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Abstract

In this paper, we show that the tensor product of skew PBW
extensions is a skew PBW extension. We also characterize the
enveloping algebra of a skew PBW extension. Finally, we establish
conditions for sufficiency to guarantee the property of being skew
Calabi-Yau algebra over skew PBW extensions.

1. Introduction

Let k be a commutative ring and B be an associative k-algebra. By

definition, the enveloping algebra of B is the tensor product B® = B ®, B
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of B with its opposite algebra B°P. Bimodules over B are essentially the

same as modules over the enveloping algebra of B, so, in particular, B can be

considered as a B®-module. Since that the opposite algebra of a Koszul
algebra is also a Koszul algebra, and the tensor product of Koszul algebras is
also a Koszul algebra, and having in mind that the authors have studied
the property of being Koszul for skew Poincaré-Birkhoff-Witt (PBW for
short) extensions (see [18-21]), in this paper, we are interested in the
characterization of the enveloping algebra of skew PBW extensions. These
non-commutative rings of polynomial type were introduced in [1], and they
are defined by a ring and a set of variables with relations between them.
Skew PBW extensions include rings and algebras coming from mathematical
physics such PBW extensions, group rings of polycyclic-by-finite groups,
Ore algebras, operator algebras, diffusion algebras, some quantum algebras,
quadratic algebras in three variables, some 3-dimensional skew polynomial
algebras, some quantum groups, some types of Auslander-Gorenstein rings,
some Calabi-Yau algebras, some quantum universal enveloping algebras, and
others. A detailed list of examples can be consulted in [5] and [3]. Several
ring, module and homological properties of these extensions have been
studied (see, for example, [5, 6, 3, 7, 8, 2, 9-13, 20, 18, 21] and others).
Besides our interest, it is important to say that the concept of enveloping
algebra is of great importance in the research of another concepts in physics
and mathematics (for instance, Calabi-Yau algebras [22, 14, 23], see also
Section 5).

The paper is organized as follows: In Section 2, we establish the
necessary results about skew PBW extensions for the rest of the paper. Next,
in Section 3, we establish some results about tensor product of skew PBW
extensions. Section 4 contains the proof of the fact that the enveloping
algebra of a bijective skew PBW extension is again a PBW extension.
Finally, in Section 5, we study the skew Calabi-Yau algebras and show that
graded quasi-commutative skew PBW extensions over connected Calabi-Yau

algebras are skew Calabi-Yau. Throughout the paper, the word ring means a
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ring not necessarily commutative with unity. The symbols £ and k will

denote a commutative ring and a field, respectively.
2. Skew PBW Extensions

In this section, we recall the definition of a skew PBW extension and
present some of their properties. The proofs of these properties can be found
in [3].

Definition 2.1 [1, Definition 1]. Let R and 4 be rings. Then we say that 4
is a skew PBW extension over R (also called a o-PBW extension of R), if the
following conditions hold:

() R c 4

(ii) there exist elements xi, .., x, € 4 such that 4 is a left free

R-module, whose basis has the basic elements described in the set:
Mon(4) = {x* = x{"! -+ xg7 |t = (ap, ...y 0,y) € N}
(iii) for each 1<i<n and any r e R\{0}, there exists an element
¢;,r € R\0j} such that x;» —¢; ,.x; € R;
(iv) for any elements 1 <i, j < n, there exists ¢; ; € R\{0} such that

X xl-—cl-’jxl-xj €R+RX1+"'+R.Xn.

J
Under these conditions, we will write 4 = 6(R){xy, ..., x,,).

Remark 2.2 [1, Remark 2]. (i) Since Mon(A4) is a left R-basis of 4, the

elements ¢; , and ¢; ; in Definition 2.1 are unique.

(i) In Definition 2.1(iv), ¢;; = 1. This follows from x7 —¢; ;x7 =

so + 81%] + o+ + 5,%,, with s; € R, which implies 1 —¢; ; =0 =s;.
(i) Let i < j. By Definition 2.1(iv), there exist elements c; ;, ¢; ;

€ R such that x;x; —c; ;x;x; € R+ Rx; +---+ Rx, and x;x; —¢; jx;x; €



376 Armando Reyes and Héctor Suérez

R+ Rx| +---+ Rx,, and hence 1 = ¢ that is, for each 1 <i < j < n,

Joi€i, >
¢;, ; has a left inverse and c¢; ; has a right inverse. In general, the elements
¢; ; are not two sided invertible. For instance, xjxp =cp 1xpx + p =
cp1(cy 2x1%y + q) + p, where p, g € R+ Rx +---+ Rx,, s0 1=c; ¢ 7,
since xjx, is a basic element of Mon(4). Now, x;x = ¢j px1Xy +¢ =
c,2(ca,1%2x + p) + ¢, but we cannot conclude that cjpcy; =1 because
X5X; is not a basic element of Mon(A4) (we recall that Mon(4) consists of
the standard monomials).

