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Abstract

In this paper, Lyapunov type inequality is established for fractional
boundary value problem involving the k-Prabhakar fractional
derivative.

1. Introduction

Lyapunov type inequality plays an important role in the study of various
properties of solutions of differential and difference equations such as control
theory, oscillation theory, disconjugacy, eigenvalue problem, etc. [1, 2, 9, 10,
16-18]. Many authors studied generalization of differential and integral
operators such as Prabhakar derivative, Prabhakar integral, k-Riemann-
Liouville derivative, k-Riemann-Liouville integral, k-Prabhakar derivative
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and k-Prabhakar integral. Also, Lyapunov type inequalities for some of these
differential operators are obtained [3, 5, 8, 14].

In the beginning, Lyapunov considered the boundary value problem

{y"(t) +q(t)y(t)=0, a<t<hb,

(@) = y(b) = 0, (-4

which has the nontrivial solution, then for real and continuous function q(t),

he obtained the following well-known result called Lyapunov inequality:

b 4
J.a|q(u)|du>b_a. (1.2)

Ferreira [6, 7] obtained Lyapunov inequality for boundary value
problem involving Riemann-Liouville and Caputo derivatives. Jleli and
Samet modified these inequalities of Ferreira [11, 12].

Recently, Eshaghi and Ansari [5] obtained Lyapunov inequality for
fractional boundary value problem with Prabhakar derivative, also the
authors Pachpatte et al. [14] developed Lyapunov type inequality for hybrid
fractional boundary value problem involving Prabhakar derivative.

In this paper, we consider the following fractional boundary value
problem involving k-Prabhakar derivative:

(kDY g o 2V +AOYD =0, a<t<b,

(1.3)
y(a) = y(b) =0,
where y e C[a, b], kDg,B,co, a4+ IS k-Prabhakar differential operator of order

Be( 2], ke R* and p, v, ® € C. We obtained Green’s function of the

fractional boundary value problem (1.3) in terms of k-Mittag-Leffler
function. Also, we state and prove some properties of Green’s function and
establish the Lyapunov inequality for the fractional boundary value problem
(1.3).
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2. Preliminaries

In this section, we collect some basic definitions and lemmas that will be
important to us in the sequel.

Definition 2.1 [4]. The k-Mittag-Leffler function is denoted by
Eglayﬁ(z) and is defined as

= (Y)n k Z

Ek a, B( )= Z Fk(om +B)n!” (2.1)

where k e R", o, B, v € C, R(a) >0, R(B) > 0; Ty (x) is the k-Gamma
Fk (Y + nk)

T (v)

Definition 2.2 [3]. Let o, B, o, y € C, k e R", R(a) >0, R(B) >0

function and (y),, = is the Pochhammer k-symbol.

and ¢ e L}([0, b]), (0<x<b <o) The k-Prabhakar integral operator
involving k-Mittag-Leffler function is defined as

X Py a
(Papod) = [ E=L g ol -Dklo0d, (x>0 (22)

= (Kl g * ), (23)
where
B
K€ p oM =1 Bk op@tt) t>0, (2.4)
0, t <0.

Definition 2.3 [3]. Let k e R*, p, B, v, ® € C, R(a) >0, R(B) > 0,

m = [E} +1, f e LX([0, b]). The k-Prabhakar derivative is defined as

(DL o f(0) = (—X) KMP Y o f (). (25)
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Lemma 2.1 [3]. Let o, B, o, y € C, keR", R(a)>0 R(P)>0,
-
¢ e LY(RY) and | wk(ks)k | < 1. Then

LUPT 5 D) = L1l o D}6)L18}(S)

_ (k)% (- ok(ks) D) E 201 (s).  (26)

Lemma 2.2 [15]. The Laplace transform of k-Prabhakar derivative (2.5)

LD g o F0) = (ks)k (1 ok(ks) Y F (o)

m-—

1
D KDY o e fOT) @)
=0

n=

For the case {E} +1=m=1,

LD .o Y(0)
— (ks (L= k(s N LY} S) k(P 0 1)(O)

-p
with | ok(ks)k | < 1.
3. Main Results

In this section, we shall establish our Lyapunov type inequality with the
help of following propositions.

Proposition 3.1. If f(x)eC(a, b)N L(a, b), then kDg,B,co, ar

f(x) = f(x) and if f(x), (D’ f(x) e C(a, b)N L(a, b),

. Y
kPP p,B, »,a+

Byo,a+

thenfor cj e R and m—-1<f < m, we have
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Y Y
ka B wa+kDpyBym|a+f(X)

= f(x)+co(x — a)%_lElZ’ o, gl - a)k)
+Cy(X — a)%_2 B¢ ppk (@(x = a)%)
+Co(X — a)%_3 EX p.pok (@(x = a)%)

p p
+ot+Cpg(x—a)k " EX o p(m_)k (@ —a)k). (3.1)

Proof. With the advantage of relations (2.6) and (2.7), Laplace transform
of LH.Sof (3.1)fora=20is

m-1 —B+nk - Y
LUPY 5 000 KD g .04 T 8} = F(8) =k D (k) k(- wk(ks)k )
n=0

% (kDg, B—(n+1)k,mf)(0+)'

Inverting Laplace of above equation for a = 0 gives the desired proof.
Remark 3.1. Note that, for p = pn, k =1, equation (3.1) coincides with

[5, equation (27)].

