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Abstract 

This note concerns the relations between left near-commutative rings 
and left duo rings. For the purposes, we study the structure of                      
the skewed trivial extensions in relation with the cases of given 
monomorphisms to be non-surjective or surjective. 

1. Introduction 

This study is motivated by the results for right near-commutative rings 
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which are obtained by Lee in [8]. Throughout, every ring is associative with 

identity unless otherwise stated. Let R be a ring. Let ( ) ( ) ( ),,, RNRNRJ ∗
∗  

and ( )RN  denote the Jacobson radical, the prime radical, the upper nilradical 

(i.e., sum of all nil ideals), and the set of all nilpotent elements in R, 

respectively. It is well-known that ( ) ( )RJRN ⊆∗  and ( ) ( )RNRN ∗
∗ ⊆  

( ).RN⊆  It is also well-known that ( ) ( ) ( )RNRNRN == ∗
∗  for any 

commutative ring R. The n by n full (resp. upper triangular) matrix ring over 
R is denoted by ( ) ( )( )..,resp RTRMat nn  Let ( )RDn  denote the subring 

( ){ |∈ RTM n  the diagonal entries of M are all equal} of ( ).RTn  Use ije  for 

the matrix with ( )ji, -entry 1 and 0 elsewhere. ( )nZZ  is used to denote the 

ring of integers (modulo n). ( ) ( )( )−− RR lr .resp  is used to denote a right 

(resp. left) annihilator over R. The group of units in R is denoted by ( ).RU  

The center of a ring R is denoted by ( ).RC  

Following Lambek [7], a right R-module M over a ring R is called 
symmetric if 0=mrs  implies 0=msr  for all Mm ∈  and ., Rsr ∈  Thus, a 

ring R is usually called symmetric if 0=rst  implies 0=rts  for r, s, ;Rt ∈  

while Anderson and Camillo [1] took the term 3ZC  (consequently, )nZC  for 

this notion. Lambek proved that a ring R is symmetric if and only if 
,021 =nrrr  with n any positive integer, implies R is symmetric if and only 

if ( ) ( ) ( ) 021 =σσσ nrrr  for any permutation σ of the set { }n...,,2,1  and 

Rri ∈  [7, Proposition 1]; while Anderson and Camillo obtained this result 

independently [1, Theorem 1.1]. This result implies that R is symmetric if 
and only if RR  is symmetric if and only if RR  is symmetric. 

Recall that a ring called Abelian if every idempotent is central. 
Symmetric rings are easily shown to be Abelian. 

Proposition 1.1 [8, Proposition 2.1]. For a ring R, the following 
conditions are equivalent: 

(1) Every right R-module is symmetric; 
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(2) Every cyclic right R-module is symmetric; 

(3) baRabR =  for all a, .Rb ∈  

Following Lee [8], a ring R is said to be right near-commutative if it 
satisfies the condition (3) of Proposition 1.1. A ring R is called left near-
commutative if it satisfies the left version of Proposition 1.1(3), i.e., 

RbaRab =  for all ., Rba ∈  A ring is called near-commutative if it is                

both right and left near-commutative. Commutative rings are clearly near-
commutative. Due to Feller [4], a ring is called right (resp. left) duo if every 
right (resp. left) ideal is an ideal; a ring is called duo if it is both right and left 
duo. It is obvious that right (resp. left) near-commutative rings are right 
(resp. left) duo, but the converse is not true in general by [8, Example 2.6]. 

A ring is usually called reduced if it has no nonzero nilpotent elements. 
Reduced rings are symmetric by a simple computation, but the converse need 
not hold as can be seen by the many existences of nonreduced commutative 
rings. It is also obvious that right or left duo rings are Abelian. 

