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Abstract

Estimators of the mean and variance functions of a compound Poisson
process with the Poisson intensity obtained as exponential of the linear
function are constructed and investigated. We consider the case when
there is only a single realization of the Poisson process observed in a
bounded interval. The proposed estimators are proved to be weakly
and strongly consistent when the size of the interval indefinitely
expands. The expected values and variances of the proposed
estimators are computed.
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1. Introduction

Let {N(t),t>0} be a non-homogeneous Poisson process with
(unknown) locally integrable intensity function A. The intensity function A is
assumed to be an exponential of the linear function, that is,

A(s) = exp(a + BS).
This intensity function can be simplified as follows:
A(s) = exp(a) exp(Ps)
= v exp(Ps), (1.1)

where y is an unknown positive real number. We assumed that 8 is a known
constantand 0 < BB < co.

Let {Z(t), t > 0} be a compound Poisson process, that is,
Z(t) = ZN(I) X; (1.2)
o iz TV '
where {X;j, i >1} is a sequence of independent and identically distributed

non-negative random variables with mean pq < o and variance G]Z_ < oo,

which is also independent of the process {N(t), t > 0}. It is assumed that

Hg = E[Xf’] < co. The model presented in (1.2) is a generalization of the
(well known) compound Poisson process, which assumes that {N(t), t > 0}
is a homogeneous Poisson process, the case when = 0. Some applications
of compound Poisson process can be found in [1, 2, 5, 6]. Some related
works can be found in [3, 4, 7].

Suppose that, for some o € Q, a single realization N(w) of a Poisson
process {N(t), t >0} defined on a probability space (€, F, P) with
intensity function A is observed, though only within a bounded interval
[0, n]. Furthermore, suppose that for each data point in the observed
realization N(w) N[0, n], say ith data point, i =1, 2, ..., N([0, n]), its
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corresponding random variable X; is also observed. The mean function

(expected value) of Z(t), denoted by w(t), is given by
v = EQO) - E[ X % |- ENOEX) @)
and the variance function of Z(t), denoted by V/(t), is given by
V() = Var(Z(t)) = Var(ZiN:(lt) xij CE(N)E(XD).  (L4)

Since

E(N(t)) = E(N([0, t]))

= I; A(s)ds
o R

= 5 (exp(Bt) - 1), (1.5)
the mean and variance functions of Z(t) can be written as, respectively,
w(t) = (exp((BL) - Dy (1.6)
and
V() =  @P((B1) - Vuz, (1.7)

where py = E(X;) and py = E(X2).

The rest of this paper is organized as follows. The estimators and main
results are presented in Section 2. Proofs of our theorems are presented in
Section 3.
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2. The Estimators and Main Results

The estimators of functions y(t) and V(t) using the available data set at
hand are given, respectively, by

G p(0) = ?”T’%xp(m) -1y, 2.1)
and
Vo p(t) = ?gﬁ (exp(BY) — Dz, . (22)
where
. = apm = MO ")) (2.3)
O DI 24
and
fig,n = )ZN(O " (2.5)

with the understanding that vy, g(t) = \7n,[3(t) =0 when N([0, n]) = 0.

Next, we describe the idea behind the construction of the estimator in

(2.3). By (1.1), (1.5) and the fact that E(N([0, n])) = J; A(s)ds, we have

E(N([0, n])) = %(EXP(BH) “Derv= E(N([0, n])). (26)

B
(exp(Bn) - 1)
Replacing E(N([0, n])) by N([O, n]), then we obtain the estimator in
(2.3).
Our main results are presented in the following four theorems. The first

theorem is about expected values of \y, g(t) and \/AnlB(t) while the second
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theorem is about variances of v, g(t) and \7n,5(t). The weak and strong

consistencies of \?/n,ﬁ(t) are presented in Theorem 3 while the weak and

strong consistencies of \/An, B(t) are presented in Theorem 4.

Theorem 1 (The expected values of \, g(t) and \/An,B(t)). Suppose that

the intensity function A satisfies (1.1) and is locally integrable. If Z(t)
satisfies (1.2), then

E(Wn,p() = w(t)
and

E(Vn (1) = V(1).

