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Abstract

The main objective of this paper is to investigate and prove the
existence and uniqueness theorems of the solution of nonlinear partial
integro-differential equations of fractional order. The theorems of two
types for the nonlinear fractional order partial integro-differential
equations such as one- and two-dimensional are proved by applying
the fixed point theorem of Banach space couple with contraction
mapping principle, in which the sufficient conditions are presented in
order to ensure the existence and uniqueness of a unique fixed point
related to the integro-differential equation in operator form.

1. Introduction

In the last three decades, considerable interest has been paid to the
so-called fractional calculus, which allows us to consider integration and
differentiation of any order, not necessarily integers. For a large extent, this
is due to the applications of fractional calculus to problems in different areas
of pure and applied sciences, such as physics, chemistry, aerodynamics,
electrodynamics of complex medium, viscoelasticity, heat conduction,
electricity mechanics, control theory, [1]. The topic fractional calculus can be
measured as an old as well as a new subject. Started from some speculations
of Leibniz and Euler, followed by other important mathematicians like
Laplace, Fourier, Abel, Liouville, Riemann and Holmgren, [12].

Applications of PIDEs can be found in various fields such as, heat
conduction of materials with memory, viscoelasticity, nuclear reactor
dynamics, jump-diffusion models for pricing of derivatives in finance,
financial modelling, electricity swaptions and biofluid flow in fractured
biomaterials, [2].

Most of the research papers deal with the existence of unique solutions to
equations for different types of differential and/or integral equations of one
or multidimension. The Banach fixed point principle which is established by
Polish mathematician Stefan Banach in 1922 is an important approach and it
is one of the most powerful, fruitful tools of modern mathematics and may be
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considered as a core subject for nonlinear analysis. It is used by a lot of
authors to demonstrate the existence of a unique fixed point of certain self-
maps of metric or normed spaces, [3, 6].

In the later years, many theorems concerned with the existence,
uniqueness and stability of fractional nonlinear differential and integro-
differential equations as a basic theoretical part of some applications are
investigated by many authors, for example, Engler [4] studied the existence
and regularity results for two classes of semilinear parabolic integro-
differential equations on a bounded time-space cylindrical figures, Hadid et
al. [5] used the fixed point theorem and the contraction mapping principle to
obtain the local existence and uniqueness of solution of differential equations
of fractional order differential equations, Yu and Gao [20] obtained a
sufficient condition for the existence of the solutions of fractional differential
equations by using Schauder fixed point theorem, Momani et al. [10] studied
the local and global uniqueness theorems of solutions of the fractional
integro-differential equation by using Bihari’s and Gronwall’s inequalities,
Ibrahim and Momani [13] studied the existence and uniqueness of solutions
of a class of fractional order differential equations, Su and Liu [16] examined
the results of the existence of boundary value problem of a nonlinear
fractional differential equation by using Schauder fixed point theorem,
Bahuguna and Dabas [2] applied the method of lines to establish the
existence and uniqueness of a strong solution for the partial integro-
differential equations, Learning et al. [8] establish the existence and
uniqueness of mild solutions for a class of semilinear integro-differential
equations of fractional order with nonlocal initial conditions by using the
fixed point theorem due to Sadovskii, Matar [9] deliberated the existence of
solutions for nonlocal fractional semilinear integro-differential equations in
Banach spaces via Banach fixed point theorem, Murad et al. [15] studied
the existence of a unique solution of boundary value problem for fractional
order integro-differential equations in Banach spaces by using Banach
and Krasnosel’skii fixed point theorems, Karthikeyan and Trujillo [7] also
examined the existence and uniqueness of solutions of fractional order
integro-differential equations with boundary conditions via Schaefer’s fixed
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point theorem, Tari [18] proved a theorem and some results related to
the existence and uniqueness of solution of two-dimensional Volterra partial
integro-differential equation.

Motivated by these works, in this paper, we study and prove the
existence and uniqueness of the solution and find the sufficient condition
satisfying the Lipschitz condition for the subsequent nonlinear fractional
order partial integro-differential equation (NFPIDE):

One-dimensional NFPIDE:
CRha X
CD%u(x, t) = g(x, t) + Ia K(s, t, u(s, 1))ds,

aeR", xelabltel0T] )
Generalized one-dimensional NFPIDE:
SD2u(x, t) = g(x, t) +418k(s, t, u(s, 1)),
o, BeR", xela bltel0,T] 2

Two-dimensional NFPIDE:
Xpt
§D1(x 1) = 9(x, )+ | [ ks, v, u(s, y))dsdy,
a’0

aeR", xela bl tel0T] 3
Generalized two-dimensional NFPIDE:
6 Dfu(x, 1) = g(x, 1) +alol{k(s, y. u(s, y)),
o, B, yeR", xela bltel0T], (4)

where k is the kernel function, g is a given function, u(x, t) is an unknown

continuous function defined for all x and t, such that a < x<b, 0<t<T,

m-1l<o,B,y<m meN, SD{" denotes the operator of Caputo
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fractional order derivative and aIE, ol{ denote the Riemann-Liouville

fractional order integral operators.