We see the relations among commutative rings, right near-commutative 
rings, and right duo rings. We consider a skewed trivial extension in                  
[12, Definition 1.3] as follows. Let R be a commutative ring with an 
endomorphism σ and M be an R-module. For ,MR ⊕  the addition and 
multiplication are given by 

( ) ( ) ( )21212211 ,,, mmrrmrmr ++=+  

and 

( ) ( ) ( )( ),,,, 2121212211 rmmrrrmrmr +σ=  

noting ( ) ( ).1221 rmmr σ=σ  Then this construction forms a ring. Following 

the literature, this extension is called the skew-trivial extension of R by M, 
denoted by .MR ∝  

As in [8], RR ∝  is isomorphic to [ ] ( )2; xxR σ  via the corresponding 

( ) ,, mxrmr +  
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where [ ]σ;xR  is the skew polynomial ring, with the coefficients written on 

the right, only subject to ( )axax σ=  for Ra ∈  and ( )2x  is the ideal of 

[ ]σ;xR  generated by .2x  

If R is a field and σ is not surjective, then [ ] ( )2; xxR σ  is a right near-

commutative (hence right duo) ring that is not left duo; but it is near-
commutative when σ is bijective, by the following theorem. 

Theorem 1.2 [8, Theorem 2.5]. (1) Let K be a field with a 
monomorphism σ and M be a K-module. If σ is not surjective, then MK ∝  
is a right near-commutative ring which is not left duo. 

(2) Let K be a field with a monomorphism σ and M be a K-module. If σ is 
bijective, then MK ∝  is a near-commutative ring. 

(3) Let D be a commutative domain, with a monomorphism σ, that is not 
a field, and K be the quotient field of D. Suppose that σ is not surjective. 
Then KD ∝  is a right duo ring that is neither left nor right near-
commutative ring, where K is considered as a bimodule over D. 

Proof. In the proof of [8, Theorem 2.5], the proof of (2) is not given, and 
the case of left near-commutative ring is not considered in (3). We provide 
here one of (2) and extend one of [8, Theorem 2.5(3)]. 

(2) Let MKE ∝=  and suppose that σ is bijective. Then E is right 
near-commutative by (1). We will show that E is also left near-commutative. 
Let .,0 Eyx ∈≠  If ( ) ( ) ( ),,,, EJdcybax ∈==  then 0=xy  because 

,0== ca  and so 
.0==== yxExyEEyxExy  

If ( ),, EUyx ∈  then 

.EyxExyEEyxExy ====  

Let 

( ) ( ) ( ) ( ).,0,, 211 EJgyEUgfx ∈=∈=  
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Then 

( ) ( ) ( )( ) ( ( ) ).,0,0,0, 12
1

1121211 fgffgfggfxy −σ=σ==  

Since σ is bijective, ( )hf σ=−1
1  for some .Kh ∈  So we have 

( ( ) ) ( ( ) ( ) )12112
1

11 ,0,0 fghffgff σσ=σ −  

( ( ) )121,0 fghfσ=  

( ) ( )121 ,00, fghf=  

( ) ( ) ( ) ,,,00, 1121 Eyxgfghf ∈=  

implying .Eyxxy ∈  

Since σ is bijective, ( )kf σ=1  for some .Kk ∈  So we have 

( ) ( ) ( ) ( ( ) ( ) )21
1

1112112 ,0,0,,0 gffffggfgyx σσ=== −  

( ( ) ( ) ( ) ) ( ( ) ( ) )21
1

121
1

1 ,0,0 gfkfgffk σσ=σσσ= −−  

( ) ( ) ( ) .,0,0, 211
1

1 Exyggfkf ∈= −  

Thus, E is left near-commutative. 

