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Abstract

In this paper, we study a robust nonparametric estimator of a
regression function when the response variable is subject to random
right censorship and when the covariate is of functional nature.
Under suitable conditions, we establish an almost complete (a.co.)
consistency result with rate as well as an asymptotic distribution result
of the estimator when observed data exhibit a mixing dependence.

Introduction

The study of the relationship between a variable of interest T and a
covariate X is one of the most important problems in statistics. Recent years
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have witnessed a renewal of interest in robust regression estimation. Here,
we are interested in a right censorship robust regression model. The
estimation of the robust regression is a problem of considerable interest,
especially for medical researchers, and reliability engineers. The robust
nonparametric estimation of the regression function was developed by
Collomb and Hirdle [12] in the real-valued data case. They established,
under suitable conditions, the almost complete convergence rate of an M-
estimator with kernel weights when the observations are independent and
identically distributed. Many important results have been developed in this
field. For the real-valued data case, there is a huge literature on parametric or
nonparametric estimation of the robust regression function, see for instance
the key works of Robinson [32], Boente and Fraiman [5, 6], Fan et al. [18]
for previous results and Laib and Ould-Said [25], Boente and Rodriguez [7]
and Ferraty and Vieu [19] for recent advances and references.

Recently, the statistics of functional data have received a growing
attention. The first result on robust estimates of the functional nonparametric
function model was given by Azzedine et al. [4]. They established the almost
complete convergence of robust estimators of the regression function when
the regressors are functional and the observations are i.i.d. These results are
extended to the dependent case by Attouch et al. [3] who established the
almost complete convergence rate of the robust nonparametric regression
estimation when the regressors is functional and the observation are alpha-
mixing. Asymptotic normality has been considered in Attouch et al. [1, 2] for
i.i.d. and dependent data. Crambes et al. [13] stated the convergence in the

L? norm in both i.i.d. and alpha-mixing cases. Gheriballah et al. [20]
established the almost complete convergence of a nonparametric M-

regression estimate for functional ergodic data.

To the best of our knowledge, the problem of estimating the robust
regression function under dependent right censored data and functional
regressors has not been addressed in the literature. Some works were devoted
to mean or quantile regression models when data are censored and some
of them of functional nature. For instance, El Bahi and Ould Said [17]
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established the strong uniform consistency of the nonparametric estimation
of conditional quantile for functional regressors in the i.i.d. case. These
results are extended (including an asymptotic normality result) to the
dependent case by Horrigue and Ould-Said [21, 22]. Chaouch and Khardani
[11] investigated asymptotic properties of the conditional quantile function of
randomly censored data using functional stationary ergodic property. Under
random left truncation (RLT model), Derrar et al. [15] have studied the
asymptotic properties of robust nonparametric regression estimation in a

context of functional covariate in the i.1.d. case.

The central object of interest of this work is estimating a robust

regression function under censored data and functional regressors.

To that aim, let (7, C, X) be a random vector, where T is the variable of

interest, called the lifetime variable in the literature of censored data, with
distribution function F. The variable C is the random right censoring time
with distribution function G and X is a covariable that takes values in some

semi-metric space £ which is endowed with a semi metric d(.,.). Then in

the right censorship model, one only observes (¥;, X;,8;),_; ,, where

Y; = min(7;, C;) and 3; = I (T; < C;) is the indicator of censoring status.
For any x € £, we consider a real valued Borel function p(.,.) satisfying

some regularity conditions to be stated below. The nonparametric robust

model studied in this paper, denoted by 0,, is implicitly defined as a zero

with respect to (w.r.t.) the equation
I(x, ) = E[p(Y, )| X = x] = 0. (1)

We suppose that, for all x € £, 6, exists and is unique (see, for instance,

Boente and Fraiman [5]). Our model is a generalization of the classical

regression in sense that the latter can be obtained by taking p(Y, ¢) =
(v —1).