Theorem 2 (The variances of , g(t) and Vn,B(t))- Suppose that the

intensity function A satisfies (1.1) and is locally integrable. If Z(t) satisfies
(1.2), then

2
Varin s ) = gy
and
7 2
vartnp(©) = (eXD(Bln) -1) W(engt) 2

Since  Bias(y,,p(t)) =0 and Bias(\fnlB(t)) =0, we have that
MSE (i (1)) = Var(iiy (1)) and MSE(V, (1)) = Var(V 4(t)).
Theorem 3 (Consistency of y, g(t)). Suppose that the intensity function

M satisfies (1.1) and is locally integrable. If Z(t) satisfies (1.2), then

P
Wn,p(t) = w(t) 2.7)
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and

Fnp0) > wl0) 28
as n — oo. Hence, \Tfn’B(t) is a weakly and strongly consistent estimator of
y(t).

Theorem 4 (Consistency of VAnl g(t)). Suppose that the intensity function
M satisfies (1.1) and is locally integrable. If Z(t) satisfies (1.2), then

R P

Vi,p(t) > V(1) (2.9)
and

R a.s.

Vi, p(t) = V(1) (2.10)
as n — oo, Hence, \/Anﬁ(t) is a weakly and strongly consistent estimator of
V(t).

3. Proofs of Theorems 1-4

Note that, by (2.1), (2.3) and (2.4), we obtain
~ ?n,B ~
Tn,p(t) = 5 (@Xp(BY) ~ D

_ 1 p(exp(Bt) — 1) N ([0, n])
= 5 Eop -1 VO Vg Zin

(exp(Bt) 1) N ([0.n)
RCIDEPI P G

Similar to (3.1), by (2.2), (2.3) and (2.5), we obtain

N ty—1 N([0,n])
- 0
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We note that, since {X;,i>1} is a sequence of independent and
identically distributed non-negative random variables with p, = E[Xf’] < o,
we also have that {X-Z, i > 1} is a sequence of independent and identically

distributed random variables with mean p, < o and variance c% < o,

Proof of Theorem 1. By (1.3), (1.6), (2.6) and (3.1), we obtain

amwa»=g$%%5%Emmwmm

_ (exp(B) -1 .
- o LR - D = v, @)

Similar to (3.3), by (1.3), (1.7), (2.6) and (3.2), we obtain
E(\in,B(t)) =V(t). (3.4)
This completes the proof of Theorem 1.

Proof of Theorem 2. By (1.4), (2.6) and (3.1), we obtain

—1))\? n

2
(gt e

2
(22 oo

1 yup(exp() - 1)°
"B -D B 39
Similar to (3.5), by (1.4), (2.6) and (3.2), we obtain
R 2
Vartip s (0) = =g SLE e

This completes the proof of Theorem 2.
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In this paper, for any random variables X, and X on a probability space

C
(Q, F,P), X, > X denotes that X, converges completely to X, as
n — o. The random variable X,, is called converges completely to X if, for

each € > 0,

Z:’:lpq Xpy = X |>€) < oo, (3.7)

Proof of Theorem 3. Since (2.8) implies (2.7), to prove this theorem, it
suffices to check (2.8). First, we prove that

T p(0) > () (38)

as n — o. By (3.3), (3.5), (3.7) and Chebyshev’s inequality, we obtain

> P p®) - w)| > #)

=37 P 0 p® ~ EGn p®)] > o)

c3 Vartins®)

n=1 g2

(exp(Bt) —1)* e 1
) BSZ anl—(exp(ﬁn) — 1) < o0,

Hence, we have (3.8). By (3.8) and the Borel-Cantelli lemma, we obtain
(2.8). This completes the proof of Theorem 3.

Proof of Theorem 4. Since (2.10) implies (2.9), to prove this theorem, it
suffices to check (2.10). First, we verify

Vi, (1) 5 V(t) (3.9)
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as n — . By (3.4), (3.6), (3.7) and Chebyshev’s inequality, we obtain
D PV p®) ~ EVp®) > €)

(exp(Bt) - 1)° e 1
SYH4 [382 Zn=1W<w.

Hence, we have (3.9). By (3.9) and the Borel-Cantelli lemma, we obtain
(2.10). This completes the proof of Theorem 4.
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