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Abstract 

Motivated by definition of distance magic labelling, we introduce           

a new type of irregular labelling whose evaluation is based on the 

neighbourhood of a vertex. We define a distance irregular labelling on 

a graph G with v vertices to be an assignment of positive integer  

labels to vertices so that the weights calculated at vertices are distinct. 

The weight of a vertex x in G is defined to be the sum of the labels of 

all the vertices adjacent to x. The distance irregularity strength of G, 

denoted by ( ),Gdis  is the minimum value of the largest label over        

all such irregular assignments. We determine the distance irregularity 

strengths of some particular classes of graphs, such as complete  

graphs nK  for ,3≥n  paths nP  for ,4≥n  cycles nC  for ≡n  

( )8mod5,2,1,0  and wheels nW  for ( ).8mod5,2,1,0≡n  We also 

present some non-existence results for other classes of graphs. 
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1. Introduction 

Let G be a finite, simple and undirected graph with vertex set V and edge 
set E, where vV =  and .eE =  The labelling of a graph is a mapping 

that carries a set of graph elements (vertices or edges or both) onto a set of 
numbers (usually positive integers). There are many types of graph labellings 
that have been introduced (see [4] for a complete survey). One of them is 
magic labelling that was first introduced by Sedláček in 1963 [8]. A magic 
labelling of a graph G was defined to be a bijection f from E to a set of 
positive integers such that for all distinct edges with different labels, the sum 
of all edge labels incident to the vertex is a constant. 

Another magic labelling a so-called edge-magic total labelling was 
defined to be a labelling on the vertices and edges in which the labels are         
the integers from 1 to ev +  and where the sum of the labels on an edge and 
its two endpoints is a constant [5]. Furthermore, vertex-magic total labelling 
was defined to be an assignment of the integers from 1 to ev +  to the 
vertices and edges of G so that at each vertex, the vertex label and the labels 
on the edges incident at that vertex add to a fixed constant [6]. Moreover, a 
graph labelling based on both magic and distance was introduced by Miller et 
al. [7]. In this labelling, the 1-vertex-weight of each vertex x in G under a 
vertex labelling was defined to be the sum of vertex labels of the vertices 
adjacent to x (that is, distance 1 from x). If all vertices in G have the same 
weight k, then we call the labelling a 1-vertex-magic vertex labelling [7]. 
Another type of graph labelling is an irregular assignment. The notion of this 
labelling was introduced by Chartrand et al. in 1988 [3]. In the paper, the 
problem was proposed, namely, what is the minimum value of the largest 
label over all such irregular assignments if the edges of a simple connected 
graph of order at least 3 are assigned by positive integer labels such that         
the graph becomes irregular, that is, the weight (the sum of edge labels) at         
each vertex is distinct? The minimum value of the largest label is called 
irregularity strength of the graph [3]. 

Using similar assignment, but apply to both edges and vertices of a 
graph, acBa  et al. [2] introduced the irregular total k-labelling. For a graph 
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( )EVG ,=  with vertex set V and edge set E, a total k-labelling was defined 

to be a labelling ....,,2,1: kEV →λ ∪  A total k-labelling is defined to be 

an edge irregular total k-labelling of the graph G if for every two different 
edges e and f of G, there is ( ) ( ),fwtewt ≠  and to be a vertex irregular total 

k-labelling of G if for every two distinct vertices x and y of G, there is 
( ) ( ).ywtxwt ≠  The minimum k for which the graph G has an edge irregular 

total k-labelling is called the total edge irregularity strength of the graph G, 
( ).Gtes  Analogously, they defined the total vertex irregularity strength of   

G, ( ),Gtvs  as the minimum k for which there exists a vertex irregular total          

k-labelling of G [2]. 

