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Abstract 

For given graphs G and H, the Ramsey number ( )HGR ,  is the 

smallest positive integer N such that for every graph F of order N the 
following holds: either F contains G as a subgraph or the complement 
of F contains H as a subgraph. In this paper, we determine the Ramsey 
numbers of cycles with respect to even wheels of two hubs: 

( ) 23, ,2 −= nWCR mn  for even 4≥m  and .12
9 +≥ mn  

1. Introduction 

Throughout the paper, all graphs are finite and simple. Let G be such a 
graph. We write ( )GV  or V for the vertex set of G and ( )GE  or E for the 

edge set of G. For given graphs G and H, the Ramsey number ( )HGR ,  is 

the smallest positive integer N such that for every graph F of order N the 
following holds: either F contains G as a subgraph or the complement of F 
contains H as a subgraph. Since then the Ramsey numbers ( )HGR ,  for 

many combinations of graphs G and H have been extensively studied by 
various authors, see nice survey paper “small Ramsey numbers” in [8].             
In particular, the Ramsey numbers for combination involving cycles and 
wheels have also been investigated. 

Let nC  be a cycle of n vertices and mW ,1  be the join .1 mCK +  It is 

called a wheel with m spokes. Burr and Erdös [3] showed that 
( ) 12, ,13 += mWCR m  for each .5≥m  Ten years later Radziszowski and 

Xia [9] gave a simple and unified method to establish the Ramsey number 
( ),,3 GCR  where G is either a path, a cycle or a wheel. Surahmat et al. [12] 

showed ( ) 10,9, ,14 =mWCR  and 9 for 5,4=m  and 6, respectively. 

Independently, Tse [14] showed ( ) ,9, ,14 =mWCR  10, 9, 11, 12, 13, 14, 15 

and 17 for m = 4, 5, 6, 7, 8, 9, 10, 11 and 12, respectively. Recently, in [11], 
the Ramsey numbers of cycles versus small wheels were obtained, e.g., 
( ) 12, 4,1 −= nWCR n  for 5≥n  and ( ) 23, 5,1 −= nWCR n  for .5≥n  
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The aim of this paper is to determine the Ramsey number of cycles nC  

with respect to wheels of two hubs .,2 mW  The main result of this paper is the 

following. 

Theorem. ( ) 23, ,2 −= nWCR mn  for even 4≥m  and .12
9 +≥ mn  

Before proving the Theorem let us present some notation used in this 
note. For Vx ∈  and a subgraph B of G, define ( ) { ∈= yxNB  

( ) }ExyBV ∈:  and [ ] ( ) { }.xxNxN BB ∪=  The degree ( )xdG  of a vertex        

x is ( ) ;xNG  ( )Gδ  denotes the minimum degree in G. For any nonempty 

subset ,VS ⊂  the subgraph induced by S is the maximal subgraph of G with 

the vertex set S, it is denoted by [ ].SG  A cycle nC  of length 3≥n  is a 

connected graph on n vertices in which every vertex has degree two. A wheel 

nn CKW += 1,1  is a graph on 1+n  vertices obtained from a nC  by adding 

one vertex x, called the hub of the wheel, and making x adjacent to all 
vertices of ,nC  called the rim of the wheel. A wheel of t-hubs =ntW ,  

nt CK +  is a graph on tn +  vertices obtained form a cycle mC  by adding a 

complete graph tK  and making vertices of tK  adjacent to all vertices of .nC  

If G contains cycles, let ( )Gc  be the circumference of G, that is, the 

length of a longest cycle, and ( )Gg  be the girth of G, that is, the length of a 

shortest cycle. A graph on n vertices is pancyclic if it contains cycles of 
every length .3, nll ≤≤  A graph is weakly pancyclic if it contains cycles of 

length from the girth to the circumference. 

We will also use the short notations ,,, FHHFFH ⊇⊆  and 

HF  to denote that H is (is not) a subgraph of F, with the obvious 

meanings. 

For given graphs G and H, Chvátal and Harary [5] established the lower 
bound ( ) ( )( ) ( )( ) ,111, +−χ−≥ HGCHGR  where ( )GC  is the number of 

vertices of the largest component of G and ( )Hχ  is the chromatic number of 
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H. In particular, if nCG =  and mWH ,2=  for even m, then we have 

( ) .23, ,2 −≥ nWCR mn  In order to prove this Theorem, we need the 

following known results and lemmas. 

