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Abstract 

In [6], we introduced the generalized degenerate tangent numbers and 
polynomials. In this paper, we study the symmetry for the generalized 
degenerate tangent numbers ( )λχ,nT  and polynomials ( ).,, λχ xnT  

We obtain some interesting identities of the power sums and the 
generalized degenerate tangent polynomials ( )λχ ,, xnT  using the 

symmetric properties for the p-adic invariant integral on .pZ  

1. Introduction 

Recently, we have studied the area of tangent numbers and polynomials 
(see [4-8]). In [1], Carlitz introduced the degenerate Bernoulli polynomials. 
Recently, Qi et al. [2] studied the partially degenerate Bernoulli polynomials 
of the first kind in p-adic field. In this paper, we obtain some interesting 
properties for generalized degenerate tangent numbers and polynomials. 
Throughout this paper, we use the following notations. Let p be a fixed odd 
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prime number. By ,pZ  we denote the ring of p-adic rational integers,         

Q  denotes the field of rational numbers, pQ  denotes the field of p-adic 

rational numbers, C  denotes the complex number field, pC  denotes the 

completion of algebraic closure of NQ ,p  denotes the set of natural numbers 

and { }.0∪NZ =+  Let pν  be the normalized exponential valuation of pC  

with ( ) .1−ν−
== ppp p

p
p  When one talks of q-extension, then q is 

considered in many ways such as an indeterminate, a complex number 
,C∈q  or p-adic number .pq C∈  If ,C∈q  then one normally assumes that 

.1<q  If ,pq C∈  then we normally assume that 1
1

1 −
−

<− p
p pq        

so that ( )qxqx logexp=  for .1≤px  Let ( )pUD Z  be the space of 

uniformly differentiable function on .pZ  For ( ),pUDg Z∈  the Fermionic 

p-adic invariant q-integral on pZ  is defined by Kim as follows: 

( ) ( ) ( )
[ ]

( ) ( )∫ ∑
−

=−∞→
−− −=µ=

p

Np

x

x

q
NN

qq qxf
p

xdxffI
Z

1

0
,1lim  see [3]. 

Note that 

( ) ( ) ( ) ( )∫ −−−
→

µ==
p

xdxggIgI q
q Z

.lim 11
1

 (1.1) 

If we take ( ) ( )nxgxgn +=  in (1.1), then we see that 

( ) ( ) ( ) ( ) ( )∑
−

=

−−
−− −+−=

1

0

1
11 .121

n

l

lnn
n lggIgI  (1.2) 

Letting a fixed positive integer d with ( ) ,1, =dp  set 

( ) ,,lim 1 p
N

N

d XdpXX ZZZ ===
←
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{ ( )}

( )

∪
1,

0

,mod,

=
<<

∗ ≡|∈=++=

pa
dpa

N
p

N
p dpaxXxdpadpaX ZZ  

where Z∈a  satisfies the condition .0 Ndpa <≤  It is easy to see that 

( ) ( ) ( ) ( )∫ ∫ −− µ=µ
X p

xdxgxdxg
Z

.11  (1.3) 

For t, pZ∈λ  such that ,1
1
−

−
<λ p

p pt  if we take ( ) ( )xxg χ=  

( ) λλ+⋅ xt 21  in (1.2), then we easily see that 

( ) ( ) ( )
( ) ( ) ( )

( )∫
∑

+λ+

λ+χ−
=µλ+χ λ

−

=
λ

−
λ

X

d
a

aa
x

t

ta
xdtx .

11

112
1 2

1
0

2

1
2  

Let us define the degenerate generalized tangent numbers ( )λχ,nT  and 

polynomials ( )λχ ,, xnT  as follows: 

( ) ( ) ( ) ( )∫ ∑
∞

=
χ−

λ λ=µλ+χ
X

n

n
n

y
n
tydty

0
,1

2 ,!1 T  (1.4) 

( ) ( )( ) ( ) ( )∫ ∑
∞

=
χ−

λ+ λ=µλ+χ
X

n

n
n

xy
n
tydty

0
,1

2 .!1 T  (1.5) 

By (1.4) and (1.5), we obtain the Witt’s formula. 

