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Abstract

In [6], we introduced the generalized degenerate tangent numbers and
polynomials. In this paper, we study the symmetry for the generalized
degenerate tangent numbers 7, , (1) and polynomials 7 . (x, ).
We obtain some interesting identities of the power sums and the
generalized degenerate tangent polynomials Tnﬁx(x, L) using the

symmetric properties for the p-adic invariant integral on Z,.

1. Introduction

Recently, we have studied the area of tangent numbers and polynomials
(see [4-8]). In [1], Carlitz introduced the degenerate Bernoulli polynomials.
Recently, Qi et al. [2] studied the partially degenerate Bernoulli polynomials
of the first kind in p-adic field. In this paper, we obtain some interesting
properties for generalized degenerate tangent numbers and polynomials.
Throughout this paper, we use the following notations. Let p be a fixed odd
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prime number. By Z,, we denote the ring of p-adic rational integers,
Q denotes the field of rational numbers, Q » denotes the field of p-adic
rational numbers, C denotes the complex number field, C, denotes the
completion of algebraic closure of Q p» N denotes the set of natural numbers
and Z, = NU{0}. Let v, be the normalized exponential valuation of C,

_Vp(p)

with | p| p =P = p~!. When one talks of g-extension, then ¢ is

considered in many ways such as an indeterminate, a complex number

q € C, or p-adic number g € C,. If g € C, then one normally assumes that

1

lg|<1. If geC,, then we normally assume that |q—1|p <p P!

so that ¢* = exp(xlogg) for |x|p <1. Let UD(Z,) be the space of
uniformly differentiable function on Z,. For g € UD(Z p), the Fermionic

p-adic invariant g-integral on Z , is defined by Kim as follows:

N
. 1S
I_,(f)= f(x)du_y(x) = lim —— f(x)(=¢)", see [3].
(/) IZP (x)du_g(x Ninoo[pN]_q );) (x)(=q)", see
Note that
lim 1_() = 1-1(¢) = | ,, #W-A () (1.1)

If we take g, (x) = g(x + n) in (1.1), then we see that
n—1 "
Ly(gy) = (1)1 () + 2D (1)~ g(0). (1.2)
/=0
Letting a fixed positive integer d with (p, d) =1, set

X =X, =1im(z/dp"Z), X| =17,
e
N
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*

X" = U a+dpZ,, a+deZp ={x e X|x =a (moddp™ )},
O<a<dp
(a, p)=1

where a € Z satisfies the condition 0 < a < de . It is easy to see that

[ ean (=] glr)dn (). (1.3)
X Zp

1
For t, A €Z, such that | |p <p P71 if we take g(x) = y(x)

A1+ M)zx/ % in (1.2), then we easily see that

22;1;(1) (=1)%y(a) (1 + Ae)2e/*
(1+20)%* 41 :

J 2 @ may () =

Let us define the degenerate generalized tangent numbers Tn,x(k) and

polynomials 7, , (x, &) as follows:

[ 02 s 0) = 3T, 05 (14)
n=0
[ 0@ m)C iy (5) = 3T, 005 (15)
n=0

By (1.4) and (1.5), we obtain the Witt’s formula.

Theorem 1. For n € Z,, we have

[, 1 @1, du() = T, 0,

[, 20)G 2910, du () = T, (. ).
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Theorem 2. For n > 0, we have
—(n
Ty )= Y[ )71, ) 512,

=0

The generalized falling factorial (x|A) , With increment A is defined by

n-1
(1), =[x =no) (1.6)
k=0

for positive integer n, with the convention (x |1), =1 (see [9]). We also

need the binomial theorem: for a variable x,
X t"
(1+ )7 = >, o (1.7)
n=0

2. Symmetry for the Generalized Degenerate Tangent Polynomials

In this section, we assume that ¢ € C p- We obtain some interesting

identities of alternating generalized falling factorial sums and generalized

degenerate tangent polynomials 7, X(x) using the symmetric properties for

the p-adic invariant integral on Z ,. If n is odd from (1.2), then we obtain

n—1
k

L(gy) + 11(g) = 2 (-1 g (k). 2.1)

k=0

It will be more convenient to write (2.1) as the equivalent integral form
n—1 f
[, gbcrmdi@+]  e@duq() =2 Dek). @2
Zp Zp k=0

)Zx/k

Substituting g(x) = y(x) (1 + Az into the above, we obtain



On the Symmetric Properties for the Generalized Degenerate ... 523

[ e me a2 a4 [ @)+ a0 du s ()

n—1
= 23" (1 x() (1 + 20)PI (2.3)

Jj=0

For k € Z,, let us define the alternating generalized falling factorial

sums Sy , (n, 1) as follows:

St (m 1) = D (1) 21 2111 (2.4)

=0
After some calculations, we have

23 ) (1 1+ 22
(1+ M)Zd/k +1

| A (x) =

b

[ @ s>y (x)

)Zn/x 2Zj;(l) X(a)(_l)a (1 + kz)2a/7‘ |

=1+t
1+ M)Zd/x +1

(2.5)
By using (2.5), we have

[ 2@ 2)C O () [ ) (1 ey )

d—1
zz : (@) (<1 (1 + ar)2a/*
— 2nd/k a=0
(IT+(1+ ) ) (1+M)2d/7‘+1 .