2. Some Lemmas 

Some lemmas in what follows will be used to prove the main result of 
this paper. 

Proposition 1 (Faudree and Schelp [7], Rosta [10]). 

( )mn CCR ,  

( ) ( )
( ) ( )

⎪
⎪

⎩

⎪
⎪

⎨

⎧

<≤
⎭⎬
⎫

⎩⎨
⎧ −−+

≠≤≤−+

≠≤≤−

=

.,412,12max

.4,4,,,412

.3,3,,,312

oddnandevenmnmformmn

mnevennandevenmnmformn

mnoddmnmforn

 

Theorem 1 (Surahmat et al. [13]). ( ) 12, ,1 −= nWCR mn  for even 4≥m  

and .12
5 −≥ mn  

Lemma 1 (Bondy [1]). Let G be a graph of order n. If ( ) ,2
nG ≥δ  then 

either G is pancyclic or n is even and .~
2,2
nnKG =  

Lemma 2 (Brandt et al. [2]). Every non-bipartite graph G of order n 

with ( ) 3
2+≥δ nG  is weakly pancyclic and has girth 3 or 4. 

Lemma 3 (Dirac [6]). Let G be a 2-connected graph of order 3≥n  with 
( ) .δ=δ G  Then ( ) { }.,2min nGc δ≥  

Lemma 4. Let F be a graph with ( ) ( ) .1, ,1 +≥ mn WCRFV  If there              

is a vertex ( )FVx ∈  such that [ ] ( ) ( )mnF WCRFVxN ,1,−≤  and 

,nCF  then .,2 mWF ⊇  
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Proof. Let ( ) [ ]xNFVA F\=  and so ( )., ,1 mn WCRA ≥  Since the 

subgraph [ ]AF  of F induced by A contains no ,nC  by the definition of 

( )mn WCR ,1,  we get [ ] mWAF ,1⊇  and hence F  contains a .,2 mW  ~ 

Lemma 5 (Chvátal and Erdös [4], Zhou [15]). If FCH s ⊆=  for a 

graph F, while 1+sCF  and ,rKF  then ( ) 2−≤ rxNH  for each 

( ) ( ).\ HVFVx ∈  

3. Proof of Theorem 

Proof of Theorem. Let G be a graph of order ,23 −n  where 12
9 +≥ mn  

for even 4≥m  and containing no .nC  We shall show that G  contains 

.,2 mW  By contradiction, suppose G  contains no .,2 mW  By Lemma 4,              

we have ( ) 1−≥δ nG  since [ ] ( ) ( ) ( ) −−=−> 23, ,1 nWCRFVxN mnG  

( ) 112 −=− nn  for any ( ).GVx ∈  Now we shall distinguish two cases 
below. 

Case 1. ( ) .nG ≥δ  

Subcase 1.1. G is non-bipartite. 

Since ( ) ( ) ,3
223 +−=≥δ nnG  by Lemma 2, we get that G is weakly 

pancyclic with girth 3 or 4. 

If ( ) ,2≥κ G  then G is a 2-connected graph. By Lemma 3, we have 

( ) { }.23,2min −≥ nnGc  This implies that G contains ,nC  a contradiction. 

Let ( ) .1=κ G  There exists a cut-vertex ( )GVv ∈  such that vG −  is 

disconnected. Let rGG ...,,1  be the components of .vG −  Since ( ) nG ≥δ  

we deduce ( ) ,1−≥δ nGi  hence ( ) nGV i ≥  for every ....,,2,1 ri =  This 

implies 2=r  and vG −  has two components 1G  and ,2G  such that 

( ) ( ) .3321 −=+ nGVGV  This implies that, we have at least one 
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component, say ,1G  such that ( ) .2
33

1
−≤ nGV  So, we find ( ) 11 −≥δ nG  

( ) .22
2

33
1GV

n
≥

−

≥  Now Lemma 1 applies to ,1G  hence 1G  is pancyclic 

and 1G  contains ,nC  a contradiction, or ,~
2,2

1 ppKG =  where ( )1GVp =  

n≥  is even. Since 12
9 +≥ mn  and ,4≥m  ≥2

p  ,24
29 +≥+ mm  so we 

deduce that ,,2 mWG ⊇  a contradiction. 

