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Abstract

This note concerns the relations between |eft near-commutative rings
and left duo rings. For the purposes, we study the structure of
the skewed trivial extensions in relation with the cases of given
monomorphisms to be non-surjective or surjective.

1. Introduction

This study is motivated by the results for right near-commutative rings
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which are obtained by Lee in [8]. Throughout, every ring is associative with
identity unless otherwise stated. Let R be aring. Let J(R), N,(R), N*(R),
and N(R) denote the Jacobson radical, the prime radical, the upper nilradical
(i.e, sum of al nil ideals), and the set of al nilpotent elements in R,
respectively. It is well-known that N*(R) < J(R) and N.(R) < N*(R)
< N(R). It is aso well-known that N,(R)= N*(R)= N(R) for any
commutative ring R. The n by n full (resp. upper triangular) matrix ring over
R is denoted by Mat,(R) (resp., T,(R)). Let D,(R) denote the subring
{M e Ty(R)| the diagonal entries of M are al equal} of T,(R). Use g; for

the matrix with (i, j)-entry 1 and O elsewhere. Z (Z,) is used to denote the
ring of integers (modulo n). rr(-)(resp. Igr(-)) is used to denote a right
(resp. left) annihilator over R. The group of unitsin R is denoted by U(R).
The center of aring Ris denoted by C(R).

Following Lambek [7], a right R-module M over a ring R is caled
symmetric if mrs= 0 implies msr =0 foral me M and r, se R Thus, a

ring Ris usualy called symmetric if rst = 0 implies rts=0 forr,s, t e R;
while Anderson and Camillo [1] took the term ZC3 (consequently, ZC,,) for
this notion. Lambek proved that a ring R is symmetric if and only if
nro -y = 0, with n any positive integer, implies Ris symmetric if and only
if r6(M)rs(2)---r5(n) =0 for any permutation o of the set {1, 2, ..., n} and
ri € R [7, Proposition 1]; while Anderson and Camillo obtained this result

independently [1, Theorem 1.1]. This result implies that R is symmetric if
and only if Ry issymmetricif and only if gR issymmetric.

Recall that a ring called Abelian if every idempotent is central.
Symmetric rings are easily shown to be Abelian.

Proposition 1.1 [8, Proposition 2.1]. For a ring R, the following
conditions are equivalent:

(1) Every right R-module is symmetric;
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(2) Every cyclic right R-module is symmetric;
(3) abR=baR foralla, be R

Following Lee [8], aring R is said to be right near-commutative if it
satisfies the condition (3) of Proposition 1.1. A ring R is caled left near-
commutative if it satisfies the left version of Proposition 1.1(3), i.e,
Rab = Rba for al a,be R A ring is caled near-commutative if it is
both right and left near-commutative. Commutative rings are clearly near-
commutative. Due to Feller [4], aring is called right (resp. left) duo if every
right (resp. left) ideal isanideal; aring iscalled duo if it is both right and | eft
duo. It is obvious that right (resp. left) near-commutative rings are right
(resp. left) duo, but the converseis not true in general by [8, Example 2.6].

A ring is usually called reduced if it has no nonzero nilpotent elements.
Reduced rings are symmetric by a simple computation, but the converse need
not hold as can be seen by the many existences of nonreduced commutative
rings. It is also obvious that right or left duo rings are Abelian.

We see the relations among commutative rings, right near-commutative
rings, and right duo rings. We consider a skewed trivial extension in
[12, Definition 1.3] as follows. Let R be a commutative ring with an
endomorphism ¢ and M be an R-module. For R® M, the addition and
multiplication are given by

(r, ) + (r2, M) = (1 + 1z, My + M)
and
(r, my) (r2, mp) = (rarp, o(rp) My + myrp),

noting o(r;)my, = mpo(ry). Then this construction forms a ring. Following

the literature, this extension is called the skew-trivial extension of R by M,
denoted by R o« M.

Asin[8], R o« R isisomorphicto R[x; G]/(Xz) viathe corresponding

(r, m) > r + Xm,
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where R[X; o] is the skew polynomial ring, with the coefficients written on
the right, only subject to ax = xo(a) for ae R and (x?) is the ideal of
R[x; ] generated by x°.

If Risafield and o is not surjective, then R[X; c]/(xz) is aright near-

commutative (hence right duo) ring that is not left duo; but it is near-
commutative when o is bijective, by the following theorem.