(iv) Every element f € A\{0} has a unique representation in the form
f=cy+X;++c¢X,, with ¢; € R\{0} and X; € Mon(A), for 1 <i <t

Proposition 2.3 [1, Proposition 3]. Let A be a skew PBW extension over
R. For each 1< i < n, there exist an injective endomorphism G; : R - R
and a o;-derivation 8; : R — R such that x;r = c;(r)x; +8;(r), for every
reR.

Definition 2.4 [1, Definition 6]. Let A be a skew PBW extension over R

with endomorphisms o;, 1 <i < n, as in Proposition 2.3.

: no_a._ _«a
@) For a=(ay,..,a,)eN", ¢” =0

If =By, ..., B,) € N", then o + B = (o) + By, .oy 0, +B,,)-

o, lo|=ap+e o,

(i) For X =x“eMon(4), exp(X):=o and deg(X):=|o| The
symbol = will denote a total order defined on Mon(4) (a total order on
NZ). For an element x* € Mon(4), exp(x*)=o0 e NJ. If x* = xP but
x* # xB, then we write x* = xP. If f=gXi++¢gX;€ed, ¢ e
R\{0}, with X; < --- < X,, then Im(f) = X, is the leading monomial of f,
le(f) == ¢, is the leading coefficient of f, t(f) = ¢, X, is the leading term
of £, exp(f) = exp(X,) is the order of f, and E(f) = {exp(X;)|l <i < ¢}.
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Finally, if f =0, then Im(0):=0, lc(0):=0 and 1t(0):=0. We also
consider X >0 for any X € Mon(A4). For a detailed description of
monomial orders in skew PBW extensions, see [1, Section 3].
(iii) If f is an element as in Remark 2.2(iv), then deg(f):=
max{deg(x; )};z1 .
Skew PBW extensions are characterized in the following way.

Proposition 2.5 [1, Theorem 7]. Let A be a polynomial ring over R with

respect to a set of indeterminates {xy, ..., x,}. A is a skew PBW extension

over R if and only if the following conditions are satisfied:

(i) For each x* € Mon(A) and every 0 # r € R, there exist unique
elements 1y = c*(r) e R0}, p,. , € A such that x°r =ryx* + py .,
where py . =0, or deg(py ) <|a|if py, , # 0. Ifris left invertible, then

SO IS Fy.

(i) For each x*, xP e Mon(4), there exist unique elements c, g € R
and py g € A such that x%xP = ca’Ban’B + Po,p, Where cq g is left
invertible, py g =0, or deg(py p) <|o+B| if pgp # 0.

There are some examples of skew PBW extensions which are very
important for several results in the paper (see Propositions 3.1, 4.1 and
Theorem 5.5). This is the content of the following definition:

Definition 2.6. Let 4 be a skew PBW extension over R, X :=
{61, ..., 6,} and A :={3,, ..., 8, }, where o; and §; (1<i < n) are as in
Proposition 2.3.

(a) For any element r of R such that o;(r)=r and §;(r) =0, for all

1 <i < m, itis called a constant. A is called a constant if every element of R

1S a constant.
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(b) 4 is called quasi-commutative if the conditions (iii) and (iv) of
Definition 2.1 are replaced by the following conditions: (iii’) for each
1<i<n and every r € R\{0}, there exists c; , € R\{0} such that x;» =

¢;,»X;; and (iv’) for any 1<, j < n, there exists ¢; ; € R\{0} such that

ir

)ijl' = cl-’jx,-x‘

]'.
(c) A is called bijective, if o; is bijective for each o; € X, and the

elements c;

;,j are invertible forany 1 <i < j <n.

The importance of the restriction on the injective endomorphisms o; is
precisely due to the fact that under this condition, we have Rx; + R =
x;R + R, and hence every element f =cy+cX]+--+¢,X; € A (Remark
2.2(iv)) can be rewritten in the reverse form f = c¢( + Xjcf + -+ X;¢i. In
other words, if the functions o; are bijective, then A4p is a right free
R-module with basis Mon(4) [3, Proposition 1.7]. In fact, a lot of properties

(Noetherianess, regularity, Serre’s theorem, global homological dimension,
Gelfand-Kirillov dimension, Goldie dimension, semisimple Jacobson, prime
ideals, Quillen’s K-groups of higher algebraic K-theory, Baerness, quasi-
Baerness, Armendariz, etc) of skew PBW extensions have been studied using
this assumption of bijectivity (see [5, 6, 3, 7-10, 20, 18, 21] and others).