Theorem 1. For ,+∈ Zn  we have 

( ) ( ) ( ) ( ),2 ,1 λ=µλ|χ χ−∫ nn
p

xdxx T
Z

 

( ) ( ) ( ) ( )∫ λ=µλ|+χ χ−
p

xydyxy nnZ
.,2 ,1 T  
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Theorem 2. For ,0≥n  we have 

( ) ( ) ( )∑
=

−χχ λ|λ




=λ

n

l
lnln xl

nx
0

,, ., TT  

The generalized falling factorial ( )nx λ|  with increment λ is defined by 

( ) ( )∏
−

=

λ−=λ|
1

0

n

k
n kxx  (1.6) 

for positive integer n, with the convention ( ) 10 =λ|x  (see [9]). We also 

need the binomial theorem: for a variable x, 

( ) ( )∑
∞

=

λ λ|=λ+
0

.!1
n

n

n
x

n
txt  (1.7) 

2. Symmetry for the Generalized Degenerate Tangent Polynomials 

In this section, we assume that .pq C∈  We obtain some interesting 

identities of alternating generalized falling factorial sums and generalized 
degenerate tangent polynomials ( )xn χ,T  using the symmetric properties for 

the p-adic invariant integral on .pZ  If n is odd from (1.2), then we obtain 

( ) ( ) ( ) ( )∑
−

=
−− −=+

1

0
11 .12

n

k

k
n kggIgI  (2.1) 

It will be more convenient to write (2.1) as the equivalent integral form 

( ) ( ) ( ) ( ) ( ) ( )∫ ∫ ∑
−

=
−− −=µ+µ+

p p

n

k

k kgxdxgxdnxg
Z Z

1

0
11 .12  (2.2) 

Substituting ( ) ( ) ( ) λλ+χ= xtxxg 21  into the above, we obtain 
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( ) ( )( ) ( ) ( ) ( ) ( )∫ ∫ −
λ

−
λ+ µλ+χ+µλ++χ

X X
xnx xdtxxdtnx 1

2
1

22 11  

( ) ( ) ( )∑
−

=

λλ+χ−=
1

0

2 .112
n

j

jj tj  (2.3) 

For ,+∈ Zk  let us define the alternating generalized falling factorial 

sums ( )λχ ,, nSk  as follows: 

( ) ( ) ( ) ( )∑
=

χ λ|χ−=λ
n

l
k

l
k llnS

0
, .21,  (2.4) 

After some calculations, we have 

( ) ( ) ( )
( ) ( ) ( )

( )∫
∑

+λ+

λ+−χ
=µλ+χ λ

−

=
λ

−
λ

X d

d
a

aa
x

t

ta
xdtx ,

11

112
1 2

1
0

2

1
2  

( ) ( )( ) ( )∫ −
λ+ µλ+χ

X
nx xdtx 1

221  

( )
( ) ( ) ( )

( )
.

11

112
1 2

1
0

2
2

+λ+

λ+−χ
λ+= λ

−

=
λ

λ ∑
d

d
a

aa
n

t

ta
t  (2.5) 

By using (2.5), we have 

( ) ( )( ) ( ) ( ) ( ) ( )∫ ∫ −
λ

−
λ+ µλ+χ+µλ+χ

X X
xndx xdtxxdtx 1

2
1

22 11  

( ( ) )
( ) ( ) ( )

( )
.

11

112
11 2

1
0

2
2

+λ+

λ+−χ
λ++= λ

−

=
λ

λ ∑
d

d
a

aa
nd

t

ta
t  

From the above, we get 

( ) ( )( ) ( ) ( ) ( ) ( )∫ ∫ −
λ

−
λ+ µλ+χ+µλ+χ

X X
xndx xdtxxdtx 1

2
1

22 11  
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( ) ( ) ( )

( ) ( )
.