Theorem 1.2 [8, Theorem 25]. (1) Let K be a field with a
monomorphism ¢ and M be a K-module. If  is not surjective, then K «« M
isaright near-commutative ring which is not left duo.

(2) Let K be a field with a monomorphism o and M be a K-module. If s is
bijective, then K «« M isa near-commutative ring.

(3) Let D be a commutative domain, with a monomorphism c, that is not
a field, and K be the quotient field of D. Suppose that ¢ is not surjective.
Then D o« K is a right duo ring that is neither left nor right near-
commutative ring, where K is considered as a bimodule over D.

Proof. In the proof of [8, Theorem 2.5], the proof of (2) is not given, and
the case of left near-commutative ring is not considered in (3). We provide
here one of (2) and extend one of [8, Theorem 2.5(3)].

(2 Let E=K o« M and suppose that ¢ is bijective. Then E is right
near-commutative by (1). We will show that E is also left near-commutative.
Let 0= x, yeE If x=(ab),y=(c,d)e J(E), then xy =0 because
a=c=0, andso

Exy = Eyx = xyE = yxE = 0.

If x, ye U(E), then

Exy = Eyx = xyE = yxE = E.
Let

x=(f, ) €U(E), y= (0, g2) € J(E).
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Then

xy = (f1, 91)(0, 92) = (0, 6(f1)gz) = (0, o( 1) f{ o 1y).

Since s ishijective, f; 1 = o(h) for some h e K. So we have

(0, o( 1) f g2 f1) = (0, o(fy)o(h)ga )
= (0, o( f1h)go 1)
= (f1h, 0)(0, gof1)
= (f1h, 0)(0, 92)(f1, 91) € Eyx,
implying xy € Eyx.
Since s ishijective, f; = o(k) for some k e K. Sowe have
yx = (0, 92)(f1, 61) = (0, g2f1) = (0, fyo(f Yol F1)gp)
= (0, o(K)o( Mo f1)g2) = (0, o(kiy H)o(1)gp)
= (k. %, 0)(f1, 61)(0, gp) < Exy.
Thus, E isleft near-commutative.

(3) Let E=D o K and (f, g), (h, k) e E. We first show that E is
right duo. Let f = 0. Then we have

(h, k)(f, g) = (hf, o(h)g + k)

= (fh, gh + o(f)o(f) Xo(h)g + kf — gh))

= (f, 9)(h, o(f) No(h)g + ki — gh)) e (f, g)E.
If f=0and g =0, then

(h, k)(0, g) = (0, 5(h)g) = (0, go(h)) = (0, g)(a(h), 0) (0, 9)E.

Thus, E isright duo.
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Next we clam that E is neither left nor right near-commutative,
assuming that ¢ is not surjective. Then s ¢ (D) for some s e D.

Set x = (0, cs(s)_l) and y = (s, 0) € E. Then

xy = (0, so(s)™") and yx = (s, 0)(0, 5(s) ™) = (0, 2).
So we have that
xy = (0, so(s) ™) # (f, 9)(0,1) = (0, o(f)) € Eyx
and
xy = (0, sa(s) ) = (0,1)(f, g) = (0, f) e yxE

for any (f, g) e E, because so(s)t ¢ D from the fact that s ¢ o(D).
Thus, E is neither left nor right near-commutative.

Consider the proof of (3) of Theorem 1.2. For the caseof f # 0, wealso
have

(f, g)(h, k) = (fh, o(f)k + gh)
= (fh, o(h)g + f Xo(f)k + gh— o(h)g) f)

= (h, fo(f)k + gh—o(h)g))(f, g) € E(f, g).

Let f =0 and g = 0. In this case, suppose that ¢ is bijective. Then we
also have

(0, g)(h, k) = (0, gh) = (0, 5(c"*(h))g) = (5™ *(h), 0)(0, g) « E(0, g),
noting h € (D). Thus, Sisaso left duo.

One can see the applications of Theorem 1.2 in [8, Example 2.6].
2. L eft Near-commutative Rings

In this section, we study the structure of left near-commutative rings
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in relation with several ring theoretic properties which have roles in
noncommutative ring theory. Recall that a ring R is said to be left near-
commutative if Rab = Rba for al a, b e R Left near-commutative rings

are clearly left duo, but not conversely by Example 2.3 to follow. Note that
left near-commutative rings are Abelian since left duo rings are Abelian. In
this section, we study the basic properties of left near-commutative rings
introduced by Lee [8]. Our arguments are motivated by the results for right
near-commutative rings.