3. Tensor Product of Skew PBW Extensions

Proposition 3.1 (Change of scalars). If A is a skew PBW extension over k
and B is a free commutative k-algebra, then B ®; A is a skew PBW

extension over B ®;, k, that is, an extension over B.

Proof. We show that the four conditions established in Definition 2.1 are
satisfied. First of all, it is clear that B ®; k < B ®; A. Second of all, we

know that B ®; A is a B-algebra under the product »'(b ® a) = b'b ® a,
and B ®; A is left B-free with the same rank of 4 as k&-module [17, Remark
18.27], and since B = B ®,, k, it follows that B ®; A4 isaleft B ®; k -free
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module. Note that
Mon(B ®; 4)={1® x)* - (1®x,)" |a; e N, 1 <i < n},

which shows that B ®; A4 is left B ®,; k-free of the same rank of 4 as
k-module. Now, if » ® k' is a non-zero element of B ®; k (that is, the
element rk’ since B = B ®; k), then we can see that for every element
1 ® x; of the basis, there exists a non-zero element 1 ® ¢; » € B ®; k such

that
1®x)(r®k)-(1®c¢; 1)(1®x;) € B k,
where ¢; . € k satisfies x;r —¢; ,.x; € k, since 4 is a skew PBW extension

over k. Finally, the condition

(l ® Xl')(l ® x]) - (1 ® Ci,j)(l ® XJ)(I ® xl-)
eB®k+(B®, k)(1®x)+-+(B®; k)(1® x,,)
follows from Definition 2.1(iv) applied to the extension A4. g

Remark 3.2. The injective endomorphisms and the derivations for
the skew PBW extension mentioned in Proposition 3.1 are given by

6P :B®, k>B® k o (b®r)=b®c,(r), and 5° :B®; k -
B® k, 82(b®r):=b®5,(r), respectively. It is straightforward to see

that the functions Gi@ are actually injective endomorphisms and that the

functions 61® are Gi@ -derivations, for every 1 <i < n.

Example 3.3. If 4 =o(k)(x, ..., x,) and B =k[y]=k[y, .., v,
then

k[y]®; 4 = olk[y]®; k)1 ® xy, ..., 1 ® x,,) = o(k[y]) (21, -es 2p)-

Let us see some examples of remarkable non-commutative rings which
illustrated this isomorphism. A detailed reference of every example can be
found in [5] or [3].
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(a) Additive analogue of the Weyl algebra. This algebra is the k -algebra
A4,(qq, ---» q,) generated by the indeterminates xq, ..., X,,, 1, ..., ¥, subject

to the relations:

ViX; =Xy, 1# ],
yixg =¢ix;y; +1, 1<i<n,
where ¢; € k\{0}. From [3, Example 3.5(a)], we have the isomorphisms

An(‘]la e ‘Jn) = G(k)()cl, ces Xps Yl oo Yn> = G(k[xl, e xn])<y1’ e yn>’

that is, 4,(qq, ..., q,) is a skew PBW extension of the field k or the
polynomial ring K[xi, ..., x,]. Now, by Proposition 3.1, we obtain the

isomorphism
k[x1, ooy %, ] @ 6(K) (V15 oes v) = o(k[x1, ooy x, DA ® yyy ey ¥)s

whence 4,(q1, ... g,) = K[x1, ..., x,]® o(k) (¥, ooes Yy)-

(b) Multiplicative analogue of the Weyl algebra. By definition, this
non-commutative ring is the k-algebra O, (A ji) generated by xi, ..., X,
satisfying x;x; = L j;x;x;, 1<i < j<n, Aj; €k\{0}. It can be proved that
O, (% i) = o(k)(x, ..., x,) = o(k[x])(x2, .., x,) [3, Example 3.5(a)]. Now,
Proposition 3.1 guarantees that

k[x] ® o(k)(xy, ..., x,) = o(k[x; )1 ® x5, ..., | ® x,,),
andso O, (A ;) = k[x ] ®y o(k)(xy, ..., x,).

The next proposition treats the construction of skew PBW extensions
over the same ring of coefficients. Note that if 4 is a skew PBW extension
over a ring R, then A4 is a right R-module under the multiplication in A4,
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that is, f-r = fr, f € A, r € R. However, 4 is not necessarily a right
free R-module; in fact, if 4 is bijective, then Ap is free with basis the
set Mon(A) established in Definition 2.1(ii) (see [3, Proposition 1.7] for a
detailed proof of this fact).