The aim of this paper is to extend the results of Lemdani and Ould Said
[26] to the functional case, and those of Azzedine et al. [4] and Attouch et al.
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[3] to the incomplete data. More precisely, we propose a smooth estimator
of the robust regression (1) for a censoring random model, when the data
are both dependent and functional nature. We establish, under suitable
conditions, the almost complete convergence and asymptotic normality of the
proposed M-estimator with kernel weights. The paper is organized as
follows. In Section 2, we define the kernel robust regression estimate in
censoring model. Assumptions and main results are given in Section 3.
Finally, the proofs of the main results are relegated to Section 4 with some

auxiliary results.

The Proposed Estimator

For any distribution function H, let 1ty =sup{r: H(¢) <1} be the
support’s right endpoint. Let D be a compact such that 6, € D U (oo, 1],

where 1 < min(tg, TF).

Let {(7;, C;, X;),i>1} be a sequence of strictly stationary random
vectors where X; takes the values in some semi-metric space (&, d(., .)) and

T;, C; are real-valued.

If no censoring is present, then it is well known that a nonparametric

estimator of I'(x, 7) denoted by I'(x, 7) (see Attouch et al. [3]) is given by

[(x, 1) = ZZ;: K(WJ p(T;, 1) |

5

with K is a probability density function and / = A, is a sequence of positive

real numbers which goes to zero as n goes to infinity. In the censorship
model, we adapt the idea of Carbonez et al. [10] given in the real-valued

context, to our case, we define I'(x, ¢) as an estimate of I'(x, ) by
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Z”:_a,- [ XDy
fn(x,t)=f—1G(Y")( ! ) , @

S

where G is the survival function of the random variable C. In practice, G is

usually unknown, hence it is impossible to use the estimator (2). Then, we
replace G by its Kaplan-Meier (KME) [24] estimate (_?n defined by

n 1 - 6(1) ]{Y(l’)Sy} .
] i P
Gn(y)=1—Gn(y)= i=1 n_(l_l)

0 otherwise,

3)

where Y1) < ¥(3) <+ < ¥, are the order statistics of (¥}),;, and &) is

the concomitant of ;).

The properties of the KME for dependent variables can be found in Cai

[9]. Then a feasible estimator of T'(x, #) considered in this work is given by

1 SHY
——K;(x)p(Y;, 1)
£ e r) = nE[Kl(x)]Z‘Gn(Yi) o @

1 Z Tpx)
TR (] 2 K1)

d(x, X;
where K;(x) = K(%) fori=1,..,n
A natural estimator of 0, denoted by 0,,(x), is a zero w.r.t. f of
L,(x,t)=0.
Assumptions and Main Results

First, let {W;,i>1} be a sequence of random variables and SIIF(W)
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denote the o-field of events generated by {W;, i < j < k}. Given a positive

integer n, set
o(n) = sup{| P(AN B)— P(A)P(B)|: A € EX(W), B € EF,,(W), k e N*}.

The sequence is said to be a-mixing if the mixing coefficient a(n) — 0 as

n — . The a-mixing condition is the weakest among mixing conditions
known in the literature. Many stochastic processes satisfy the o-mixing

condition; the ARMA processes are geometrically strongly mixing, i.e., there
exists ¢ € (0,1) such that a(n) = 0(0") (see, e.g., Jones [23]). In what
follows, we will use the notation B(x, r) = {x' € &; d(x, x') < r} and we

will denote by C and C' some strictly positive generic constants; x is a fixed

pointin £ and N, denotes a fixed neighborhood of x. For now on, we set
by (1, 1) = E[3:G (V)p(Y, )| X = u]
and
T, (u, 1) = E[&,G ' (V)(p'(Y, ) | X = u], for y e {1, 2}.