Following Lambek [7], a left R-module M over a ring R is called
symmetricif rsm=0 impliesssrm=0 foral meM andr, se R

Proposition 2.1. For aring R, the following conditions are equivalent:
(1) Every left R-module is symmetric;

(2) Every cyclic left R-module is symmetric;

(3) Rab = Rba for all a, be R

Proof. We apply the proof of Proposition 1.1. (2) = (3) Consider the
cyclic left R-module R/Rab. By condition, ab(l+ Rab)=0 implies
ba(l+ Rab) = 0, entailing Rba — Rab. From ba(l+ Rba) =0, we get
ab(1+ Rba) = 0, implying Rab < Rba.

(3) = (1) Let M be a left R-module, and suppose abm =0 for me M
and a, b e R Then Rab < Igx(m), but Rab = Rba by the condition; hence
Rba < rlg(m), implying bam = 0.

(1) = (2) isobvious. O

We consider the left version of the skewed trivial extension, as in [5,
Example 1.2(2)]. Let R be a commutative ring with an endomorphism ¢ and
M be an R-module. Applying [12, Definition 1.3], for R® M, the addition

and multiplication are given by

(rp, my) + (rp, Mp) = (ry + rp, My + Mp)
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and
(r, M) (r2, M) = (rrp, nMy + Myo(rz)),

noting o(ro)my = myo(ro). Then this construction also forms a ring. This

extension is also caled the skew-trivial extension of R by M, denoted by
R o M.

Asin[8], R o« R isisomorphicto R[X; cs]/(xz) viathe corresponding
(r,m)>r + mx,
where R[X; o] is the skew polynomial ring, with the coefficients written on
the left, only subject to xa = o(a)x for ae R and (x2) is the ideal of
R[x; 5] generated by x°.

If Ris afield and o is not surjective, then R[x; c]/(x?) is a left near-

commutative (hence left duo) ring that is not right duo; but it is near-
commutative when o is bijective, by the following theorem.

Theorem 2.2. (1) Let K be a field with a monomorphism ¢ and M be a
K-module. If ¢ is not surjective, then K o« M is a left near-commutative
ring which is not right duo.

(2) Let K be a field with a monomorphism ¢ and M be a K-module. If ¢
ishijective, then K o M isa near-commutative ring.

(3) Let D be a commutative domain, with a monomorphism o, that is not
afield, and K be the quotient field of D. If o isnot surjective, then D « K is
a left duo ring that is neither left nor right near-commutative ring, where K
isconsidered as a bimodule over D.

Proof. We apply the proofs of [8, Theorem 2.5] and Theorem 1.2.
(1) Let E=K oc M. First notethat J(E)=0® M and E/J(E) = K,

and so
U(E)={(r, m)e E|r # 0}.
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Assume that o is not surjective. Then s¢ o(K) for some se K.

Consider 0 = (0, m) € E. Then
(s, 0)(0, m) = (0, sm) = (0, o(t)m) = (0, m)(t, n)
for any (t, n) € E since s ¢ o(K). Thismeans
(s, 0)(0, m) ¢ (0, mE,

and hence E is not aright duo ring.

Next we claim that E is left near-commutative. Let 0= X, y € E. If

x=(a b), y=(c, d)e J(E), then xy = 0 because a = ¢ = 0, and s0
Exy = Eyx = xyE = yxE = 0.
If x, y € U(E), then
Exy = Eyx = xyE = yxE = E.
Let
X =(f1, &) e U(E), ¥ =(0, gp) € I(E).
Then
Xy = (f1, 91)(0, g2) = (0, f192) = (0, fao(f1 ) g0( 1))
= (f10(f ), 0)(0, goo( 1) = (fio( 1), 0)(0, g2)(f1, 91) € Eyx
and

yx = (0, g2)(f1, 91) = (0, gzo(fy))

= (0, o( 1) fT H192) = (o(f1) %, 0)(f1, 91)(0, g2) € Exy.
Thus, E is left near-commutative.