Proposition 3.4. If A =o(R)(x|, ..., x,) and A" =(R)(y1, ., V)
are two skew PBW extensions over R, then A®p A' is also a skew PBW

extension over R, and we have
A®p A =c(R)(x; ®L, ... x, ®L1® yy, .., 1 ® y,).

Proof. Again, let us illustrate the four conditions of Definition 2.1. It is

clear that R ¢ 4 ®p A'. Now, since the product of left free R-modules is a

left free R-module with R-basis {x* ® yP |a € N, p e N”}, and having in
mind that

(x* ® yP|o e N", B e N}
= {xlal sxy ®J’P] J/an la;, B, e N}
= {61 @ 1) (3 @11 ® y!)-(1® yhm) oy, B; € N)
= {(x @ D™ -+ (x, ®D*1(1® )1 - (1® y,, )P [, B; € N},
the set
Mon(4 ® A') = {(x; ® )* -+ (x, ® 1) (1® y)P! --.
(1® v oy, B; € N}

is the R-basis for the left free R-module 4 ® A'.

For a non-zero element r of R, we have (x; ® 1)r —¢; ,(x; ®1) €
R®1, (1®y;)r—c;, (1®y;)el®R, for (1<i<n,1<j<m), because

Aand A' are skew PBW extensions of R.
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Now, note that

(x; ®DN(x; @) —¢; j(x; ®D(x; ®1)

n m
ER®1+ Y Ry ®)+ > R1®y,), 1<i, j<n,
/=1 p=1

(1®y;))A®y)-c ;(1®y)(1®y;)

n m
€1®R+ Y Ry ®)+ Y R1®y,), 1<i j<m,
/=1 p=1

!

where the elements c¢; i,j € R are considered from Definition 2.1(iv)

i,j» €

for the extensions 4 and A', respectively. Finally, we impose the relations
(I®y)(x®)-(x®)(1®y;)=0 (1<i<n1<j<m), with the
aim of guarantee the condition (iv) of the definition of the skew PBW

extension 4 ®p A" over R. O

Remark 3.5. If 4 and A4’ are two skew PBW extensions over R as in
Proposition 3.4, then the injective endomorphisms G,-® of R, and the c? -
derivations 61® of R for the extension 4 ® A, are obtained using the
injective endomorphisms o; and ¢’;, and the o;-derivations, and o’; -
derivations of the extensions 4 and A', respectively. Therefore, Proposition
3.4 can be established in the following way: the tensor product of two skew
PBW extensions 4 = o(R)(x, ..., x,) and 4" = o(R)(¥, ..., Vy) is given

by the relations:

xir = ¢ px +8;(r), 1<i<m,

n
XjX; = Cj pXiXj € R+2Rxl, 1<i,j<n
=1
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and

yir=cj,y;+8;(r), 1<i<m,

m
VY _cz,‘,jJ’i)’j eR+ZRyp, 1<, j<m,
p=1

respectively, it is the left free algebra

A® A = R(x, ..., x,)/1,
where R(xi, ..., x,) is the free R-algebra, and [ is the left ideal generated by
the relations

(x; @Dr —c¢; ,(x; ®1)=8;(r)®1, 1<i<n,

(1®yj)r—c; (1®y;)-1®8(r), 1<j<m,

n
(x; @D @D ¢ ;0 @N(x; @)+ RO+ R(x; ®1),
=1

1<i, j<n,

m
(1®y)1®y)-c ;(1®y)(1®y,)+1®R+ > RI®y,),
p=1

1<i,j<m,
(I®y)(®)-(;@N)(1I®y;), 1<i<nl<j<m
From Proposition 3.4, it follows the next result.

Corollary 3.6. If {4;};_; is a family of skew PBW extensions over the

ring R, then ®1 A; is also a skew PBW extension of R.
IS

Example 3.7. The Weyl algebra 4,,,,(k) is the skew PBW extension
A, (k) ®; A,,(k), which can be obtained by using Proposition 3.4. More
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precisely, since the Weyl algebra A4,(k) is the left free k-algebra

k(x1, .. X5 Y1, s V) With ideal of relations generated by x X = XX,

YiXi = X%¥; =8, ¥;¥i = ¥y, for 1 <i < j < n, and similarly 4,,(k),
4,0) @ Ay (k) = k(3 © 1), s (5, @ 1), (3 @1, s (3, @),
1@ ), s (@ %), (19 3), s (19 3 /1,
where [ is the left ideal generated by the relations
I=((x; @) (@)~ (x; ®)(x; ®1), 1<i<j<n,
(y;®D)(x®1)-(x;®)(y; ®1)-35; ®1, 1<i<j<n,
(y;®D(®)-(®)(y; ®1), 1<i<j<n,
(I®X) ()~ (x;®N(1®X;), 1<i<n1<j<m
(1®y))(x®)-(;®N(1®y;), 1<i<nl<j<m
(1®x)(»®)-(y®N(1®X;), 1<i<nl<j<m
(1®y)y®)-(n®N(1®y;), 1<i<nl<j<m,
(1®X)1®x)-(1®x)(1®x;), 1<i<j<m,

(1®y)(1®x)-(1®x)(1®y))-1835;, 1<i< j<m,

ija
(1®y)I®y)-(1®y)(A®y;), 1<i<j<m).