Motivated by the distance magic labelling and ( )da, -distance antimagic 

labelling as well as the irregular labelling, we introduce a new graph 
labelling based on both irregularity and distance. The domain of the labelling 
will be the set of all vertices and the codomain will be ....,,2,1 k  We call 

this labelling a vertex labelling. We define the weight of each vertex x in G 
under a vertex labelling to be the sum of vertex labels of the vertices  
adjacent to x (distance 1 from x). If all vertices in G have different weights,             
then we call the labelling a distance irregular vertex labelling. The  
minimum k for which the graph G has a distance irregular vertex labelling    
is called the distance irregularity strength of the graph G, denoted by 

( ).Gdis  In this paper, we determine the distance irregularity strengths of 

some particular classes of graphs, such as complete graphs nK  for ,3≥n  

paths nP  for ,4≥n  cycles nC  for ( )8mod5,2,1,0≡n  and wheels nW  for 

( ).8mod5,2,1,0≡n  We also present some non-existence results for other 

classes of graphs. 

2. Basic Concept 

In this section, we present formal definition of the distance irregular 
vertex labelling and two observations regarding to the non-existence of      
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the such labelling for graphs that contain vertices with the identical 
neighbourhood and almost identical neighbourhood. 

Definition 1. A distance irregular vertex labelling of the graph G with v 
vertices is an assignment { }kV ...,,2,1: →λ  so that the weights calculated 

at vertices are distinct. The weight of a vertex x in G is defined as the sum of 
the labels of all the vertices adjacent to x (distance 1 from x), that is, 

( ) ( )
( )∑ ∈

λ=
xNy

yxwt .  

The distance irregularity strength of G, denoted by ( ),Gdis  is the 

minimum value of the largest label k over all such irregular assignments. 

In this labelling, the vertex labels are not necessarily different. Figure 1 
illustrates an example of a distance irregular vertex labelling of the graph G 
with the distance irregularity strength 2. 

 
Figure 1. An example of graph G with ( ) .2=Gdis  

We note that not every connected graph has a distance irregular vertex 
labelling as a consequence of the following observation: 

Observation 1. Let u and w be any two distinct vertices in a connected 
graph G. If u and w have identical neighbours, i.e., ( ) ( ),wNuN =  then G 

has no distance irregular vertex labelling. 

The observation can be easily seen as both vertices u and w should have 
the same weights. Consequently, some classes of graphs have no distance 
irregular vertex labelling, such as: 
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• Complete bipartite graphs nmK ,  for any .3, ≥nm  

• Complete multipartite graphs nmH ,  for any .2, ≥nm  

• Stars on 1+n  vertices nS  for .2≥n  

• Trees nT  for any 3≥n  that contain vertex with at least two leaves. 

Observation 2. Let u and w be any two adjacent vertices in a connected 
graph G. If ( ) { } ( ) { },uwNwuN −=−  then the labels of u and w must be 

distinct, that is, ( ) ( ).ωλ≠λ u  

Proof. Let ( ) { } ( ) { }uwNwuN −=−  for two adjacent vertices 

( )., GVwu ∈  Then 

( ) ( ) ( )
( ) { }∑ −∈

λ+λ=
wuNy

ywuwt  

and 

( ) ( ) ( )
( ) { }∑ −∈

λ+λ=
uwNy

yuwwt .  

Since ( ) ( ) ( ) ( )( ) { }( ) { }∑ ∑−∈ −∈ λ+λ=λ+λ wuNy uwNy yuyw ,  thus if 

( ) ( ),wu λ=λ  then ( ) ( )wwtuwt =  which is impossible in distance irregular 

labelling.  

3. Main Results 

We start this section with the lemma that gives the lower bound on the 
distance irregularity strength of connected graphs that have distance irregular 
vertex labelling. 

Lemma 1. Let G be a connected graph on v vertices with minimum 
degree δ  and maximum degree Δ  containing no vertices with identical 
neighbours. Then 
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( ) .1
⎥⎥
⎤

⎢⎢
⎡

Δ
−δ+≥ vGdis  

Proof. Let G be a connected graph on v vertices containing no vertices 
with identical neighbours. Let δ  be the minimum degree of vertices in G and 
Δ  be the maximum degree of vertices in G. The smallest weight value 
among the weights of vertices of G is .δ  Since the weight of every vertex 
must be distinct and G has v vertices, the largest weight value among the 
weights of vertices of G is at least .1−δ+v  This weight is obtained from 
the sum of at most Δ  integers. Thus, the largest label that contributes to this 

weight must be at least .1
⎥⎥
⎤

⎢⎢
⎡

Δ
−δ+v   

In the next theorems, we present the distance irregularity strengths of 
some natural classes of graphs, namely, complete graphs, paths, cycles, and 
wheels. 