Let ( ) .0=κ G  Then G is disconnected and we deduce as above that G 

has exactly two components, 1G  and .2G  Since ( ) ,nG ≥δ  we deduce 

( ) 1+≥ nGV i  for each { }.2,1∈i  Suppose ( ) ( ) ,21 GVGV ≤  which 

implies ( ) .2
23

1
−≤ nGV  We find that ( ) ( ) .22

2
23

1
1

GV
n

nG ≥

−

>≥δ  

By Lemma 1, we get that 1G  is either pancyclic and so ,1 nCG ⊇  a 

contradiction, or ,~
2,2

1 ppKG =  where ( ) 11 +≥= nGVp  is even. Since 

12
9 +≥ mn  and ,4≥m  ,24

4
2

1
2 +≥+9≥+≥ mmnp  so we deduce that 

,,2 mWG ⊇  a contradiction. 

Subcase 1.2. G is bipartite. 

Since G is bipartite and ( ) ,nG ≥δ  we deduce that G is a spanning 

subgraph of tjK ,  for nj ≥  and .nt ≥  This implies ,,2 mWG ⊇  a 

contradiction, since ( ) ( ) ( )tj KEKEGE ∪⊇  and .212
9 +>+≥ mmn  

Case 2. ( ) .1−=δ nG  

Let ( )GVx ∈  such that ( ) ( ) .1−=δ= nGxNG  Let H be the subgraph 

of G induced by ( ).xNG  Let ( ) [ ].\ xNGVA G=  So, we have .22 −= nA  
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Let T be the subgraph of G induced by A. Now, we shall consider in what 
follows two subcases. 

Subcase 2.1. ( ) .32 −−<δ mnT  

Let ( )TVy ∈  such that ( ) ( ) .32 −−<δ= mnTyNT  Let ( )\TVB =  

[ ].yNT  So, we have ( ) ( ) >−+>+=−−−−≥ 1222222 mnmnmnnB  

.12 −m  Since by Proposition 1, we have ( ) 12, −+= mnCCR mn  the 

complement of the subgraph [ ]BT  of T induced by B contains ,mC  which 

implies ,,1 mWT ⊇  hence ,,2 mWG ⊇  a contradiction. 

Subcase 2.2. ( ) .32 −−≥δ mnT  

In this situation, we also consider two subcases: (a) T is non-bipartite and 
(b) T is bipartite. 

(a) In the first case, let T be non-bipartite. Since ( ) ≥−−≥δ 32
mnT  

( ) ,3
2

3
2 +

=
TVn  by Lemma 2, we get that T is weakly pancyclic with 

girth 3 or 4. 

If ( ) ,2≥κ T  then T is a 2-connected graph. By Lemma 3, we have 

( ) ( ){ }.22,2min −δ≥ nTTc  This implies that T contains ,nC  a contradiction. 

Let ( ) .1=κ T  There exists a cut-vertex ( )TVv ∈0  such that 0vT −             

is disconnected. Let rTT ...,,1  be the components of .0vT −  Since ( ) ≥δ T  

32 −− mn  we deduce ( ) ,42 −−≥δ mnTi  hence ( ) ≥iTV 32 −− mn  for 

every ....,,2,1 ri =  This implies 2=r  and 0vT −  has two components 1T  

and ,2T  such that ( ) ( ) .3221 −=+ nTVTV  Suppose that 0vT −  contains 
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.,1 mW  Since in ,G  x is adjacent to all vertices in T, it follows that G  

contains mW ,2  and the proof is complete in this case. Otherwise, 0vT −  

contains no .,1 mW  Since 0vT −  has 32 −n  vertices, its complement 

contains no mW ,1  and by Theorem 1 ( ) ,32, ,11 −=− nWCR mn  we obtain 

that 0vT −  contains .1−nC  This implies that 1−nC  will be contained in one 

of the components of ,0vT −  say ,1T  such that .11 −⊇ nCT  Thus, we have 

( ) 11 −≥ nTV  and ( ) .22 −≤ nTV  Let ( ).1−= nCVX  If T  contains 

mW ,1  we deduce as above that G  contains mW ,2  and we are done. 