If we identify p; =x; ®1(1<i<n), p,p; =1®x; (1<i<m), g; =
;i ®1(1<i<n)and q,,; =1®y! (1 <i<m), then we can see that the
algebra 4, (k) ®; A4,,(k) is precisely the Weyl algebra 4, ., (k).

Next, we study the tensor product of skew PBW extensions whose

coefficient rings are not necessarily the same. In this way, we generalize
Proposition 3.4.
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Proposition 3.8. If 4 = o(R){x, ..., x,) and A' = o(R'){(xy, ..., x,,) are
two skew PBW extensions over the k-algebras R and R', respectively, then
A®; A is a skew PBW extension over R ®; R'.

Proof. Let 4 and A’ be skew PBW extensions over the k-algebras R and

R', respectively. From the definition, we know that

xl.}" = Gl(r)xl + 81(}"), 1< i < n,

n
xjxi—cl-’jxl-ijR+ZRxl, ISZ,]S}’I,
/=1

yis=0(s)y; +8(s), 1<j<m,

m
yjyi_di,jyiijR'—i—ZRlyl’ lSl,]Sm,
=1

where ;, 6, : R > R and ¢';, 8 : R" > R’ are as in Proposition 2.3. We

assume that the elements of & commute with every element of 4 and each
element of A4', so 4 and A' are k-algebras (this assumption, for example,
was used in the computation of Gelfand-Kirillov dimension for these non-

commutative rings, see [6]). Note that 4 ®; A" is a k-algebra with the
product given by (a ® a')(b ® b') = (ab) ® (a'b") [16, Proposition 2.60].
Moreover, R=R®; k, RR=k®, R, A= A®, k and A =k®; A
We endow A ®; A" with the natural structure of left R ®; R'-module, i.e.,
(r®s)-(a®ad'):=(ra)® (sa’).

With the aim of showing that 4 ®; 4" is a skew PBW extension of
R ®, R', we consider the free algebra (R ®; R')/I, where [ is the left ideal

generated by the relations

(x;®)(r®1)—(c;(r)®1)(x; ®1)=8;(r)®1, 1<i<n,
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n
(5, @D ®1)—c; ;(x; ®1)(x; ®1) = R®1+ Y R(x; ®1),
=1

1<i, j<n,

(1®y;)(1®s)-(1®c(s)(1®y;)-1®8(s), 1<j<m,

m
1®y)(1®y)-d; ;(1®y)1®y;)-1®S+ Y 51 y),
1=1

1<i, j<m,

(x®ON1®s)-(1®s)(x; ®1), 1<i<n,
1®y)r®)-(r®N(1®y;), 1<;<s,
(O®DNI®y;))-(1®y;)(x®1), 1<i<nl<j<m

It is clear that R®; R'c A®; A" Since A®;, A" is a left R®; R'-
module, following the notation established in Definition 2.4, and using
Remark 2.2(iv), we can see that 4 ®; A" is left free over R ®; R' (the

proof is similar to that established in [15, Theorem 14.5]) and uses some
arguments about the union of sets of basic monomials (see [7, Lemma 4.3]

for details about this procedure) with basis
Mon(4 ® A') = {(xq @ )™+ (x, @ N (1 ® yy)* 1 - (1® y,, ) rem .
The injective endomorphims and the derivations of the skew PBW extension

A ®; A are given by

o;(r)®s, 1<i<n,

6;:R®S >R®S, o,(r®s)= , _
r®oci(r), n+l<i<n+m

and

d;(r)®s, 1<i<n,

5 :R®S >R®S, &(r®s)= , _
r®di(s), n+l<i<n+m,
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respectively. Note that the functions G_,- are injective endomorphisms

!’

| so are. Next, we show that §; is a o; -derivation for

because o; and o

1<i<nm:
E((r ®s)(r®s")) = S_i(rr' ® ss")
=8;(rr') ® ss’

= (0;(r)8;(r") + 8;(r)r") @ ss’

c;(r)8;(r") @ ss" + 8,(r)r' ® ss'
= (0;(r) ® 5)(5;(r") ® 5) + (3;(r) ® 5) (' ® ")
=6;(r®s)8;( ®s)+8;(r ® s)(r' ®s').
Similarly, we can see that 8_1 isa G_,- -derivation, for n +1<i<n+m. [

Remark 3.9. Note that if f is a non-zero element of 4 and g is a
non-zero element of A, then exp(f ® g)= (exp(f), exp(g)) e N"*",

where exp(f ® g) is obtained using an order of elimination, either 4 or 4'.