Proposition 3.2. Let k e R*, p,B, v, @€ C, R(a)>0; R(B)> 0.
Then for any j € N, we have
p %—(JH) p

-1 L X Lt

i B

i B
d__[xk
dx

Proof. We prove this result by using property of k-Gamma function [13]
as
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pn
B 3

d ey i (k0"

dx X B, plex )l = Z Fk(pn +p)n!

) pn+p—-k

Z (V)n, @ g K
= X
Fk (pn + p)n! dx

00 pn+p-k

=kank (pn+p—kx K

I (pn + B)n!

0 (y)n O pn+pB—2k
- nz_: KDy (pn + B — k+k)n'(anrB kx &

on

- i Y)nk(wnxk)

KLy (pn + B — k)n!

B,
xk v %

Similarly, we find the second derivative

d’ % 3 %_3 3
ol><_2[x B(@X )] = Ek P, B- 2k(03x ).
Continuing this process j-times, we have the desired result.

Remark 3.2. Note that, for j=n, B=p and k=1, equation (3.2)
coincides with [5, equation (14)].

Theorem3.1. Let 1< B <2, v,p, e R, y € C[a, b]N L[a, b]. Then
the fractional boundary value problem
(kD goasY) ) +aDY(H) =0, a<t<b,
y(@)=y(b) =0

(3.3)
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is equivalent to the following integral equation:
b
y©) = |6t wau)y(u)d (34)
where G(t, u) is the Green’s function and is given by

_ E—1 v olt — 2 E_
Y LY S

(b-a)kLE] , y(eb-a)k)

(t- u)g’1

G(t,u)=14- k

P
By, p(o(t—u)k), asu<t<hb,

p
(t-a)k 2E], polt-a)k) ()2t

P
Eg’pyﬁ(m(b—u)k), ast<u<h.

(b-a)cLE] , y(olb-a))
(3.5)

Proof. Applying the k-Prabhakar integral operator | PY on the

p. B, a+
fractional differential equation (3.3) and using Proposition 3.1, we find real
constant as follows:

et »
yt) = [ el plolt - wkTaw) ywa

s oolt — a1} plolt - a)k ]+ eyt - a2} o [oft - a)k], (36)

by employing the boundary conditions yields ¢; = 0 and

1
(b - a)%_l EY , plelb- a)k)

Cp =

By
y J: % EJ  plod - w)k Jq(u) y(u)du,
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substituting these values of real constants in equation (3.6), we have the
unique solution of (3.3) as follows:

y(t)

_alg oft — ale B_
[ « a)'; Bipplet a)kp) LRI “Ey fob -t
(b-a)k "E] , (b - a)k)

(t- u)%‘l o
— B pplet—uk) |q(u) y(u)du

B U LU
+J.tb (t—a)k Eképyﬁ( (t—a)k)(b pU)k Ell/’p,ﬁ(m(b_u)%) q(u) y(u)du,
k(b—a)k E] | s(w(b-a)k)

b
y(0) = [ 6t waw)y)d

where G(t, u) is Green’s function given by (3.5).

Theorem 3.2. The Green’s function defined by (3.5) holds the following
properties:

(@ G(t,u)>0,va<t,u<h

(b) max G(t, u) = G(u, u), for u € [a, b].
te[a,b]

+b

(c) The maximum of the function G(u, u) occurs at point u = a 5

and

has the maximum value is

P P
b-alk b-—alk

y y

Be.p.p (’)( 2 j Ee.p.p (’)( 2 j

b-alk*
= . (3.7
UYGTES,)L]G(U, ) ( 4 ) G
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Proof. We prove this theorem by setting two functions as follows:

B
(t-a)k E] , ploft - a)k) (b — u)%_l

gi(t, u) = 5 5 i B p.pleob— U)%)
(b-a)kE} , glob-a))
By o
_%Eg,p,ﬁ(‘”(t —u)k), asu<t<b
and
_ E—l Y oft — = B_
gz(t, U) _ (t a)k Ek,p,ﬁ( (t a)k) (b - E)k ! EIZY pyﬁ(w(b _ U)%),

(b - )k 2] yloib - a)k)

It is obvious that g,(t, u) >0. So to prove (a), we have to show that

01(t, u) > 0 or it is equivalent to prove that

a)elgy oft — a)e B_
(t-a)k B p, plolt —a)k) LR 1Eg,plﬁ(m(b—u)%)

(- )k 2] ylolb - a)k)

B
> % £ plolt k)

Therefore, it is sufficient to prove that
()
By By By By By
(t-ak “(b-uk— _ (t-uk (t—a)k ~(b—uk

= or

By
B p !
k(b — a)k (b —a)k

> (t-u)k

£, plolt - )K)E] , 5(olb - u)k) .