(2) Let E = K o« M and suppose that ¢ is bijective. Then E isleft near-
commutative by (1). We will show that E is aso right near-commutative.
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Let 0= X%, yeE. If x=(a,b), y=(c,d)e J(E), then xy =0 because

a=c=0, adso
Exy = Eyx = XyE = yxE = 0.
If x, y e U(E), then
Exy = Eyx = XyE = yxE = E.
Let
x=(f, @) eU(E), y=(0, 92) € J(E).
Then
xy = (f1, 91)(0, g2) = (0, f195) = (0, gao(fy)o(fr ™) f1).
Since s is bijective, f; = o(v) for some v e K. Sowe have
(0. goo( fr)o(fih) f1) = (0, gzo(f1)o( fr)o(v))
= (0, gzo(f)o( f{ V)
= (0, 92)(f1, ) (f{ v, 0) € VXE,
implying xy e yxE.
Since o isbijective, f; = o(w) for some w e K. So we have
yx = (0, 92)(f1, 91) = (0, goo(fy))
= (0, g2 1 "o(f))
= (0, 92 f1o(W)o( f1)) = (0, gz fro(wfy))
= (f1, 91)(0, g2)(Wfy, 0) € XyE.

Thus, E isright near-commutative.
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(3)Let E=D oc K and 0 = (f, g), (h, k) € E. Wefirst show that E is
left duo. Let f = 0. Then we have

(f, g)(h, k)= (th, fk + go(h))
= (hf, hg + o( f)o(f ) Y(fk + go(h) - hg))
= (h, o(f)*(fk + go(h) - hg))(, @) € E(F, ).
Let f =0 and g # 0. Then we have
(0, 9)(h, k) = (0, go(h)) = (0, s(h)g) = (s(h), 0)(0, 9) < E(O, ).

Thus, E isleft duo.

Next we show that E is not left near-commutative. Assume that c is not
surjective. Then s ¢ o(D) for some s e D.

Set x = (0, cs(s)_l) and y = (s, 0) € E. Then

xy = (0, o(s) o(s)) = (0, 1)
and
yx = (5, 0)(0, o(s)™) = (0, so(s)™).
But
yx = (0, s5(s) ™) # (0, o(1)) = (0, 1)(f, g) e yE
and
yx = (0, s0(s) ™) = (f, 9)(0,1) = (0, f) e Exy
for any (f, g) e E because so(s) ™ ¢ D fromthefact that s ¢ o(D).

Thus, E is neither left nor right near-commutative. O

Consider the proof of (3) of Theorem 2.2. For thecaseof f # 0, wealso

have
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(h, k)(f, g) = (hf, hg + ko(f))

= (hf, go(h) + ff “L(hg + ks(f) — go(h)))

= (f, g)(h, fY(hg + ko(f) - go(h)))  (f, 9)E.

Let f =0 and g = 0. In this case, suppose that ¢ is bijective. Then we

also have

(h, K)(0, @) = (0, hg) = (0, go(c(N))) = (0, g)(c *(h), 0) € (0, Y)E,
noting h € o(D). Thus, E isalso right duo.

In the following we see elaborations of Theorem 2.2.

Example 2.3. (1) There exists a left near-commutative ring that is not
right duo. The construction is due to Chatters and Xue [2]. Let F be afield,
F[x] be the polynomial ring with an indeterminate x over F, and F(x) be

the quotient field of F[x].
Let E be the ring F(x)x F(x) with operations (fi(x), g1(x))+
(f2(%), 92(x)) = (f1(x) + f2(x), Ga(x) + g2(x)) and

(102, 9100) (F2(x), G2(%)) = (Fo(x) F2(x), F2(X) G2(%) + Ga(X) F(x*))
for f;(x), gj(x) € F(x). Then E is isomorphic to the skew-trivia extension
Ko M with K =F(x)=M and

(f(x)) f(x%)
Ol —F=<|=—>5".
93/ g(x?)

So E isleft near-commutative but not right duo by Theorem 2.2(1).

(2) There is a duo ring that is neither left nor right near-commutative.
This construction is due to [8, Example 3], modifying the ring and
monomorphism in (1). Let E be the subring F[x]x F[x] of F(x)x F(x)
with operations
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(f1(x), qu(x)) + (f2(x), 92(x)) = (fo(x) + f2(x), Gi(X) + g2(x))

and

(1, G100) (F202), G2(x)) = (Fa(x) F2(x), f1(X)G2(x) + G1(¥) (%))

for f1(x), fo(x) € F[x] and g1(X), g>(X) € F(x). Then E is isomorphic
to the skew-trivial extenson D o« K with K = F(x), D = F[x], and

o(f(x)) = f(x?). So E is aleft duo ring that is neither Ieft nor right near-
commutative by Theorem 2.2(3), letting s=x we get s¢ o(D) and

so(s) t=xx? =x1teD.
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