Theorem 1. Let nK  be a complete graph with 3≥n  vertices. Then 

( ) .nKdis n =  

Proof. Let nK  be a complete graph with 3≥n  vertices. Let 

( )nKVwu ∈,  and .wu ≠  Since every vertex of nK  is adjacent to all other 

vertices, ( ) ( ) .uwNwuN −=−  By Observation 2, ( ) ( ).wu λ≠λ  Thus, the 

labels of all vertices in nK  must be distinct. Consequently, ( ) .nKdis n ≥  

Assigning the n vertices of nK  with the consecutive integers n...,,2,1  as 

the labels result in different vertex-weights: 

( ) ( ) ( ) .2
1...,,22

1,12
1 nnnnnnn −−−−−−  

This labelling gives the largest label n, that is, ( ) .nKdis n ≤  Combining with 

( ) ,nKdis n ≥  we conclude that ( ) .nKdis n =   

By Observation 1, path on 3 vertices 3P  has no distance irregular vertex 

labelling. However, for ,4≥n  path nP  admits the distance irregular vertex 

labelling and its distance irregularity strength is determined below. 
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Theorem 2. Let nP  be a path with 4≥n  vertices. Then ( ) .2 ⎥⎥
⎤

⎢⎢
⎡= nPdis n  

Proof. Let nP  be a path with 4≥n  vertices. First, we show the           

lower bound on the distance irregularity strength of path .nP  By Lemma 1, 

( ) .22
11

⎥⎥
⎤

⎢⎢
⎡=⎥⎥

⎤
⎢⎢
⎡ −+≥ nnPdis n  To show the upper bound, we consider 3 cases. 

Let ix  be the vertices of nP  and 1+ii xx  be the edges of .nP  

Case 1. For .4mod0≡n  

Label the vertices and edges using the formula: 

( )
⎪
⎩

⎪
⎨

⎧

=

−=⎥⎦
⎥

⎢⎣
⎢−

=λ
....,,4,2for2

,1...,,3,1for422

nii

niin

xi  

This labelling provides vertex-weights: 

( )
⎩
⎨
⎧

=−+
−=

=
....,,4,2for,2

,1...,,3,1for,
niin

nii
xwt i  

Case 2. For .4mod2≡n  

Label the vertices and edges using the formula: 

( )

⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪

⎨

⎧

=−

−=

−=−⎥⎦
⎥

⎢⎣
⎢ −−

=⎥⎦
⎥

⎢⎣
⎢−

=λ

.for12

,2...,,4,2for2

,1...,,9,7for14
222

,5and,3,1for42

nin

nii

niin

iin

xi  



Slamin 926 

This labelling provides vertex-weights: 

( )

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

=

−=−+

=−+

−=

=

.for2

,2...,,8,6for1

,4,2for21

,3...,,3,1for

ni

niin

iin

nii

xwt i  

Case 3. For .2mod1≡n  

For 9,7,5=n  and 11, label the vertices and edges as follows: 

{ }3,2,2,1,25 =P  that provides vertex-weights { }.2,5,3,4,1  

{ }4,2,3,2,3,1,27 =P  that provides vertex-weights { }.2,7,4,6,3,5,1  

{ }4,2,5,3,5,3,2,1,19 =P  that provides vertex-weights { 6,7,4,3,1  

}.2,9,5,10  

{ }6,2,5,4,4,3,6,2,2,1,211 =P  that provides vertex-weights 

{ }.2,11,6,9,7,10,5,8,3,4,1  

For ,13≥n  label the vertices and edges by using the formula: 

( )

⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

−=

−=−

−=⎥⎦
⎥

⎢⎣
⎢ +

+⎥⎦
⎥

⎢⎣
⎢ ++⎥⎦

⎥
⎢⎣
⎢ +=−⎥⎦

⎥
⎢⎣
⎢ +−+

+⎥⎦
⎥

⎢⎣
⎢ +=⎥⎦

⎥
⎢⎣
⎢ +−+

=λ

.1for2

,3for2
5

,5...,,4,2for2
2

,...,,54
132,34

132for14
1

2
1

,14
132...,,3,1for4

1
2

1

ni

nin

nii

niniin

niin

xi  
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This labelling provides vertex-weights: 

( )

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

=

−=−

−=⎥⎥
⎤

⎢⎢
⎡ −

−=+

−+⎥⎦
⎥

⎢⎣
⎢ ++⎥⎦

⎥
⎢⎣
⎢ +=−

⎥⎦
⎥

⎢⎣
⎢ +=−+

=

=

.for2

,2for2
1

,4for4
133

,6...,,5,3for2
3

,1...,,44
132,24

132for2

,4
132...,,4,2for21

,1for1

ni

nin

nin

nii

nnniin

niin

i

xwt i  

For each case, the labellings provide different weights for each vertex 

and the largest label is ⎥⎥
⎤

⎢⎢
⎡

2
n  which leads to ( ) .2 ⎥⎥

⎤
⎢⎢
⎡≤ nPdis n  Combining with 

the lower bound, we conclude that ( ) ⎥⎥
⎤

⎢⎢
⎡= 2

nPdis n  for .4≥n   

The following theorem presents the distance irregularity strength of a 
cycle with n vertices nC  for .5≥n  For ,3=n  ,33 KC =  thus ( ) =3Cdis  

( ) .33 =Kdis  For ,4=n  by Observation 1, 4C  has no distance irregular 

vertex labelling. 

Theorem 3. Let nC  be a cycle with 5≥n  vertices for ≡n  

( ).8mod5,2,1,0  Then ( ) .2
1
⎥⎥
⎤

⎢⎢
⎡ += nCdis n  

Proof. Let nC  be a cycle with 5≥n  vertices for ( ).8mod5,2,1,0≡n  

First, we show the lower bound on the distance irregularity strength of              
a cycle .nC  Since nC  is a regular graph of degree 2, by Lemma 1, 
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( ) .2
1
⎥⎥
⎤

⎢⎢
⎡ +≥ nCdis n  To show the upper bound, we consider cases, for 

( ).8mod5,2,1,0≡n  Let ix  be the vertices of nC  and 1+iixx  for 

1..,,2,1 −= ni  and 1xxn  be edges of .nC  

Case 1. For ( ).8mod5,14mod1 ≡≡ nn  

Label the vertices and edges by using the formula: 

( )

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

=

−=

−=⎥⎦
⎥

⎢⎣
⎢−+

=λ

.for1

,1...,,4,2for2

,2...,,3,1for422
1

ni

nii

niin

xi  

This labelling provides vertex-weights: 

( )

⎪
⎪
⎩

⎪⎪
⎨

⎧

−=−+

=

=

=

.1...,,4,2for3

,...,,5,3for

,1for2

niin

nii

i

xwt i  

Case 2. For .8mod0≡n  

Label the vertices and edges using the formula: 

( )

⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

=

−++=−⎥⎦
⎥

⎢⎣
⎢ −−

−

+=

−++=−⎥⎦
⎥

⎢⎣
⎢ −−

−

+=−++

=+

=λ

.for1

,2...,,62,42for14
2324

,22,...,4,2for2

,1...,,52,32for14
2522

,12...,,5,3for12
1

4

,1for14

ni

nnninin

nii

nnninin

niin

in

xi  
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This labelling provides vertex-weights: 

( )

⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪
⎪

⎨

⎧

++=−+

−++=−+

+=+−

+=

=+

=

=

....,,62,42for42
3

,1...,,52,32for3

,22...,,6,4for12

,12...,,5,3for

,2for22

,1for2

nnniin

nnniin

niin

nii

in

i

xwt i  

Case 3. For .8mod2≡n  

Label the vertices and edges using the formula: 

( )