Some assumptions needed to state our results are introduced and
gathered below for easy reference:

Al. The process (X;, ¥;) satisfies:
(i) The function ¢,(r) = P[X € B(x, r)] > 0, Vr > 0.
(i) Vi#j, E[p(Y;, )p(Y;, t)| X;, X;]<C <o and P[(X;, X;) e
B(x, r)x B(x, r)] = {,.(r), where £, (h) > 0 as h — 0.

Sah)

2( ) is bounded.
oy (h

Furthermore, we assume that the ratio

(iii) (X;, Y;),», is a stationary a-mixing sequence of random variables,

with coefficient a(n) = O(n™") for some v > 4.
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A2. The function I'(x, .) is of class C! and satisfies

Vi e D, V(x, x3) € Ny x Ny, 3b > 02| T(xy, 1) = D(x, 1) < CdP(x1, xp).
A3. The function p is a continuous differentiable function, strictly
monotone bounded w.r.t. the second component and its derivative M

ot

is bounded and continuous at 0, uniformly in y, and for each fixed ¢ € D,

E[|p(¥, )| X]< C < .

Ad. K is a function with support (0, 1) such that 0 < C < K(¢)< C' < oo,
AS. The bandwidth / satisfies:

() [ EEL — o(p. (h);

n( ()

—> 0 as n — oo,
v+l 6
(logn)y—4(loglogn)y_4

(ii) lim

(i) lim ¢ (h)log(n) — 0 as n — oo;

(iv) limnh® . (h) > 0 as n — oo;

0 w1 e 0.1 timy o S 0

To establish the asymptotic normality results, the following assumptions
are needed:

B1. The function A, (., .) satisfied the Holder condition with respect to

the first variable, that is: there exists a positive constant b, such that

E'Cl > 0, V(ul, M2)€ Nx XNx, Vit ED,l Xy(ul, t)—ky(uz,t)ls Cldby (ul, Mz).

B2. The function Y, (., .) satisfied the Holder condition with respect to

the first variable, that is: there exists a positive constant d,, such that
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3Cy > 0, Y(uy, uy) € N, x N, Vt € D,
d
| Ly, ) = Ty g, 1) | < Cod 7 (uy, up).

B3. The derivative of the real function, ¢,(s)= E[p(Y, 6(x))|
d(X, x) = s], at 0 exists.

B4. Let (N,,) be a sequence of positive integers tending to infinity such

that
N, = o((nd,(h)/?) and (nd,(h)/>a(N,) — 0, as n —> o.

Remark 3.1. Assumption Al is a standard condition in nonparametric
modeling of functional variables under mixing condition, this can be found in
Attouch et al. [3]. Assumption A2 is a regularity condition with characterizes
the functional nature of the covariate X (see Azzedine et al. [4]). Assumption
A3 keeps the same condition on p as that given by Collomb and Hérdle [12]
in the multivariate case. Assumption A4 is common in nonparametric
estimation for functional dependent or independent cases, it is stated for
simplicity of proofs. Assumptions AS5((i), (ii)) gives a condition on the
bandwidth which allows to control the covariance term of the estimate.
Assumptions A5((iii), (iv), (v)), B1, B2 and B3 are needed in the study of the
bias term. Finally, assumption B4 is needed to establish the asymptotic
normality (see Masry [29]).

Our first result, stated in Proposition 3.1, will be needed to prove the
main result in Theorem 3.1, it concerns the almost uniform complete

convergence of the estimator defined in (4).

Proposition 3.1. Under assumptions A1-A4 and A5((i),(i1)), we have

P (x, ()= T(x, 1) | = O(h") + 0)[ 08" v
ts;lg| L (x, x, t)| = (nd)x(h)j a.co.as n — .

In the following theorem, we prove the consistency of our estimator and

give a rate of convergence.
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Theorem 3.1. Assume that Al1-A4 and A5((i),(i1)) are satisfied. Then

én (x) exists and is unique a.s. for all sufficiently large n. Also,

A ogn /2
0,(x)—0(x) = O(h") + O{(nld)xg(h)) } a.co.as n —» .

