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Abstract 

The Pearson chi-square statistic ( )pQ  is frequently used for testing 

hypothesis for data in a 22 ×  table which arises from several different 
and relevant sampling frameworks. In this paper, a detailed proof is 

given that asymptotically pQ  has a chi-square distribution with one 

degree of freedom. 

Introduction 

Frequently, the categorical data from different type of experiments is 
summarized in a 22 ×  contingency table like Table 1. 
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Table 1. 22 ×  Contingency table 

 Yes    No Total Proportion Yes 

Group 1 11n   12n  ⋅1n  ⋅= 1111 nnp  

Group 2 21n   22n  ⋅2n  ⋅= 2212 nnp  

Total 1⋅n   2⋅n  N  

The statistics ( )pQ  is defined as follows: 
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Frequently the chi-square statistic pQ  is used for testing different type of 

hypothesis for data in a 22 ×  table which arises from several different 
sampling frameworks like in the following investigations. 

(i) Simple independent random samples of two cities, asking residents 
whether they desire more environmental regulations. Because interest lies in 
whether the proportion favoring regulations is the same for the two cities, the 
hypothesis of interest is: Is the distribution of the response the same in both 
groups? 

The null and alternative hypotheses are as follows: 

210 : π=πH   vs  ,: 21 π≠πaH  (2) 

where 1π  and 2π  are the population proportions favoring regulations for the 

two cities, respectively, and pQ  is the appropriate test statistic. 

(ii) In a clinical trial, patients are randomly allocated to one of two drug 
treatments (test and placebo), and their response to that treatment is a binary 
outcome. The question of interest is whether the rates of favorable response 
for test and placebo are the same. The null hypothesis is stated 

:0H  There is no association between treatment and outcome. 
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There are several ways of testing this hypothesis; many of the tests are 
based on .pQ  However, sometimes the counts in the table cells are too small 

to meet the sample size requirements necessary for the chi-square distribution 
to apply, and exact methods based on the hypergeometric distribution are 
used to test the hypothesis of no association. 

(iii) A simple random sample of 500 persons is questioned regarding 
political affiliation and attitude toward an energy-rationing program. From 
the data of this study, we wish to find answers to the following question: Do 
the data indicate that that the pattern of opinion is independent of political 
affiliation? 

In this case, the simple random sample produces a multinomial 
distribution. The null hypothesis of independence is 

,: 000 jiij pppH ×=   for all cells ( ),, ji  

where these parameters are the population probabilities of the following 
table: 

Table 2. Population probabilities 

 1B   2B  Row total 

1A  11p   12p  10p  

2A  21p   22p  20p  

Column total 01p   02p  1 

and where 

( )jiij BAPp ∩=  probability of the joint occurrence of iA  and .jB  

( )ii APp =0  total probability in the ith row. 

( )ij BPp =0  total probability in the jth row. 

For these and other statistical applications, pQ  is the appropriate test 

statistic, see for instance Seber [1], Krishnamoorthy [2], Fleiss et al. [3], 
Newcombe [4], Ott and Longneker [5], Plichta and Kelvin [6] and Stokes et 
al. [7]. 
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To apply the chi-square statistic pQ  for testing hypothesis, in large 

samples, it is necessary to know the asymptotic distribution of .pQ  In this 

paper, a detailed proof is given that asymptotically pQ  has a chi-square 

distribution with one degree of freedom. 

Asymptotic distribution of pQ  

Let us assume that we have two simple random samples, from two 
Bernoulli distributions with parameters 1π  and ,2π  respectively. Therefore, 

we have 1n  independent and identically distributed random variables 

1...,,, 21 nXXX  which are distributed as 

( )1πBernoulli  (3) 

also we have 2n  independent and identically distributed random variables 

2...,,, 21 nYYY  which are distributed as 

( ).2πBernoulli  (4) 

Frequently, the data from this experiment is summarized in a 22 ×  

contingency table, like in Table 1, where ∑
⋅

=
=
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In what follows we will prove that asymptotically pQ  has a chi-square 

distribution with one degree of freedom. First we prove the following lemma. 

Lemma 1. Suppose we have two random samples satisfying (3) and (4) 
with equal sample sizes ,21 nnn == ⋅⋅  then under the null hypothesis 

π=π=π 210 :H  
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where 
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and ( )1,0N  is the standard normal random variable. 

Proof. Clearly, under π=π=π 210 :H  

( ) ( ) ( )π−π=π= 1; ii XVarXE   and  ( ) ( )[ ] 211 π−π=σ iX  

and 

( ) ( ) ( )π−π=π= 1; ii YVarYE   and  ( ) ( )[ ] .1 21π−π=σ iY  

Therefore, under ,0H  nn YXYXYX −−− ...,,, 2211  are independent and 

identically distributed random variables with 

( ) ( ) ( )π−π=−=− 120 iiii YXVarYXE  and 

( ) ( )[ ] 2112 π−π=−σ=σ ii YX  

applying the central limit theorem, see for instance Hogg and Craig [8], we 
have that 

( )[ ] ( ) ( )[ ] ( ).1,012 21
21 NppnnYXnU

L
iin →π−π−=σ−∑=  (6) 

On the other hand, nn YYYXXX ...,,,,...,,, 2121  are 2n independent, 

identically distributed random variables with Bernoulli distribution and 
parameter ( ) ( ).ii YEXE ==π  

Thus, by the weak law of large numbers, see Lehmann [9] 
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Note that, ( ) ( )[ ] 211 xxxg −=  is a continuous function. Thus 

( )[ ] ( )[ ] .11 2121 π−π→−
p

pp  

Thus, 

( )[ ]
( )[ ]
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ppW →
π−π

−=  (8) 

From (6) and (8) we obtain that 
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which proves Lemma 1. 

Theorem 1. Suppose we have two random samples satisfying (3) and (4) 
and with equal sample sizes ,21 nnn == ⋅⋅  then under the null hypothesis 

π=π=π 210 :H  

,2
1χ→

L
pQ  (9) 

where 2
1χ  is a chi-square random variable with one degree of freedom. 

Proof. By Lemma 1, we have that 

{ } ( ) ,,lim RyyyWP
n

∈∀Φ=≤
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 (10) 

where Φ is the cumulative distribution function of the standard normal 
random variable, and 
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Since ,21 nnn == ⋅⋅  we have that 
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Therefore, 
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where nnn == ⋅⋅ 21  and .2nnnN =+=  

From (10) and (13) we have that 

{ } { } { } { },21212 zWPzWPzWPzQP p −≤−≤=≤=≤  

{ } { } { }2121 limlimlim zWPzWPzQP
nn

p
n

−≤−≤=≤
∞→∞→∞→

 

( ) ( )2121 zz −Φ−Φ=  

∫ −⎟
⎠
⎞⎜

⎝
⎛

π
=

21 2

0
2 .

2
12

z u due  



David Sotres-Ramos and Yoni Castillo-Tzec 476 

Let 

2
0

21
212

−
=⇒=⇒≥=

v
dv
duvuuv  

thus, 
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Therefore, the asymptotic distribution of pQ  is the chi-square distribution 

with one degree of freedom, which proves (9). 
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