(3) Let KDE ∝=  and ( ) ( ) .,,, Ekhgf ∈  We first show that E is 

right duo. Let .0≠f  Then we have 

( ) ( ) ( )( )kfghhfgfkh +σ= ,,,  

( ( ) ( ) ( )( ))ghkfghffghfh −+σσσ+= −1,  

( ) ( ( ) ( )( )) ( ) .,,, 1 Egfghkfghfhgf ∈−+σσ= −  

If 0=f  and ,0≠g  then 

( ) ( ) ( )( ) ( )( ) ( ) ( )( ) ( ) .,00,,0,0,0,0, Eghghgghgkh ∈σ=σ=σ=  

Thus, E is right duo. 
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Next we claim that E is neither left nor right near-commutative, 
assuming that σ is not surjective. Then ( )Ds σ∉  for some .Ds ∈  

Set ( ( ) )1,0 −σ= sx  and ( ) .0, Esy ∈=  Then 

( ( ) )1,0 −σ= ssxy  and ( ) ( ( ) ) ( ).1,0,00, 1 =σ= −ssyx  

So we have that 

( ( ) ) ( ) ( ) ( )( ) Eyxfgfssxy ∈σ=≠σ= − ,01,0,,0 1  

and 

( ( ) ) ( ) ( ) ( ) yxEfgfssxy ∈=≠σ= − ,0,1,0,0 1  

for any ( ) ,, Egf ∈  because ( ) Dss ∉σ −1  from the fact that ( ).Ds σ∉  

Thus, E is neither left nor right near-commutative. 

Consider the proof of (3) of Theorem 1.2. For the case of ,0≠f  we also 

have 

( ) ( ) ( )( )ghkffhkhgf +σ= ,,,  

( ( ) ( ) ( )( ) )fghghkffghfh σ−+σ+σ= −1,  

( ( ) ( )( )) ( ) ( ).,,, 1 gfEgfghghkffh ∈σ−+σ= −  

Let 0=f  and .0≠g  In this case, suppose that σ is bijective. Then we 

also have 

( ) ( ) ( ) ( ( ( )) ) ( ( ) ) ( ) ( ),,0,00,,0,0,,0 11 gEghghghkhg ∈σ=σσ== −−  

noting ( ).Dh σ∈  Thus, S is also left duo. 

One can see the applications of Theorem 1.2 in [8, Example 2.6]. 

2. Left Near-commutative Rings 

In this section, we study the structure of left near-commutative rings                  
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in relation with several ring theoretic properties which have roles in 
noncommutative ring theory. Recall that a ring R is said to be left near-
commutative if RbaRab =  for all ., Rba ∈  Left near-commutative rings 

are clearly left duo, but not conversely by Example 2.3 to follow. Note that 
left near-commutative rings are Abelian since left duo rings are Abelian. In 
this section, we study the basic properties of left near-commutative rings 
introduced by Lee [8]. Our arguments are motivated by the results for right 
near-commutative rings. 

Following Lambek [7], a left R-module M over a ring R is called 
symmetric if 0=rsm  implies 0=srm  for all Mm ∈  and ., Rsr ∈  

Proposition 2.1. For a ring R, the following conditions are equivalent: 

(1) Every left R-module is symmetric; 

(2) Every cyclic left R-module is symmetric; 

(3) RbaRab =  for all a, .Rb ∈  

Proof. We apply the proof of Proposition 1.1. (2) ⇒ (3) Consider the 
cyclic left R-module .RabR  By condition, ( ) 01 =+ Rabab  implies 

( ) ,01 =+ Rabba  entailing .RabRba ⊆  From ( ) ,01 =+ Rbaba  we get 

( ) ,01 =+ Rbaab  implying .RbaRab ⊆  

(3) ⇒ (1) Let M be a left R-module, and suppose 0=abm  for Mm ∈  
and ., Rba ∈  Then ( ),mlRab R⊆  but RbaRab =  by the condition; hence 

( ),mrlRba R⊆  implying .0=bam  

(1) ⇒ (2) is obvious. ~ 

We consider the left version of the skewed trivial extension, as in [5, 
Example 1.2(2)]. Let R be a commutative ring with an endomorphism σ and 
M be an R-module. Applying [12, Definition 1.3], for ,MR ⊕  the addition 
and multiplication are given by 

( ) ( ) ( )21212211 ,,, mmrrmrmr ++=+  
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and 