(i :
EIZ, o B(co(b —a)k)

Y
S

he]
=
—~
e
~
—
|
(e
—
=~
~
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For proof (i), we proceed as

(t - a)%_l(b - u)%_l
(b - a)%_1

B
> (t-u)k !

B_ B_ B_
TEL A S L L)
(b - a)?‘1 (b- a)E_1

(u—a)(b—a)Zu

S a+
t-a

at —ab + bu —au
>u
t—a

< at-b)+ub-t)>0
< ub-t)>ab-t)
< uza
The inequality (t —a)(b—u)>(b—a)(t —u) and Taylor series expansion
of the generalized k-Mittag-Leffler function EIZ, p,B(Z)’ for 1<B <2,
v, p, o, Z € R*, completes the proof of (ii).
Proof of (b). We prove this as follows:

Differentiate gq(t, u) with respect to t keeping u fixed and apply the
Proposition 3.2 for j =1, we have

B B4 y olb — P
git, vy = Fepp O 4 gy o a)
k(b —a)k EJ | 4(e(b - a)k)

d

p
8- wic L loft - u)i)

_1
k
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B B4 y olb — P
_ L ”)"B Epp00 u)kz (-2 2E] 5y lolt - a)k)
k(b —a)k “E} | g(w(b—a)k)

1 B_ P
_k_Z(t_u)k ZEE,p,ﬁ—k(‘”(t‘“)k)'
uza=

(b a)e LE]  polb - a)k)

g1(t, u) < (t- a)%‘2 Ef o pk (ot - a)%)

k2(b - a)%_lEg‘ o, plo(b - a)k)

1 B_ P
- k_z(t - a)k 2E|Z’p’B_k(co(t —a)k)

<0,
that yields g;(t, u) is a decreasing function of t. Similarly, by differentiating
g»(t, u) with respect to t for every fixed u, we conclude that g»(t, u) is an
increasing function. Therefore, the maximum of the function G(t, u) with

respect to t is the value G(u, u). Finally, we set the function h(u) for

u e [a, b] as follows:

(- ) LE]  p(ofu - a)k)

h(u) = G(u, u) = 5 5
(b-a)kE)  glo(b - a)k)
(b - u)%_1 P
x S KBl p(olb - u)K), (3.8)

by using equations (2.1) and (3.2), we have
1

h'(u) = B p
k(b —a)k E] , g(e(b - a)k)

B
- a)k el plolu - a)k)
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«(b -0 EY, y(olb - )]

C (u—a)b-ui?
k2(b - a)%_lEgy . p(o(b —a)K)

[(b-)E] 5y ((u—a))

<] p(ob-u)k)—~(u-a)E] 1  (@b-wk)E]  4(eu-a)k)]

pn
S (1), k(U —a) k)
(b- U)nzz(:) L (pn + B — k)n!

C (u—a)b-ui?
k2(b - a)%_lEg‘ o, plo(b - a)E)

Xiwhwm—w%kw_@iw%wm—w%)
=0

I (pn + B)n! I (pn + B = k)n!

Xﬁfmwmw—m%>

i (pn + B)n!

n=0

a+b
2

By solving h'(u)=0=u = , also we observe that h'(u) >0 on

(a, a;bj and h'(u) <0 on (a_;b bj, Hence, h(u) has maximum at
a+b

point u = =

Proof of (c). By substituting u = a+h

5 in (3.8) it gives the maximum of

G(u, u) as follows:

B Eg,p,ﬁ[@(b—zajﬂEg,p,ﬁ[@(b—zaﬂ
max G(u, u) = (b —a)?‘l . (3.9)

4
uela,b] kEIZ,p.B((’)(b - a)%)
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Theorem 3.3. Let & = C[a, b] be the Banach space equipped with

norm | y|= sup |y(t)|] and a nontrivial continuous solution of the
te[a, b]

fractional boundary value problem (1.3) exists. Then

B P
b 1 KE/ b-a)k
ja |q(u)|du > (bi‘ra)k kup,p(00 ~ 2)6) , (3.10)

P
b-a\k b-a

y y
Sop “’( 2 j Sop ‘”( 2 j

where q(t) is a real and continuous function.

~|o

Proof. According to Theorem 3.1, a solution of the above fractional
boundary value problem (1.3) satisfies the integral equation

b
(D) = [ 6(t wa(w)y(w)dy

which by applying the indicated norm on both side of it and using the second
and third properties of Theorem 3.2, we get the desired inequality as follows:

b
Iy®1= max [ 16( vl v

b
1< tg%]ja | G(t, u)q(u)|du,

P P
b-a)k b-a)k
y y
b Bip.p m( 2 ) Bi.p.p (”( 2 ) X
—a\k
1s( 2 j 5 J|q(u)|du,
KE! (b - a)k) ?
K,p,p

£l KE( p.p

P Py’
b-a)k b-alk
Y y
Ek,p,B (D( 2 j Ek.p,B (D( 2 )

(o(b - a)k)
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4. Conclusion

In this paper, we obtained more general results than in [5]. The results in
[5] can be obtained for particular values of k and B as k =1 and B =p in

Green’s function in Theorem 3.1 and Lyapunov inequality in Theorem 3.3.
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