From the above, we get

J 2@ @2 )+ [ o) (0 20y ()
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2f A 2y ()

= jX (1+ Xt)zndx/xdu—l(x)

(2.6)

By (1.7) and (2.3), we obtain

o0

ZBUX x(x) (2x + 2nd | L), du_1(x) + IX 2(x)2x|%),, d“—l(x)j %
© nd -1 _ o

- 2[22 (1)Jx(j)(2j7»)m}m.
m=0\_ j=0

m
By comparing coefficients % in the above equation, we obtain

() @nd 1) [ ) @l (6)+ [ a6) v, dha 1)

k=0

nd -1
=2 (1) 2 (N2 M),

J=0

By using (2.4), we have

)3 TN RO ICRES RN I RSP
k=0
= 28, (nd =1, 2). 2.7)

By using (2.6) and (2.7), we obtain the following theorem:

Theorem 3. Let n be an odd positive integer. Then

2f A0 ()

= ¥ (28, (nd -1, N
[ @2 T (x) Z 0 "
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Let w; and w, be odd positive integers. Then we set
S(Wl » W2 )
[ ] rGute) e a2y () ()

[ e nePmat g ()

. (2.8)

By Theorem 3 and (2.8), after some calculations, we obtain

S0, w2) = (3 [ 1) 1@l )

2f )+ w222t gy ()

J‘X (1 i kt)2w1w2dx/7u dM—l(X)

X

- A "
x|2>» S (wd—l, —)wm— . 2.9

By using Cauchy product in the above, we have
S(Wl, W2)
0 m
m A . A )
- Z[Z( -jTj,x(sza VJW{Sm-j,X(Wld—L W—)wﬁ" J]W. (2.10)
ol —o\J 1 o) !
m=0\_j=0

From the symmetry of S(w;, wy) in w; and wy, we also see that
Sma ) = (3 [ ae) 1+ 2@y 2y))

2f )+ M ()

IX (1 n xt)2W1W2dx/7udu_l(x)

X
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Thus, we have

S(wq,wq)
0 m m 7\‘ . 7\‘ m—i tm

= —_— = -J

h Z(Z(jjTjaX(Wlx’ szwgsl’i’l—j,x(WZd -1, Wl)wl e (2.11)
m=0\_j=0

m

By comparing coefficients % in both the sides of (2.10) and (2.11),
we obtain the following theorem:
Theorem 4. Let wy and w, be odd positive integers. Then

i My m=j JT A S d—1 .

Jj=0

(™M) ome; A A
= w/wh' T (w X, —jS _ (wd—l, —),
Z[J 12 x| "2 wy ) Mk 1 Wy

=0

~

where Ty . (x,\) and T, ,(k,\) denote the generalized degenerate

tangent polynomials and the alternating generalized falling factorial sums,

respectively (see [6, 9]).
By Theorem 2, we have the following corollary:

Corollary 5. Let wy and w, be odd positive integers. Then

L ‘m I\ m—i i 2 N N
— A A | o
Zz(jj(kjw " (WIX|W2 )j—ka’X(Wz)Sm_J’X(WZd b W1)

j=0k=0

m
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m o J m 7\ , 2 N N
= wl wh=J (W X —j T (—)S . (W d-1, _)
Z;[]j(k) 12 2 |W] j—k k. wi m=J,% 1 Wy

Now we will derive other interesting identities for the generalized

degenerate tangent polynomials using the symmetric property of S(wy, w,),
S0, w2) = (3 [ )1 2@l )

2 al) (1 122 My ()

IX (1 i %t)2w1W2dx/7udM_l(x)

X

) (% (7)™ ) (20 (g )j

wid -1
x {2 > Y+ M)szz/’“J

Jj=0

- JZ:(:) (_l)j X(J)IX X()Cl)(l + lt)(le‘f‘sz-f- m

)wl/kdu—l(xl)

oo ((wd-1 2]W N o

1V (i 2 A, n |t
1Y D X(])Tn’x(wzx+ " ’wl)wl o212
n=0\ j=0
By using the symmetry property in (2.12), we also have

S0, w2) = 0+ 3PV )1 202 4 )|

2f ) (e My ()

J‘X (1 n )Lt)Zwledx/Xdu_l(x)

X
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(F0 2P [ () 0722y )

wod -1
x[z 2. Vaa+ xr)””’l“}

Jj=0

wod -1

Z (- 1)1 X(J)I x(x0)(1+ Kt)(2x2+wlx+2

)wa/ du_y(x;)

o (wy—1 . n
i 2jw; A t
Z{ Z (—I)J X(])Tn’x(wlx + Wy , W_zj WSJW (213)

n=0\_ j=0

n

By comparing coefficients % in both the sides of (2.12) and (2.13), we
have the following theorem:

Theorem 6. Let wy and w, be odd positive integers. Then

wid -1

X Vo, o wax e 222 g
Wzdl(l) ()T PREYA R B 2.14
Z PAVI RS x(wlx Wy > W2JW2' (2.14)

If we take x =0 in Theorem 6, then we also derive the interesting

identity for the generalized degenerate tangent numbers as follows:

wd-1 m

I (LM o TS W

j=0 1=0

ZZ f&( j( DUV Ti (0 | @ 1),y

J:
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