( ) ( ) ( )( ),,,, 2121212211 rmmrrrmrmr σ+=  

noting ( ) ( ).2112 rmmr σ=σ  Then this construction also forms a ring. This 

extension is also called the skew-trivial extension of R by M, denoted by 
.MR ∝  

As in [8], RR ∝  is isomorphic to [ ] ( )2; xxR σ  via the corresponding 

( ) ,, xmrmr +  

where [ ]σ;xR  is the skew polynomial ring, with the coefficients written on 

the left, only subject to ( ) xaxa σ=  for Ra ∈  and ( )2x  is the ideal of 

[ ]σ;xR  generated by .2x  

If R is a field and σ is not surjective, then [ ] ( )2; xxR σ  is a left near-

commutative (hence left duo) ring that is not right duo; but it is near-
commutative when σ is bijective, by the following theorem. 

Theorem 2.2. (1) Let K be a field with a monomorphism σ and M be a 
K-module. If σ is not surjective, then MK ∝  is a left near-commutative 
ring which is not right duo. 

(2) Let K be a field with a monomorphism σ and M be a K-module. If σ 
is bijective, then MK ∝  is a near-commutative ring. 

(3) Let D be a commutative domain, with a monomorphism σ, that is not 
a field, and K be the quotient field of D. If σ is not surjective, then KD ∝  is 
a left duo ring that is neither left nor right near-commutative ring, where K 
is considered as a bimodule over D. 

Proof. We apply the proofs of [8, Theorem 2.5] and Theorem 1.2. 

(1) Let .MKE ∝=  First note that ( ) MEJ ⊕= 0  and ( ) ,~ KEJE =  

and so 
( ) ( ){ }.0, ≠|∈= rEmrEU  
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Assume that σ is not surjective. Then ( )Ks σ∉  for some .Ks ∈  

Consider ( ) .,00 Em ∈≠  Then 

( ) ( ) ( ) ( )( ) ( ) ( )ntmmtsmms ,,0,0,0,00, =σ≠=  

for any ( ) Ent ∈,  since ( ).Ks σ∉  This means 

( ) ( ) ( ) ,,0,00, Emms ∉  

and hence E is not a right duo ring. 

Next we claim that E is left near-commutative. Let .,0 Eyx ∈≠  If 

( ) ( ) ( ),,,, EJdcybax ∈==  then 0=xy  because ,0== ca  and so 

.0==== yxExyEEyxExy  

If ( ),, EUyx ∈  then 

.EyxExyEEyxExy ====  

Let 

( ) ( ) ( ) ( ).,0,, 211 EJgyEUgfx ∈=∈=  

Then 

( ) ( ) ( ) ( ( ) ( ))12
1

1121211 ,0,0,0, fgffgfggfxy σσ=== −  

( ( ) ) ( ( )) ( ( ) ) ( ) ( ) Eyxgfgfffgff ∈σ=σσ= −−
112

1
1112

1
11 ,,00,,00,  

and 

( ) ( ) ( ( ))12112 ,0,,0 fggfgyx σ==  

( ( ) ) ( ( ) ) ( ) ( ) .,0,0,,0 211
1

1121
1

11 Exyggfffgfff ∈σ=σ= −−  

Thus, E is left near-commutative. 

(2) Let MKE ∝=  and suppose that σ is bijective. Then E is left near-
commutative by (1). We will show that E is also right near-commutative.    
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Let .,0 Eyx ∈≠  If ( ) ( ) ( ),,,, EJdcybax ∈==  then 0=xy  because 