Otherwise, T  contains no .,1 mW  Since T  contains no ,,1 mW  it contains also 

no 1+mK  and by Lemma 5, we have: 

( ) 1−≤ mvN X  for each ( ) .\ XTVv ∈  (1) 

If there exists ( ) ,\10 XTVz ∈  then by (1) and ( ) ,421 −−≥δ mnT  we have: 

( ) ( ) ( )( ) ( )000\ 11 zNzNzN XTVXTV −=  

( )142 −−⎟
⎠
⎞⎜

⎝
⎛ −−≥ mmn  

.32
3 −−= mn  (2) 

Thus, by (2) we have  

( ) ( ) [ ]0\1 1 zNXTV XTV+≥  

( ) 32
32132

31 −−=⎟
⎠
⎞⎜

⎝
⎛ +⎟

⎠
⎞⎜

⎝
⎛ −−+−≥ mnmnn  

which implies ( ) ,2
3

2
mTV ≤  a contradiction with ( ) .322 −−≥ mnTV  

We deduce that ( ) 11 −= nTV  and ( ) .22 −= nTV  Since ( ) 22
mnT −≥δ  
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( ) ,22
24 2TVn =−≥−  we have that 2T  is pancyclic or 2−n  is even and 

.~
2

2,2
22 −−= nnKT  This implies that 2T  also contains .2−nC  

Let ( ) { }∪ 02 vTVD =  and also 3T  be the subgraph [ ]DT  of T induced 

by D. Since ( ) 32 −−≥δ mnT  and by (1) we have ( ) ,101 −≤ mvNT  

( ) ( ) .122
313202 −>−−=−−−−≥ mmnmmnvNT  By Lemma 5, we 

get .13 −⊇ nCT  The same conclusion holds by observing that 22
3 −− mn  

,2
2−≥ n  hence 0v  is adjacent to two consecutive vertices of 2−nC  in .2T  

Thus, we also have: 

( ) 13 −≤ mvNT  for each ( ) ( ).\ 3TVTVv ∈  (3) 

Because G  contains no ,,2 mW  it follows that G  also contains no ,2+mK  

hence by Lemma 5, we get 

( ) mvNT ≤1  for each ( ) ( )1\ TVGVv ∈  (4) 

and 

( ) mvNT ≤3  for each ( ) ( ).\ 3TVGVv ∈  (5) 

Claim 1. .~
1−= nKH  

Suppose H is not complete, so there exist ( )HVhh ∈21,  such that 

( ).21 HEhh ∉  By (4) and (5), we have ( ) ( ) mhNhN TT 221 11 ≤+  and 

( ) ( ) .221 33 mhNhN TT ≤+  Let ( ) ( ( ) ( ) ( )121 311\ hNhNhNTVY TTT ∪∪=  

( )),23 hNT∪  and so .12422 −+≥−−≥ mnmnY  Let F be the subgraph 

[ ]YT  of T induced by Y. By Proposition 1, one deduces that FCm ⊆  which 

implies ,,2 mWG ⊇  a contradiction. 
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It follows that by Claim 1, we have that { } ,~
nKxH =+  hence ,GCn ⊆  

a contradiction. 

Let ( ) .0=κ T  Then T is disconnected and we deduce as above that T has 

exactly two components, 1Z  and .2Z  Since ( ) ,32 −−≥δ mnT  we deduce 

( ) 32 −−≥δ mnZi  for each { }2,1∈i  and so ( ) ≤≤−− iZVmn 22  

.22 −n  By a similar argument as in the case ( ) ,1=κ T  we also obtain 

1211 , −− ⊇⊇ nn CZCZ  and { } ,~
nKxH =+  hence ,GCn ⊆  a contradiction. 

(b) In the second case, let T be bipartite. Since T is bipartite and 
( ) ,22 −= nTV  we deduce that T is a spanning subgraph of ,, tjK               

where { } .1,max −≥ ntj  This implies ,,1 mWT ⊇  hence mWG ,2⊇  a 

contradiction, since ( ) ( ) ( )tj KEKETE ∪⊇  and .22
91 +>≥− mmn  

The proof is complete. ~ 

4. Open Problems 

For ,1≥t  we define ., mtmt CKW +=  We shall propose some open 

problems: 

(1) Determine the Ramsey numbers ( )mtn WCR ,,  for even 4≥m  and 

.3≥t  

(2) Determine the Ramsey numbers ( )mtn WCR ,,  for odd 5≥m  and 

.2≥t  
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