4. Enveloping Algebra

The opposite of a ring is the ring with the same elements and addition
operation, but with the multiplication performed in the reverse order. More
precisely, the opposite of a ring (B, +, -) is the ring (B, +, *), whose
multiplication * is defined by a * b = b - a. In this section, we show that the
enveloping algebra of a bijective skew PBW extension A4 is again a PBW

extension. We recall that if B is a k-algebra, then the enveloping algebra of B
is B¢ .= B ®; BP, where B’ is the opposite algebra of B.

Proposition 4.1. If A is a bijective skew PBW extension over R, then

AP is a bijective skew PBW extension over R°P. In fact, for AP, we have
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the automorphisms 8;° : R — R°P given by oiP = Gl-_l(l”), and the
6% —derivations 5% : R — R defined by 8% (r):=—8;(c7'(r)), for
every element r € R°P.

Proof. Let 4 = o(R)(x, ..., x,) be a bijective skew PBW extension of

R. We will verify the four conditions of Definition 2.1 for the rings R°P and
A%

(i) It is clear that R°P < A4°P.

(i) Since 4 is a left free R-module with basis

Mon(4) = {x;" - xp7 (0, ..., o) € N},

by the definition of the product in A°P, we have that 4°P is a free right

R-module whose basis has the basic elements described in the set:
op
Mon(A%®) = {x* " = xym - x |aP = (o, ..., o) € N"}.

Hence, AP is aleft free R°P -module.

(iii) We will see that for each 1<i <n, and for every r € RP\{0},
there exists ¢/ , € R°P\{0} such that rx; — x;c] , € R®P. Put ¢f , := o7 \(r).
Given that

' -1 -1 -1 -1
xi¢i = x0; (r)=o;(c; (r)x; +8;(c; (r)) = rx; + 8;(c; (1)),
we have that rx; — x;c} , = ~8;(c;1(r)) € R°P.
: ' -1, -1, -1
(IV) Let Ci,j =0 (G] (Ci,j))‘ Then
XX — XXl = xx; —x ;%07 (67 (e L)
v JTL ) rJ Jorl J VL]

= x;x; = x;[0;(07 (67 (ci )X + 8:(07 (07 (i )]
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-1, -1 -1, -1/ -1
=x;x; —x;6; (¢ ;)% —x;8;(c; (5 (ci ;)
_ -1/ -1 -1, -1
= XXj = [Gj(cj (ci,j)x; +38;(c; (ci,j))]xi
. e |
= x;8;(c; (o} (ci;;))
_ -1 ~1( ~1
= x;x; — ¢ X ;x; = 8;(0; (¢ )%
-1, -1, -1
- x;8;(c; (a5 (ci, })))- 4.1)

From Definition 2.1(iv), we have that x;x; —c¢; ;xx;

J
n (l’ .]) -1 — -1 (l’]) n -1 (laj)
Zl:l r 7 xp, whence ¢ ixix; = xpx; + ¢ + Zl:l ¢ X, So,

by replacing the term ¢; ;x ;x; in the above expression (4.1), we have that
VS i)
-1_(i,j -1 _(i,j -1, -1
xixj = xpxich, ;= =i I < | 3 bt 1807 (6 ) )
I=1

- xjéii(c,-_l(c}l(ci_,lj)))

=iy - (Z %07 (ei ") - s,(cf(c;brf"fb)j
/=1

~ [x%07'(3(07 (¢, )) = 8:(07 (8 (7 (e ]

= x;8;(c7 (7 (e )
= —ci_,ljr(i’j) + [Z 81(Gfl(cglj~l7(i’j)))}
=1

+8;(07'(3,(57 ()

-1, 1 (i,j -1, -1 (i,j
- Z X[0; (Ci,j”z(l J))_xi[Gi (Ci,jri(l J))

I=1,1#i, ]
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-1 -1, -1
+0; (8,(c; (ci,j)))]
-1, -1 (i, ] -1, -1, -1
- x;l07 (e i) + 8400 (05 (@ L
which shows that x;x; — x;x;cj ; € R+ x{R + -+ x,R.
Finally, let » and 7' be elements of R°P. Then we have:
oP(r+r) = Gi_l(r +r) = Gi_l(l") + Gl-_l(r') =oP(r)+ ;P (r),
-1
;" (Lyop) = 077 (1g) = 57 (Ig) = 1g =1 0p,
' —1/.0 =1/ —1 -1 —1/ 0 '
o; (') = o; (r'r) = o7 (r)o; (r) = o; (r)o; (') = o7 (r)o; ().
Given that o; is injective and surjective, so it is G?p , forevery 1 <i <.