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

++=⎥⎦
⎥

⎢⎣
⎢ −

−+

+=

−++=+⎥⎦
⎥

⎢⎣
⎢ −

−

=+++

=λ

....,,52,32for4
224

2

,12...,,4,2for2

,1...,,42,22for14
222

,2...,,3,1for2
1

4
2

nnninin

nii

nnninin

niin

xi  

This labelling provides vertex-weights: 

( )
( )

⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪

⎨

⎧

−++=−+

++=−+

=

−=++

=

=

.1...,,42,22for3

,...,,32,12for2
23

,2...,,5,3for

,12...,,4,2for22

,1for2

nnniin

nnniin

nii

niin
i

xwt i  

For each case, the labellings provide different weights for each          
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vertex and the largest label is ⎥⎥
⎤

⎢⎢
⎡ +

2
1n  which leads to ( ) .2

1
⎥⎥
⎤

⎢⎢
⎡ +≤ nCdis n  

Combining with the lower bound, we conclude that ( ) ⎥⎥
⎤

⎢⎢
⎡ += 2

1nCdis n  for 

( ).8mod5,2,1,0≡n   

Theorem 4. Let nW  be a wheel with 5≥n  rim vertices for ≡n  

( ).8mod5,2,1,0  Then ( ) .2
1
⎥⎥
⎤

⎢⎢
⎡ += nWdis n  

Proof. Let nW  be a wheel with 5≥n  rim vertices for ≡n  

( ).8mod5,2,1,0  Let k be the largest label of nW  and c be the center         

of .nW  The optimal weights of vertices nW  are ( ) ( ) ...,,3,2 +λ+λ cc  

( ) ( ).,1 cwtnc ++λ  Thus, ( ) ( ) ( ) .,3
1max

⎭⎬
⎫

⎩⎨
⎧

⎥⎥
⎤

⎢⎢
⎡

⎥⎥
⎤

⎢⎢
⎡ ++λ≥= n

cwtnckWdis n  Since 

k is the largest label which is the average of the sum of labels of center and 2 

rim vertices, it implies that ( ) .2
1 knc ≤⎥⎥
⎤

⎢⎢
⎡ +≤λ  As ,5≥n  it follows that 

( ) ( ) .3
1

⎥⎥
⎤

⎢⎢
⎡>⎥⎥

⎤
⎢⎢
⎡ ++λ≥ n

cwnck  Thus, ( ) :3
1
⎥⎥
⎤

⎢⎢
⎡ ++λ≥ nck  

( )
⎥⎥
⎤

⎢⎢
⎡ ++λ≥ 3

1nck  

⎥
⎥
⎥

⎥

⎤

⎢
⎢
⎢

⎢

⎡ ++⎥⎥
⎤

⎢⎢
⎡ +

≥ 3

12
1 nn

 

⎥
⎥
⎥

⎥

⎤

⎢
⎢
⎢

⎢

⎡ +++

≥ 3
12

1 nn
 

⎥
⎥
⎥

⎥

⎤

⎢
⎢
⎢

⎢

⎡ +

≥ 3
2

33n
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.2
1
⎥⎥
⎤

⎢⎢
⎡ += n  

Therefore, .2
1
⎥⎥
⎤

⎢⎢
⎡ +≥ nk  

Assigning the n rim vertices of nW  as the labels of vertices of cycle      

nC  presented in the proof of Theorem 3 and k to the center results in 

( ) .2
1
⎥⎥
⎤

⎢⎢
⎡ +≤ nWdis n  Combining with ( ) ,2

1
⎥⎥
⎤

⎢⎢
⎡ +≥ nWdis n  we conclude that 

( ) .2
1
⎥⎥
⎤

⎢⎢
⎡ += nWdis n   

4. Conclusion 

We conclude this paper with the following open problem: 

Open Problem 1. Determine the distance irregularity strengths of some 
particular families of graphs. 

Open Problem 2. Generalize the distance irregular labelling of graphs 
where the weight sum of each vertex includes the label of the vertex itself 
(closed version). 

Open Problem 3. Expand the distance irregular labelling of graphs to 
the distance at least 2. 

Open Problem 4. Characterize the relationship between distance 
irregular labelling and ( )da, -distance antimagic labelling. 
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