,0== ca  and so 

.0==== yxExyEEyxExy  

If ( ),, EUyx ∈  then 

.EyxExyEEyxExy ====  

Let 

( ) ( ) ( ) ( ).,0,, 211 EJgyEUgfx ∈=∈=  

Then 

( ) ( ) ( ) ( ( ) ( ) ).,0,0,0, 1
1

11221211 fffggfggfxy −σσ===  

Since σ is bijective, ( )vf σ=1  for some .Kv ∈  So we have 

( ( ) ( ) ) ( ( ) ( ) ( ))vffgfffg σσσ=σσ −− 1
1121

1
112 ,0,0  

( ( ) ( ))vffg 1
112,0 −σσ=  

( ) ( ) ( ) ,0,,,0 1
1112 yxEvfgfg ∈= −  

implying .yxExy ∈  

Since σ is bijective, ( )wf σ=−1
1  for some .Kw ∈  So we have 

( ) ( ) ( ( ))12112 ,0,,0 fggfgyx σ==  

( ( ))1
1

112,0 fffg σ= −  

( ( ) ( )) ( )( )112112 ,0,0 wffgfwfg σ=σσ=  

( ) ( ) ( ) .0,,0, 1211 xyEwfggf ∈=  

Thus, E is right near-commutative. 
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(3) Let KDE ∝=  and ( ) ( ) .,,,0 Ekhgf ∈≠  We first show that E is 

left duo. Let .0≠f  Then we have 

( ) ( ) ( )( )hgfkfhkhgf σ+= ,,,  

( ( ) ( ) ( )( ))hghgfkffhghf −σ+σσ+= −1,  

( ( ) ( )( )) ( ) ( ).,,, 1 gfEgfhghgfkfh ∈−σ+σ= −  

Let 0=f  and .0≠g  Then we have 

( ) ( ) ( )( ) ( )( ) ( )( ) ( ) ( ).,0,00,,0,0,,0 gEghghhgkhg ∈σ=σ=σ=  

Thus, E is left duo. 

Next we show that E is not left near-commutative. Assume that σ is not 
surjective. Then ( )Ds σ∉  for some .Ds ∈  

Set ( ( ) )1,0 −σ= sx  and ( ) .0, Esy ∈=  Then 

( ( ) ( )) ( )1,0,0 1 =σσ= − ssxy  

and 

( ) ( ( ) ) ( ( ) ).,0,00, 11 −− σ=σ= ssssyx  

But 

( ( ) ) ( )( ) ( ) ( ) xyEgffssyx ∈=σ≠σ= − ,1,0,0,0 1  

and 

( ( ) ) ( ) ( ) ( ) Exyfgfssyx ∈=≠σ= − ,01,0,,0 1  

for any ( ) Egf ∈,  because ( ) Dss ∉σ −1  from the fact that ( ).Ds σ∉  

Thus, E is neither left nor right near-commutative. ~ 

Consider the proof of (3) of Theorem 2.2. For the case of ,0≠f  we also 

have 
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( ) ( ) ( )( )fkhghfgfkh σ+= ,,,  

( ( ) ( ) ( )( ))hgfkhgffhghf σ−σ++σ= −1,  

( ) ( ( ) ( )( )) ( ) .,,, 1 Egfhgfkhgfhgf ∈σ−σ+= −  

Let 0=f  and .0≠g  In this case, suppose that σ is bijective. Then we 

also have 

( ) ( ) ( ) ( ( ( ))) ( ) ( ( ) ) ( ) ,,00,,0,0,0,0, 11 Eghghghggkh ∈σ=σσ== −−  

noting ( ).Dh σ∈  Thus, E is also right duo. 

In the following we see elaborations of Theorem 2.2. 

Example 2.3. (1) There exists a left near-commutative ring that is not 
right duo. The construction is due to Chatters and Xue [2]. Let F be a field, 
[ ]xF  be the polynomial ring with an indeterminate x over F, and ( )xF  be 

the quotient field of [ ].xF  

Let E be the ring ( ) ( )xFxF ×  with operations ( ) ( )( ) +xgxf 11 ,  

( ) ( )( ) ( ) ( ) ( ) ( )( )xgxgxfxfxgxf 212122 ,, ++=  and 

( ) ( )( ) ( ) ( )( ) ( ( ) ( ) ( ) ( ) ( ) ( ))2
2121212211 ,,, xfxgxgxfxfxfxgxfxgxf +=  

for ( ) ( ) ( )., xFxgxf ii ∈  Then E is isomorphic to the skew-trivial extension 

MK ∝  with ( ) MxFK ==  and 

( )
( )

( )
( )

.2

2

xg
xf

xg
xf =⎟
⎠
⎞⎜

⎝
⎛σ  

So E is left near-commutative but not right duo by Theorem 2.2(1). 