In addition, equations (1), (2), (3) and (4) are all considered with the
initial condition:

u(x, 0) = up(x), xela, bl (5)
2. Basic Concepts and Definitions

In order to proceed forward, we give some basic definitions and theorem
which are used later on in this paper.

Definition 2.1 [14]. Let T : X — X be a mapping on a normed space
(X, |- ) Apoint x € X for which Tx = x is called a fixed point of T.

Definition 2.2 [16]. The mapping T on a normed space (X, |-|) is

called contractive if there is a non-negative real number ¢ e (0, 1), such that
”TX]_ —TX2 ” < C" X — X2 ", for all X1, X9 € X.

Theorem 2.1 (Banach fixed point theorem) [1]. Let (X, |-[) be a

complete normed space and let the mapping T : X — X be a contraction
mapping. Then T has exactly one fixed point.

Definition 2.3 (The Riemann-Liouville fractional integral of two
variables) [17, 19]. Let a >0 be a real number and suppose that for

u € C[a, b], the Riemann-Liouville integral operator 4I{* is defined by:

1 t a-1
— | (t-5)""u(x,s)ds, o >0,
al2u(x, t) = F(o) '[a
u(x, t), a=0.

Definition 2.4 (The Riemann-Liouville fractional differential operator
of two variables) [11]. Let o > 0 be any real number and m be the natural
number, such that m-1<a <m. If ue Ca, b], where u e Ci[a, b]
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is the set of all continuous real valued functions on [a, b], which has a
continuous nth partial derivative on [a, b] with respect to the variable t, then
the Riemann-Liouville differential operator , D{* is defined by:
n /et
ﬁa—nu (t — s)" " Lu(x, s)ds), a >0,
aDfu(x, t) = o a
u(x, t), a =0.

Definition 2.5 (The Caputo fractional differential operator of two
variables) [11]. For m to be the smallest integer that exceeds o > 0, the
operator of Caputo fractional order derivative of order o > 0 is defined as:

(04
aDtaU(Xa t) — w
at(x
t m
;J. (t —r)m_“_lwdr, form-1<a<m,
_ F(m—oc) a oM

m

o ux.t) u(r;(,t)’ fora=meN
ot

and the space-fractional derivative operator of order § > 0 is defined as:

Pu(x, t)

DBy X, t)=
a-’X ( ) aXB

1t gymep10Tu(x.0) _
F(m—B)J.a(t 0) porT do, form-1<p<m,

o™u(x, t)
xm

forp=meN.

Definition 2.6 [4]. Let (X, ||-|) be a normed space, a function f defined

on the set:
Q={(X1t Yy, Y2, s Yn):a <X, t<b, -0 <y <o, foreachi=1 2 .., n}

is said to satisfy Lipschitz condition with respect to the variables
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Y1, ¥2,..., Yn; ifaconstant L > O exists with the property that

n
| EO6t Ve Yoo oo Vi) = T 6 20, 290 Z) [ S LD [ i = 2 |
j=1

forall (x, t; y1, Y2, .., Yn) and (X, t; 2, 25, ..., Z,) IN Q.

Remark 2.1. The space C;([a, b]x [0, T]) will be considered in this

work as the Banach space of all continuous real valued functions u defined
on [a, b]x [0, T] with continuous nth order partial derivatives with respect

tot.
3. Existence and Uniqueness Theorems

In this section, the statement and the proof of the existence and
uniqueness of the solution for different types of NFPIDEs are established
in which the proof depends on the Banach fixed point theorem in the next
theorems.

Now, we consider first the one-dimensional NFPIDE:
X
§Dfu(x, 1) = g0 1)+ [ k(y, t,u(y, t)dy,

O<a<lxelab]tel0T] )
with initial condition:
u(x, 0) = up(x) ®)

and recall that for any function f(x) e Ly[a, b] and 0 < a <1, then [2]:

m-1 k
A E0ET0 = 100~ Y 10 E 0 @
k=0

where 41y refers to Riemann-Liouville fractional order integral and gD;"
refers to the Caputo fractional order derivative.