With respect to the functions 8,7, we have
3P (r + 1) = =3;(07 ' (r + 1)) = =8;(c; ' (r) + o7 ("))
= =3;(c;(r) = 8;(c7 (")
= 5 (r) + 57 ("),
and using the product on R°P,
3P (') = =807 ('r)) = =8;(c; ' ()7 (r))
= oi(o7 (M)3i(o7 () + 3;(07 (" )o7 ()]
= —r'3;(c; (") = 8;(c7 ' ()57 ()
= o7 (r) (=8;(c7 ' (") + (=8;(c7 ' (1)’
= o;" (18P () + 8P ()7,

which concludes the proof. O



Enveloping Algebra and Skew Calabi-Yau Algebras ... 391

Remark 4.2. We note also that 4°P is a skew PBW extension over R,

where the elements of Definition 2.1 are written in reverse order, and <P is

the order given by a <°P B if and only if a®® < B°P. So, we can see that
the set Mon(4P) = {x;7 - x" [a®® = (at,,, ..., a;) € N} is a free R-basis

of A°P.

Theorem 4.3. If A is a bijective skew PBW extension over R, then A° is

a bijective skew PBW extension over R®.

Proof. First of all, it is clear that R® < A°. Second, given that 4 is a left

free R-module, we have that
VE R‘ Mon(4)| ~ (R ®p R)‘ Mon(4)| ~ (R ®p ROP )\ Mon(A)\‘
Similarly, since that AP is right R°P -free,

=~ Mon(4°P)| ~ Mon(4°P
A°P = (RoP) Mon(A™) [ = (pop ® op ROPY Mon(4P) |

= (R ®p RP) Mon(4%P) |

which shows that 4 and AP are left free R ® R°P-modules, so A4° =
A® AP is also a left free R ® R°®-module with basis Mon(A4) ®

Mon(A4°P). Hence,
Mon(4°) = {(x; ® )1 -+ (x, ® 1)*1 (1 ® x,,)*n+1
- (1® x)%20 | (0, .y @) € N2)

Note that the automorphisms G_i and the (s_l--derivations of A°, for

1 <i < n, are given by

_ _ (N
6;:R®R® - R®RP, Gi(r®r')={cl(r) "
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and

3;(r)®r', 1<i<n,

8 :ROR® 5> R®RP, 5,(r®r)= o _
r®3di(r), n+1<i<2n

In this way, the conditions (iii) and (iv) of Definition 2.1 follow from

Propositions 3.4 and 4.1, and Remark 3.5. ]
5. Skew Calabi-Yau Algebras

Suppose that M and N are both B®-modules. Then there are two B°-
module structures on M ® N. One of them is called the outer structure

out
defined by (a®b)-(m®n) = am @ nb, and the other is called the

int
inner structure defined by (a ® b)-(m ® n) = ma ® bn, for any a, b € B,
me M, neN. Since B® is identified with B® B as a k-module
(kB¢ = (B® B°?)= (B ® B)), B® B endowed with the outer structure

out
is nothing but the left regular B®-module B. 5 (B® B) = ¢ B®: for

out

5 (B® B), (@®b)- (x®y)=a-(x®y)-b = ax ® yb, whereas that in
BeBe(a®b)-(x®y)= ax®boy=ax® yb. B® B endowed with the

inner structure is nothing but the right regular B¢ -module B°. 5 (B® B)

int nt

i
:B;e3 for Be(B®B), (a®b)- (x®y)=a-(x®y)-b = xa®by, whereas
that in B;e, (x®y)-(a®b)=xa® yob = xa® by. Hence, we often say

that B® has the outer (leff) and inner (right) B¢ -module structures.

An algebra B is said to be homologically smooth if as an B®-module,
B has a finitely generated projective resolution of finite length. The length
of this resolution is known as the Hochschild dimension of B (in [12], the
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authors considered this dimension to compute the cyclic homology of skew
PBW extensions). In the next definition, the outer structure on B¢ is used

when computing the homology Extze (B, B®). Thus, Extze (B, B) admits

a B®-module structure induced by the inner one on B°.

Definition 5.1. An algebra B is called skew Calabi-Yau of dimension d,
if the following conditions hold:

(1) B is homologically smooth.

(i1) There exists an algebra automorphism v of B such that Extj9 . (B, B°)

- 10, i#d e
=9 ) as B® -modules.