Let us now focus on the asymptotic normality result of our estimate.
Notice that a Taylor series expansion of fé\f (x,.) in the neighborhood of
0(x), gives

AN (A AN A AN Y
Ly (xa en(x)) =TI (xa e(x)) + (en(x) - e(x)) (rn )(x, ‘t:n)a

where &, is between 0, (x) and 6(x). We have

£ (x, 6(x)
() (. &)

if the denominator does not vanish. To establish the asymptotic normality,

0,(x) ~ 0(x) = - )

we show that the numerator in (5) suitably normalized, is asymptotically

normally distributed and that the denominator converges to Y;(x, 6(x)). The

result is given in the following theorem.

Theorem 3.2. Assume that assumptions Al, A3-AS and B1-B4 hold.

Then we have

Vnd(1)(0,(x) - 6(x)) S (0, &% (x, 8(x)),

D
where — means the convergence in distribution and

e o) = P2 8) R 8()
O Ry e 0P 0y 0P

with

1 . !
n; = _J.O(KJ) (5)B,(s)ds, for j =1, 2.
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Conclusion

In this paper, we have proposed a robust nonparametric estimator of a
regression function when the response variable is subject to random right
censorship, the covariate is of functional nature, and the observations are
strictly dependent (strong mixing). Then the almost complete convergence
with rates and asymptotic normality results has been proved. The presented
methodology can be generalized to other types of processes such as locally

time or spatial dependent or ergodic processes.
Auxiliary Results and Proofs

The proof of Proposition 3.1 is based on the following decomposition:
1ﬁ‘n (xa t) - r(xa t)

=[N ) - TV )+ B (o) - BIEY (v, 1))

fD (x )
+ fDl(x) (E[FY (x, 0] - T(x, 1))

[(x, 1)

o (o) FlTp (),

where

Ly (x 1) = — Ki(x)p(¥;, 1).

1 SN
nE[K;(x)] ; G(Y)

Some auxiliary results and notations will be needed to prove Proposition 3.1.

The first lemma deals with the behavior of the difference between I'p(x)
and E[[p(x)].

Lemma 4.1. Under assumptions Al and A4-A5((i),(i1)), we have

- e V2
Ip(x) - E[lp(x)] = 0{(%) } a.co.
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Proof. It is similar to that of Lemma 1 of Attouch et al. [3], and then is
omitted. O

Lemma 4.2. Under assumptions Al, A3-A4 and A5((i),(i1)), we have

AN =N logn 2
sup| I, (x, 1) =T, (x, 1) | = O (”d)x(h)j a.co.

teD

Proof. Under A3, we have the following decomposition:

n

oy v I L
5 )= 0| < e 1 G~ 5 | 2K
< o) = sup| G, ()~ 60|

G() G(1) e

Since G(t) > 0, in conjunction with the Law of Iterated Logarithm (LIL) on

the censoring law (see formula 4.28 in Deheuvels and Einmahl [14]), we

have
. ~ loglogn
wﬂﬂ@ﬂ%?mm<%m_2\/gg
teD ( )
Lemma 4.1 and A5(i) conclude the proof. O

Lemma 4.3. Under assumptions A1(i), A2 and A4, we have

sug| E[TN (x, )] - T(x, 1) | = O(h") a.co.

Proof. Using the conditional expectation properties, we get
_
E[K)(x)]

The equiprobability of the couple (X;, ¥;) and assumption A4 implies

E[T) (x, 1)] = E[K,(x)p(T}, 1)].
E[TN (x, 1)] - T(x, 1)

) E[Kll(x)] E[Ip(e, ny (X)) (K () E[p(Ty, )| X = X ]] = T(x, ¢).
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Under A2, for all ¢t € D, we get

b
(e, my (X1 (K (x) | (X, 1) = D, £) ] < Ch?,
which completes the proof. O
The following lemma deals with the variance term.