128 Amina Kassim Hussain et al.

Hence, upon applying equation (6) for a function of two variables on
equation (1), therefore for 0<a <1 and taking ,1* to both the sides of
equation (1) will yield to:

X
u(x )= Ug(0) = o' a(x O+ ol [ Ky, tou(y. )dy ()
which may be rewritten in operator form as:
(0= up(x) + o1£9(x, )+ e [ [t Ky, 5, u(y, s))ayds (@
I(a)Jolda

=Tu. ©)]

Theorem 3.1. Consider the NFPIDE (1) with initial condition (5) over
the region Q and suppose that k satisfies Lipschitz condition with respect to u
with constant L such that L < M. Then equation (1) (or equivalently

T%b-a)
(8)) has a unique solution.

Proof. The set of all continuously differentiable functions defined over
the region Q form a complete normed space with supremum norm. Also, as it
is seen equation (8) is given in operator form Tu =u and therefore it
remains to show that T is a contractive mapping and for this purpose take
Uy, Uy € Ci([a, b]x [0, T]), and then:

[ Tuy(x, 1) = Tuz(x, 1)

00) + o190 1)+ 1o [ 6= 91 He(y, . vy, )y

~ug0) = o19(x O~ s [0 (€917 K(y, 5. ualy, sNayes | (10

< H - [ =99 2Ky, s, aly, )=k, 5, ualy, s))leyes

(11)

< ﬁj; J: (t- S)Ot_1|| ug(y, s)—ua(y, s)|/dyds (12)
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L teX a1
<— Jluy - _
> T(o) g —ug | IO Ja (t—s)”" "dyds (13)
L (x —a)t*
=~ @) Jup = uz [ (14)
L o
~ ol (o) (x—a)t*uy —uz | (15)
L o
= m(x - a.)t ” Ul - UZ ” (16)
Llb—a)T®
< -y a7)
_ o
and since L < M, which implies M <1, Tisa contractive
T%b-a) (o +1)
mapping and therefore T has a unique fixed point, which means that equation
(1) has a unique solution. O

Now, we prove the existence and uniqueness of the second type of one-
dimensional NFPIDE that may be considered of the form

SDRU(x, 1) = g(x, t) + 418k(x, t, u(x, 1)), )

where 0<a <1, BeR™, over the region Q, with initial condition
u(x, 0) = ug(x).

Therefore, upon taking o1¢* to both the sides of equation (2), we get:
u(x, t) = ug(x) + glfg(x, t) + Olt“aIEk(x, t, u(x, t)) (18)
= Up(x) + ol{'g(x, 1)
bt [ 9% 0 P (s uly, s)dyds (19)
T'(a)T(B) 0 a B

=Tu. (20)
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Theorem 3.2. Consider the equation (2) over the region Q and suppose

that k satisfies Lipschitz condition with respect to u with constant L such that

L < o+ +1)
T%b - a)?

, then equation (2) has a unique solution.
Proof. Similarly, as in the proof of Theorem 3.1, let uj, uy €
Ci([a, b]x [0, T]), and then:

[ Tug(x, t) = Tua(x, t) |

o) +01¢' 9%, )+ gy o ] (6= 9% M= yP Ky, 5, ly. )y

—up(x) —ol'g(x, 1)

- mjg I: (t=9)"(x - y)ﬁ_lk(yy s, Up(y, s))dyds (21)

B H mﬁj‘: (t=5)* " (x = y)PHk(y, s, ug) — k(y, s, up)]dyds | (22)

< v ) 9 P KOy s )~ k(Y. 5, 1) dyds (29

< Tt Jola €90 9P e s 24
: m” -tz J ;J : (t— )" (x - y)’ dyds (25)
o(x - a)f
ol )
o(x - a)f
- r(;t+(1>;r(g)+ v -t en
LT%(b - a)’

- F(OL + 1)F(B + 1) ” Up — Uz ” (28)
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Ta+1)T(R+1)
LT*(b-a)?
therefore it has a unique fixed point, which means that equation (2) has a
unique solution. O

and since L < , the mapping T is a contractive mapping and

Now, we study and prove the existence of a unique solution of the two-
dimensional NFPIDE. We start with this type of following two-dimensional
NFPIDE:

thO‘u(x, t)=g(x, t)+ I:J; k(y, s, u(y, s))dsdy, (29)

where 0 < o <1, (X, t) € Q with the initial condition u(x, 0) = ug(x).