BY, i=d

If v is the identity, then B is said to be Calabi-Yau.

The automorphism v is called the Nakayama automorphism of B, and it
is unique up to inner automorphisms of B. Note that a skew Calabi-Yau
algebra is Calabi-Yau if and only if its Nakayama automorphism is inner.

Definition 5.2. Let B=k® B ® B, ®--- be a finitely presented
graded algebra over a field k. The algebra B will be called AS-regular, if it
has the following properties:

(1) B has finite global dimension d, i.e., every graded B-module has a
projective dimension less than or equal to d;

(i1) B has finite Gelfand-Kirillov dimension;

(iii) B is Gorenstein, meaning that Extiz(k, B)=0 if i+ d, and
Ext(k, B) = k.

The dimension of Gelfand-Kirillov and the notion of Gorenstein for
skew PBW extensions were studied in [6] and [5], respectively. Now, from
Definition 5.2, we can see that we need to consider graded algebras, and
since, in general, skew PBW extensions are not graded rings, in the next
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definition, we impose three conditions to guarantee a notion of grade in these

extensions. More exactly,

Definition 5.3 [18, Definition 2.6]. Let 4 = o(R)(x], ..., x,) be a

bijective skew PBW extension over a N -graded algebra R. We said that 4 is
a graded skew PBW extension, if the following conditions hold:

(1) the indeterminates xj, ..., x,, have degree 1 in 4;
(ii) o; is a graded ring homomorphism and §; : R(-1) - R is a graded

o;-derivation, for all 1<i<mn, where o; and O, are established in

Proposition 2.3;

(i) x;x; —¢; jx;X; € Ry + Ryxy +---+ Ryx,,, as in Definition 2.1(iv),
and ¢; ; € Ry.

For the next proposition, consider the notation established in Definition
2.4.

Proposition 5.4 [18, Proposition 2.7]. Let A be a graded skew
PBW extension over R, and let A, be the k-space generated by the set

{rx*|t+|a|=p, 1, € R, and x* € Mon(4)}, for p=>0. Then A is a

graded algebra with graduation given by A = @® p>04p-

Next theorem is one of the most important results of this paper. This
theorem establishes that quasi-commutative skew PBW extensions over
connected skew Calabi-Yau algebras are skew Calabi-Yau.

Theorem 5.5. If A is a graded quasi-commutative skew PBW extension
over a connected skew Calabi-Yau k -algebra R, then A is skew Calabi-Yau.

Proof. Note that 4 is isomorphic to an iterated Ore extension of

endomorphism type R[z, 0;]--[z,, 0,,], where 0; is bijective; 0; = oy;
0 R[zp; 01+ [2j_150,;1] > Rlz; 0] [z,15 0,4]

is such that 0,(z) = ¢; ;z; (¢; ; € R as in Definition 2.1), 1<i<j<n
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and 0;(r) = o;(r), for r € R [3, Theorem 2.3]. Since 4 is graded, o; is
graded and ¢; ; € Ry. Now, using that 6,(r) = o;(r) and 0,(z;) = ¢; ;z;,
we have that 0; is a graded automorphism, for every i. Without loss of

generality, we can assume that z; = x;, for every 1 <i < n. Therefore, 4 is

isomorphic to a graded iterated Ore extension, and using that R is AS-regular
[14, Lemma 1.2], then A4 is AS-regular [4]. Since R is connected, 4 is also
connected [18, Remark 2.10]. From [14, Lemma 1.2], we conclude that 4 is

skew Calabi-Yau. |

Example 5.6. Theorem 5.5 allows us to obtain the following examples of

skew PBW extensions which are skew Calabi-Yau algebras:
(1) For a fixed g € k\{0}, the k-algebra of linear partial g-dilation
operators with the polynomial coefficients is K[, ..., tn][Hl(q), . H,(nq)],

n > m, subject to the relations: ¢;t; = t;t 1<i<j<m Hi(q)tl- =

JioT e
g, 1<i<m By =m0, iz #OED = gOH),
1<i< j<m (see [3, Subsection 3.3]). This algebra is a graded quasi-
commutative skew PBW extension of K[z, ..., #,], where K[z, ..., #,] is
endowed with usual graduation.

(2) The quantum polynomial ring O,(k;;) (also known as the
multiplicative analogue of the Weyl algebra) is the algebra generated by the

indeterminates xj, ..., x, subject to the relations x;x; = A jx;x;, 1<i<

J <n, Aj € k\M0}. In [3, Subsection 3.5], it was proved that O, (% ;) =
o(k)(xq, .., x,) = o(k[x1]) (x5, ..., X;,).
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