Lemma 4.4. Under assumptions A1-A4 and A5((i),(i1)), we have

Su N X - N X = logn 1/2} a.co
sup| T . )~ £[F (5. 0] 0{(,1%(/1)) o

Proof. We use covering set techniques. Indeed, since D is a compact

subset, so it can be covered by a finite number d,, of intervals centered at ¢;

1
of length A, such that &, = (n¢;>(h))"2. As D is bounded, there exists a

constant 4 such that d,i, < 4. Now we put J(r) = argmin| t —¢; [. We
1<j<d,

consider the following decomposition:

=N =N
sup| L, (x’ t) - E[rn (x’ t)]'
teD

~N ~N
< max  sup|L, (x, 1) T, (x, f./(z))|
j:L...,dn teD

+ jzllnaxd | l:,ﬁv(x, @) — E[ﬁiv(xa fJ(t))] |

=N =N
+ max sup| E[L, (x, ;)] = E[L, (x, )]
J:L'“’d}’l teD

=Il+12 +[3.

Notice that /; and /3 can be treated in the same manner. From Lemma 4.1

and A3, we have

Iy <

1 -
—T A

= o(1).
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Now, we deal with /,, for all € > 0, we have

P(Iy > &) < d,P(| T, (x, () = E[T, (x, )] | > &)

We put

0= i K

The use of the well-known Fuk-Nagaev’s inequality (see Rio [31], p. 87,
6.19b), allows us to get, forall € > 0 and r > 1,

o)~ E[ b Kipl z)ﬂ. ©

ZAi(Xa ty(r))

i=1

_ 2r vl e2n’ E2[K (x)] 12
= A {r[snEm(x)]J *[” 57 J

= an + Q2n’

P(I, >¢€) < an[

> enE[K; (x)]}

where

ZZ| cov(A;(x, 2(1))s A (x, 25)) |- (7
i=l j=
We have to calculate the asymptotic behavior of S,%. By using A3 and A4,

we get

&

Far(o(s ) 5 B

KE(x)p* (1 1))

E[K{ (x)E[| p(T3, l./(z))| 1 X311

(

<[ SE)pl]K(S)]z(E[[{d(X,x)<h}])

\_/

= O(¢(h)). (®)
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On the other hand, under A1(ii), we have
cov(A;(x, ty() Aj(x, t5()))
= E[A;(x, t5(0) A (x, ty0)]

< C| E[K;(x)K;(x)] | +| E[K;(x)]|] E[K ;(x)] |

= 0(¢3(h). ©)
Now, following Masry [28], we define the sets:
Ey ={(i, j) suchthat 1 <|i— j| < o,}
and
Ey ={(i, j) suchthat ¢, +1<|i— j|<n—1},

where @,, — © as n — oo, we can write

Z| cov(Ai(x, 1), A, ty)) | = Ep + Eo s

i#j
where &, and &, , are the sums of covariances over Ej and Ej,

respectively. First, by applying the last upper bound in (9), we get
2
gl,n = O(n(l)x(h)q)n)'

For the second term, we use the modified Davydov covariance inequality for

mixing processes (see Rio [31], formula 1.12a, p. 10), we have

Vi# j,

cov(A;(x, ty()) Aj(x, ty())) | < cal] i = ).
Then, we get, by Al(iii),
82, n = O("‘P}Jv )

Choosing ¢, = (¢ x(h))_z/ Y permits us to get

D1 eov(Ai(x, 1y Aj(x, ) | = O(ndy (k). (10)

i#j
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Finally, combining the previous results yields

S = O(nd(h)). (11)

Therefore, by putting

/ log n 1
€ =¢gg m, r = O(log(n) (log log(n))v ), (12)

we get
O, = 0(};[1”(1—\/)/2}1;(\/+1)/2(1Og n)(v_l)/z(log log n)ga(vﬂ))'
Under AS5(ii), Qj, = O(n " log™! n(loglog™ n)), this last is the general

term of a convergent Bertrand’s series. Using a Taylor expansion of
log(x + 1) and (12), we have