1

12

1
2

1
2

∫
∫

−
λ

−
λ

µλ+

µλ+χ
=

X
ndx

X
x

xdt

xdtx
 (2.6) 

By (1.7) and (2.3), we obtain 

( ) ( ) ( ) ( ) ( ) ( )∑ ∫ ∫
∞

=
−− 






 µλ|χ+µλ|+χ

0
11 !222

m

m

X X mm m
txdxxxdndxx  

( ) ( ) ( )∑ ∑
∞

=

−

=













λ|χ−=

0

1

0
.!212

m

mnd

j
m

j
m
tjj  

By comparing coefficients !m
tm

 in the above equation, we obtain 

( ) ( ) ( ) ( ) ( ) ( ) ( )∑ ∫ ∫
=

−−− µλ|χ+µλ|χλ|






m

k
X X mkkm xdxxxdxxndk

m

0
11 222  

( ) ( )( )∑
−

=

λ|χ−=
1

0
.212

nd

j
m

j jj  

By using (2.4), we have 

( ) ( ) ( ) ( ) ( ) ( ) ( )∑ ∫ ∫
=

−−− µλ|χ+µλ|χλ|







m

k
X X mkkm xdxxxdxxnd

k
m

0
11 222  

( ).,12 , λ−= χ ndSm  (2.7) 

By using (2.6) and (2.7), we obtain the following theorem: 

Theorem 3. Let n be an odd positive integer. Then 

( ) ( ) ( )

( ) ( ) ( )
( ( ))∑

∫
∫ ∞

=
χ

−
λ

−
λ

λ−=
µλ+χ

µλ+χ

0
,

1
2

1
2

.!,12
1

12

m

m
m

X
ndx

X
x

m
tndS

xdtx

xdtx
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Let 1w  and 2w  be odd positive integers. Then we set 

( )21, wwS  

( ) ( ) ( )( ) ( ) ( )

( ) ( )
.

1

1

1
2

2111
22

21

21

212211

∫
∫ ∫

−
λ

−−
λ++

µλ+

µµλ+χχ
=

X
dxww

X X
xwwxwxw

xdt

xdxdtxx
 (2.8) 

By Theorem 3 and (2.8), after some calculations, we obtain 

( ) ( ) ( )( ) ( )





 µλ+χ= ∫ −

λ+
X

xwwxw xdtxwwS 11
2

121 211112
1,  

( ) ( ) ( )

( ) ( ) 















µλ+

µλ+χ
×

∫
∫

−
λ

−
λ

X
dxww

X
wx

xdt

xdtx

1
2

21
2

2

21

22

1

12
 
















 λ= ∑

∞

=
χ

0
1

1
2, !,2

1

m

m
m

m m
twwxwT  

.!,12
0

2
2

1, 














 λ−× ∑

∞

=
χ

m

m
m

m m
twwdwS  (2.9) 

By using Cauchy product in the above, we have 

( )21, wwS  

∑ ∑
∞

= =

−
χ−χ 


















 λ−





 λ







=

0 0
22

1,11
2, .!,1,

m

mm

j

jm
jm

j
j m

twwdwSwwxwT
j

m
 (2.10) 

From the symmetry of ( )21, wwS  in 1w  and ,2w  we also see that 

( ) ( ) ( )( ) ( )




 µλ+χ= ∫ −

λ+
X

xwwxw xdtxwwS 21
2

221 212212
1,  

( ) ( ) ( )

( ) ( ) 















µλ+

µλ+χ
×

∫
∫

−
λ

−
λ

X
dxww

X
wx

xdt

xdtx

1
2

11
2

1

21

11

1

12
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














 λ= ∑

∞

=
χ

0
2

2
1, !,2

1

m

m
m

m m
twwxwT  

.!,12
0

1
1

2, 














 λ−× ∑

∞

=
χ

m

m
m

m m
twwdwS  

Thus, we have 

( )21, wwS  

∑ ∑
∞

= =

−
χ−χ 


















 λ−





 λ







=

0 0
11

2,22
1, .!,1,

m

mm

j

jm
jm

j
j m

twwdwSwwxw
j

m
T  (2.11) 

By comparing coefficients !m
tm

 in both the sides of (2.10) and (2.11),          

we obtain the following theorem: 

Theorem 4. Let 1w  and 2w  be odd positive integers. Then 

∑
=

χ−χ
−






 λ−





 λω








m

j
jmj

jjm
wdwSwxww

j
m

0 1
2,

2
1,21 ,1,T  

∑
=

χ−χ
−






 λ−





 λ







=

m

j
jmj

jmj
wdwSwxwww

j
m

0 2
1,

1
2,21 ,,1,T  

where ( )λχ ,, xkT  and ( )λχ ,, kmT  denote the generalized degenerate 

tangent polynomials and the alternating generalized falling factorial sums, 
respectively (see [6, 9]). 

