and (27) into (28) gives an equation of the locus 
of points of the illumination maximum on the screen: 
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Equation (29) defines a clump of circles (Figure 4). Note that in 
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the tested CL, the value 
λ
Δ  turned out to be very close to an integer; therefore 

the expression Δ−λS  in (29) may be replaced with ,λ′S  where ;0=′S  
,2;1 ±±  and the radii of the rings in the observed interference pattern are 

determined by the ratio: 
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Figure 4. The interference raster formed by the CL in the collimated laser 
beam/Fresnel zone pattern/in the context of interference between (oo) and 
(ee) waves. The analyzer A  is oriented at an angle 45º to .a  

Similarly, we obtain the expression for the interference of (oe) and (eo) 
waves at the CL output: 

 ( )
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2 2
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+ SFzFz
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eeee
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A similar interference pattern between (oo) and (ee) waves can also be 
obtained when changing the direction of incidence on the CL by 180°. 

4. Conclusions 

An original technique for calculating the path of laser radiation through a 
uniaxial crystalline lens has been developed. The expressions having high 
precisions describe the path of laser radiation through crystalline lenses and 
determine the conversion of different (ordinary and extraordinary) waves on 
the spherical surface of a crystalline lens elaborately. They are also suitable 
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for engineering calculations. The equations which make it possible to 
determine the properties of crystalline lenses in the mode of splitting of 
polarized beams and interference between them as well as different cases of 
interference have been obtained and comprehensively studied. The 
conditions for the formation of interference of crystalline lenses with the help 
of the analyzer have been defined. The paper has also analyzed the prospects 
for the use of interference patterns generated by crystalline lenses in laser 
polarized interferometers. 

Theoretically, the resulting expressions coincide with the experimental 
data to a high precision. 
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