(2) There is a duo ring that is neither left nor right near-commutative. 
This construction is due to [8, Example 3], modifying the ring and 
monomorphism in (1). Let E be the subring [ ] [ ]xFxF ×  of ( ) ( )xFxF ×  

with operations 
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( ) ( )( ) ( ) ( )( ) ( ( ) ( ) ( ) ( ))xgxgxfxfxgxfxgxf 21212211 ,,, ++=+  

and 

( ) ( )( ) ( ) ( )( ) ( ( ) ( ) ( ) ( ) ( ) ( ))2
2121212211 ,,, xfxgxgxfxfxfxgxfxgxf +=  

for ( ) ( ) [ ]xFxfxf ∈21 ,  and ( ) ( ) ( )., 21 xFxgxg ∈  Then E is isomorphic              

to the skew-trivial extension KD ∝  with ( ),xFK =  [ ],xFD =  and 

( )( ) ( ).2xfxf =σ  So E is a left duo ring that is neither left nor right near-

commutative by Theorem 2.2(3), letting xs =  we get ( )Ds σ∉  and 

( ) .121 Dxxxss ∉==σ −−−  

Acknowledgments 

The authors thank the referee for very careful reading of the manuscript 
and many valuable suggestions that improved the paper by much. This work 
was supported by the National Research Foundation of Korea(NRF) grant 
funded by the Korea government (MSIP; Ministry of Science, ICT & Future 
Planning) (No. 2017R1C1B5017863). 

References 

 [1] D. D. Anderson and V. Camillo, Semigroups and rings whose zero products 
commute, Comm. Algebra 27 (1999), 2847-2852. 

 [2] A. W. Chatters and W. Xue, On right duo p.p. rings, Glasgow Math. J. 32 (1990), 
221-225. 

 [3] Y. W. Chung and Y. Lee, Structures concerning group of units, J. Korean Math. 
Soc. 54 (2017), 177-191. 

 [4] E. H. Feller, Properties of primary noncommutative rings, Trans. Amer. Math. 
Soc. 89 (1958), 79-91. 

 [5] J. Han, Y. Lee and S. Park, Duo ring property restricted to group of units,              
J. Korean Math. Soc. 52 (2015), 489-501. 

 [6] N. Jacobson, Some remarks on one-sided inverses, Proc. Amer. Math. Soc. 1 
(1950), 352-355. 



Sang Bok Nam, Ji Eun Kang and Sang Jo Yun 784 

 [7] J. Lambek, On the representation of modules by sheaves of factor modules, 
Canad. Math. Bull. 14 (1971), 359-368. 

 [8] Y. Lee, On generalizations of commutativity, Comm. Algebra 43 (2015), 
1687-1697. 

 [9] J. Lambek, Lectures on Rings and Modules, Blaisdell Publishing Company, 
Waltham, 1966. 

 [10] G. Marks, Reversible and symmetric ring, J. Pure Appl. Algebra 174 (2002), 
311-318. 

 [11] J. C. McConnell and J. C. Robson, Noncommutative Noetherian Rings, John 
Wiley & Sons Ltd., Chichester, New York, Brisbane, Toronto, Singapore, 1987. 

 [12] M. B. Rege and S. Chhawchharia, Armendariz rings, Proc. Japan Acad. Ser. A 
Math. Sci. 73 (1997), 14-17. 

 [13] W. Xue, On strongly right bounded finite rings, Bull. Austral. Math. Soc. 44 
(1991), 353-355. 

 [14] W. Xue, Structure of minimal noncommutative duo rings and minimal strongly 
bounded non-duo rings, Comm. Algebra 20 (1992), 2777-2788. 

 [15] H.-P. Yu, On quasi-duo rings, Glasgow Math. J. 37 (1955), 21-31. 