By Theorem 2, we have the following corollary: 

Corollary 5. Let 1w  and 2w  be odd positive integers. Then 

∑∑
= =

χ−χ
−

−





 λ−





 λ






 λ|















m

j

j

k
jmk

kj

jjm
wdwSwwxwww

k
j

j
m

0 0 1
2,

2
,

2
121 ,1T  
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∑∑
= =

χ−χ
−

−





 λ−





 λ





 λ|













=

m

j

j

k
jmk

kj

jmj
wdwSwwxwww

k
j

j
m

0 0 2
1,

1
,

1
221 .,1T  

Now we will derive other interesting identities for the generalized 
degenerate tangent polynomials using the symmetric property of ( ),, 21 wwS  

( ) ( ) ( )( ) ( )





 µλ+χ= ∫ −

λ+
X

xwwxw xdtxwwS 11
2

121 211112
1,  

( ) ( ) ( )

( ) ( ) 















µλ+

µλ+χ
×

∫
∫

−
λ

−
λ

X
dxww

X
wx

xdt

xdtx

1
2

21
2

2

21

22

1

12
 

( ) ( ) ( ) ( )





 µλ+χλ+= ∫ −

λλ
X

wxxww xdtxt 11
2

1 1121 112
1  

( ) ( ) ( ) 












λ+χ−× ∑

−

=

λ
1

0

2
1

2112
dw

j

jwj tj  

( ) ( ) ( ) ( ) ( )∑ ∫
−

=
−

λ





 ++ µλ+χχ−=

1

0
11

22
1

1
1

1
2

2111
dw

j
X

ww
jwxwxj xdtxj  

( ) ( )∑ ∑
∞

=

−

=
χ 



















 λ+χ−=

0

1

0
1

11
2

2, .!,21
1

n

ndw

j

n
n

j
n
twww

jwxwj T  (2.12) 

By using the symmetry property in (2.12), we also have 

( ) ( ) ( ) ( ) ( )





 µλ+χλ+= ∫ −

λλ
X

wxxww xdtxtwwS 21
2

221 2221 112
1,  

( ) ( ) ( )

( ) ( ) 















µλ+

µλ+χ
×

∫
∫

−
λ

−
λ

X
dxww

X
wx

xdt

xdtx

1
2

11
2

1

21

11

1

12
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( ) ( ) ( ) ( )





 µλ+χλ+= ∫ −

λλ
X

wxxww xdtxt 21
2

2 2221 112
1  

( ) ( ) ( ) 












λ+χ−× ∑

−

=

λ
1

0

2
2

1112
dw

j

jwj tj  

( ) ( ) ( )( ) ( )∑ ∫
−

=
−

λ




 ++ µλ+χχ−=

1

0
11

22
2

2
2

2
1

1211
dw

j
X

ww
jwxwxj xdtxj  

( ) ( )∑ ∑
∞

=

−

=
χ 


















 λ+χ−=

0

1

0
2

22
1

1, .!,21
2

n

nw

j

n
n

j
n
twww

jwxwj T  (2.13) 

By comparing coefficients !n
tn

 in both the sides of (2.12) and (2.13), we 

have the following theorem: 

Theorem 6. Let 1w  and 2w  be odd positive integers. Then 

( ) ( )∑
−

=
χ 





 λ+χ−

1

0
1

11
2

2,
1

,21
dw

j

n
n

j www
jwxwj T  

( ) ( )∑
−

=
χ 





 λ+χ−=

1

0
2

22
1

1,
2

.,21
dw

j

n
n

j www
jwxwj T  (2.14) 

If we take 0=x  in Theorem 6, then we also derive the interesting 
identity for the generalized degenerate tangent numbers as follows: 

( ) ( ) ( )∑ ∑
−

= =
−χ λ|





 λχ−








1

0 0
22

1
,

1
21

dw

j

m

l

l
lml

j wjwwj
l
m

T  

( ) ( ) ( )∑ ∑
−

= =
−χ λ|





 λχ−






=

1

0 0
11

2
,

2
.21

dw

j

m

l

l
lml

j wjwwj
l
m

T  
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