2
0, < AnY2 (o, () Y? exp{‘% log(l + 0% lf - H

e
< C(oc(m) 20 2 (13)

In the same way, we can choose g, such that O, is the general term of a

convergent series. Thus, Z (O, + 0y,,) < o, and the result is then a direct

nxl
application of Borel-Cantelli’s Lemma. 0
Proof of Proposition 3.1. It is a consequence of Lemmas 4.1-4.4. 0

Proof of Theorem 3.1. We give the proof for the case of an increasing
p(Y,.), decreasing case being obtained by considering —p(Y, .). Therefore,

we can write, under this consideration, for all € > 0,
P(|8,(x) - 0(x)| = &)
< P(|T,(x, 8(x) + &) = T(x, 8(x) + €) | > T(x, 8(x) + ¢))

+ P(| T, (x, 6(x) — &) — T(x, 8(x) — &) | > T(x, 6(x) — €)).
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Moreover, under A2, we get that

én(x) -0(x) = I(x, 0,(x)) = T, (x, 6,(x)) ,

0
—TI(x,
& r(w, 5,)

where 3, is between 6, (x) and 8(x). By the regularity assumption A2 on

I'(x, .), we have

0

0
Jv > 0, Pl—T(x, »,)<v| <o
3PS ) < v
n=1
The result is then a direct consequence of Proposition 3.1. O

Proof of Theorem 3.2. From (5), we have the following decomposition:

6, () - 6(x) = o) (9(););(— f,ﬁg (;c, 0(x))
V) (x, €,
oy _
b (1) (x, 6(x)) - E[TY (x, 0(x))]
) () (x. &)
E[T, (x, 6(x))]
n(l)x (h) An,—
+[__a%u4g
_S5i+85+S;
() (v, &)

Then, to state the result, we show that S; and S3 are asymptotically

negligible, and that S, suitably normalized is asymptotically normally

distributed and the denominator converges in probability to Y;(x, 6(x)).
On one hand, we have
1/2
S, = 04(¢,.(h)log n)/?} a.co.

which goes to zero under A5(iii).
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On the other hand, as in Lemma 4.3, we have that

S5 = O(Wn, (h)h")

which goes to zero under A5(iv). O

Lemma 4.5. Under assumptions Al, A3-AS and B1-B4, we have

D
S, = N(0, 62 (x, 6(x))). (14)

Proof. In order to establish the asymptotic normality for sums of
dependent random variables, we use Doob’s small-block and large-block
technique (see Doob [16], pp. 228-232). Partition the set {1, 2, ..., n} into

2r, + 1 subsets with large blocks of size M, and small blocks of size N,,,

n

with 1y, = [m
n n

}. Condition B4 implies that there exists a sequence of

positive integers (g,,) tending to infinity such that

GnNy = 0(nd, (1)), gu/ndy(h) o(N,) = 0 as n — co. (15)

Now define the large block size as M, = {—“H(S)C(h)} Then using (15) and
n

simple algebra shows that as n — oo

N, M, M, n
Put
Wi (x, 6(x))
— (I)x(h) 81‘ 81,

then we have
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$2(x. 8(x) = <= " ¥, 0(x)
i=1

=$#qAnWM+BA%%W+&ALNWL

where

=1 -1
Tin(x 0(x) = D Ly(x, 6(x), T, (x, 8(x)) = Y Ly(x, 6(x))

m=0 m=0
and
T 0(x) = > i(x 6(x).
i=(M,+N,)r,+1
Also, let
m(M,+N,)+M,
Ly, (x, 0(x)) = Z ¥ (x, 6(x))
i=m(M,,+ N, )+1
and
(m+1)(M,,+N,,)
Ly (x, 0(x)) = > ¥ (x, 0(x)).

i=m(M,+N,)+M, +1

Let us show that as n — oo:

%E[Tzz,n(x, 0(x))] - 0 and E[73,,(x, 6(x))] - 0, (17)

-0, (18)

r -l 1 -l _L
E[H exp(itn 2L, )] - H Elexp(itn 2L,,)]

m=0

m=0

L Var(T;,,(x, 6(x) - o1(x, 6(x)), (19)
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7,1

LN EZ I Ly | > 01(x, 8(x)Vn}] - 0. (20)
m=0

For every € > 0, relation (17) implies that T’ 22’ , and T32’ , are asymptotically
negligible, while (18) shows that the summands L, in 7, are

asymptotically independent, and (19) and (20) are standard Lindeberg-Feller
conditions for asymptotic normality of 77 , under independence. We first

establish (17):

[T, (v, 800

1 r,—1 (m+1)(M,+N,,)
-y S E¥A(x 6(0)
" =0 i=m(M,+N, )+M,+1

) r,—1

+;Z Z cov(¥;, ¥;)

m=0 m(M,,+N,)+M, +1<i<j<(m+1)(M,,+N,)

2 ’ !

+ — COV(LZ', L])

n L=

0<i<j<n, -1
= Aln + A2n + A3I’l‘
First, we have
0

s oo GOERRW] | G2
R =T e s ey

K7 (x)p(¥;, 6(x))

d; ’
G Ki(x)p(Y;, 6(x))

E[K;(x)]

- ¢x(h) E
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We show by using analogous arguments as those considered in Lemma 4.3
that

= L KE 0 00)

E[K{ (x)]

- }\‘Z(X’ O(x)),

d;
G K;(x)p(Y;, 0(x))

E[K,(x)]

— A (x, 6(x)).

It is shown in Attouch et al. [1] that

Ox(WEIKF (D] ma

2 2
E7[K;(x)] ni
Finally, we have
2 M2
E[¥7 (x, 6(x))] = =5 Ao (x, 0(x)) @21
M1
which yields that
Ay, (x) = O(F”N”j = o(1) from (16).
Since, for k£ = 2, 3, we have
2
[ A l< 5 D | cov(¥ ¥))] (22)
1<i<j<n

Let us prove that the right term in (22) tends to 0 as » tends infinity. In the
sequel, we use technique developed by Masry [28]. Let the sets:

E = {(i, j) such that 1 £|i—j| < mn}
and

E, ={(i, j) such that m, +1<|i—j|<n-1},
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where m,, is a sequence of integers such that m, = o(n) as n — o and for

some & € (0, 1). We have

@x(M)° D" () <. (23)
I=my,,
We can write
L Z | cov(¥;, ¥;)| = %(Al,n + A ), (24)
1<i<j<n

[
v

where 4 , and A4, , are the sums of covariances over E; and =

respectively.

Furthermore, for i < j, we observe that

COV(lPl' , \P] )

<o bs(h) E{ J

181'
Pk, -GG, KK el B)p(Y). o)

() {
=C————"—E K;(x)K ;(x
E*[Ky(x)] K,

ELWS—?_?(Y» p(¥;, 0(x))p(Y;, 0(x)| X;, Xjﬂ.

By the assumptions made on p, it follows that

cov(¥; )< ¢x—(h) ; ) e B(x x B(x
| (‘Pl,‘P,)I—CEZ[KI(X)]P[(X,,XJ) B(x, h) x B(x, h)].

Using assumption A1(ii), it follows that

| cov(¥;, W) [ = O(¢(h)).
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Therefore,

iy = Ol ()m, ). (25)

Now, choosing m,, such that m,d,(h) goes to zero as n goes to infinity, we

1 . .
get — A4, ,, = o(1). For the second term in (24), let us use a version of the
n 2

moment inequality due to Rio [30]. Letting p, ¢, vy be integer numbers such

that 1 + 1 + 1 =1, it follows that
p q9 v

1
1 c v 1 1
< Y2 Talli = (BN e (B D

==X
P
}. (26)

Moreover, we get for n large enough,

27, ()7 || 5,
Bl | < P \ G K@, )

Conditioning on X;, we get

]| gt it o00)

} < Cloy(h).

Therefore,

B WP | = 0((0, () 72).

Hence, using (26), we have

1
L2 3 2 Va5 (@) 5

(i, J)€E

<o) (). @)

l=m,
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Therefore, by (23), we get
%AQ’,Z —>0asn—> . (28)

Thus, from (25) and (28), we obtain

1
- Z | cov(¥;, ¥;) | — 0 as n — oo. (29)
1<i<j<n

This completes the proof of the first part in (17). For the second part, write

n EIT , (x, 6(x))]

2
=n'E > ¥.(x, 0(x))
i=(M,+N,)r,+1
= n E[¥P(x, 0(x))] + 207" > cov(¥;, ¥;)

(M, +N,)r, +1<i<j<n

_cn—(Mn+Nn)rn .
n

2n7! Z | cov(¥;, ¥;) |.

1<i<j<n
Therefore, (16) and (29) give the result.

In order to establish (18), we make use of the fact that the process

{Y;, X;} is strongly mixing and Volonskii and Rosanov’s Lemma (see
Masry [29]). Note that L,, is F l/r;” measurable with i,, = m(M, + N,,)+1

and j,, =m(M, + N,)+ M,. Then we have

-1 1 r,—1 1
E H exp(itn 2L,,) —H Elexp(itn 2L,,)]
m=0

m=0

<16r,a(N, +1) ~ 16——a(N, +1)
M}’l

which tends to zero by (16).
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Next, let us establish (19). Since

ar(Ti ,(x, 8()

[i Var[L,,(x, O(x))]J += Z cov(L;, L;)

O<i<j£rn -1

r—1 m(M,+N,)+M,

1 2 4
. Z Z E[¥/ (x, 6(x))] + P Z cov(W;, ¥;).
m=0 i=m(M+Ny)+1 0<i<j<n, -1

Since ]’\j — 1, the result follows from (21) and (29).

It remains to establish (20). Now we have to show that the standard
Lindeberg-Feller conditions (see Loeve [27], p. 280) for asymptotic

normality of %Tl,n under independence condition are satisfied. So we
n
have to establish
rn—l
Z E[L21{| L, | > eo(x, 6(x))Vn}] >
m=0

It suffices to show that, for every & > 0, the set {| L,, | > eoy(x, 0(x))v/n} is

empty for n large enough. Since

f' b < J¢x(h)

the set {| L,, | > ea(x)v/n} is an empty set by (16). Then this completes the

proof of Lemma 4.5. O

Lemma 4.6. Under assumptions A1, A2, A5 and B1, we have

(9 (1, &) - T (x, 0(v).
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Proof. We have

sup| (E) (x, ) = Ty(x, 1) |
teD

<sup| (FV) (x, ) = (5)) (x, 0) |+ sup| () (x, 1) = Ty(x, 1) |
teD teD

= YI,n(x’ t) + YZ,n(x’ t)a

where

~NA _ 1 51- ,
(G ) = 5 22 Gy P ).

Using the same steps as in the proof of Lemma 4.2, we get

nate0=f(Gotio)” |

On the other hand, we consider the following decomposition:

Yau(x £) < sup| (FN) (x, 1) - EI(EN) (v, 0]

teD
+sup| E[T) (v 0] =105, 0) | (30)
teD
By the continuity of % at 6(x) and the convergence results given in

Lemma 4.4, we have that the first term of (30) converges in probability to 0.
On the other hand, similar arguments to those used in the proof of Lemma

4.3, can be used to obtain
E|(I Ny X =7 (x + O hbz
[(n)(,t)] 1(,t) (n)

The proof of the lemma is then complete. O
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