We start by taking ol¢* to both the sides of equation (29), will yield to:

u(x, t)

= uglx) +olfg(x 1)+l [ [ k(y, 5.y, s)dsdy 30)

~ o)+ 019(x O+ 1 [ [ -0 Ky, s, uty, s)dyas (31)

=Tu. (32)

Theorem 3.3. Consider the two-dimensional nonlinear FPIDE (3) and
suppose that k satisfies Lipschitz condition with constant L such that
o+ 2)

L <————F
(b—a)T**

. Then equation (3) has a unique solution.

Proof. Let uq, Uy € Ci([a, b]x [0, T]). Hence

[ Tug(x, t) = Tua(x, t) |

o)+ 016, )+ [ [ [ =) Mty (v, )y

U800l 00 0 s 1 [ 1807 ey, 5. ua(y, sy | 33
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g o . ). 5, ey, ey | @)
< [0 [T =2 K s,y 9 - k(y. s ugly, 5) sy 35)

< sty ) -ualy, 91 ] o) sy )

and upon using the method of integration by parts to evaluate the last
integral, it is found that

L x —a)*tt
[ Tup = Tuy || < m” Ug(y, s) — ua(y, s) ||% @37
L(x — a)t®*?
= %” ug(y, s)—uz(y, s)| (38)
L(x — a)t**?
< - (39)
o+l
and since L < M, which implies to M < 1 and hence
(b —a)T** I(o +2)
T is a contraction mapping, which means that T has a unique fixed point, i.e.,
equation (3) has a unique solution. O

Now, the second type of two-dimensional NFPIDE which is the most
general case has the form:

§ Du(x, 1) = g(x, 1) + a1 1{k(s, t, u(x, 1)), 4)

where 0<a <1, PB,yeR" over the region Q with initial condition
u(x, 0) = ug(x).

Before we start the statement and the proof of the existence and
uniqueness theorem, recall first the following property for Riemann-Liouville
fractional order integrals:
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ol olf F(t) = ol I F (1) = oIV F(t) = ol F (1),
a,yeR Y, a+y=weR"
Therefore, taking o1¢* to both the sides of equation (4), will yield to:
u(x, t) = ug(x) + ol a(x, ) + ol 1f o1 8K (s, t, u(x, 1)) (40)
u(x, t) = ug(x) + ol a(x, t) + gl{o 18K (s, t, u(x, t) (41)
= up(X) +ol{'g(x, 1)

+F@%ﬂ5+Iﬂjﬁ‘”W4“—yW4M%&UWA»wm (“2)

=Tu. 43)

Theorem 3.4. Consider the two-dimensional NFPIDE (4) and
suppose that k satisfies Lipschitz condition with constant L such that L <
rw+1)rP+1)

T(b-a)

Proof. Let uq, u, € Ci([a, b]x [0, T]), hence:

. Then equation (4) has a unique solution.

[ Tug = Tuy |

= [U() + ol"g(x, 1)

Hmmmff<“*wl =P (. s, uy(u, s))dsdy

—Up(X) = ol{"a(x, 1)

1

WJ. I (t—s)V™ l(x y)l3 1|<(y, s, Uy(u, s))dsdy H (44)

L tpex wel B-1
< pwr 1 e 1] [ 9" -y asay as)
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Wiy _ a)B
= m” Up — Uy ||% (46)
Wiy _ a)B
= r(\l,_\,t+(1)()r(g)+ ) ug —uz | (47)
W _ 4\
= F(I;,J-+ %)F([?l 1) ” Uy — Uz " (48)

r(w+1)re+1)
TYb-a)
mapping and therefore it has a unique fixed point. Therefore, equation (4)

and since L <

, then the mapping T is a contractive

has a unique solution. O

4. Conclusion

One of the most interesting branches in fractional calculus and fractional
order ordinary and/or integral equations is to obtain the solutions of
fractional order partial integro-differential equations. Having these things
in mind, we study theoretically in this paper the existence and uniqueness
of solution for one- and two-dimensional nonlinear fractional order partial
integro-differential equations by applying Banach fixed point theorem. In
this work we conclude that in equation (4) if B=1 y =0, then we get

fractional order partial integro-differential equation (1), while if y =0 in

equation (4), then we get fractional order partial integro-differential equation
(2) and if B=1, y=1 in equation (4), then we get fractional order partial
integro-differential equation (3). Hence equation (4) and its existence and
uniqueness theorem of solutions is considered as a generalization of the
existence and uniqueness theorem and the solutions of equations (1), (2) and

3).
Acknowledgement

The authors thank the anonymous referees for their valuable suggestions
towards the improvement of the manuscript.



[1]

(2]

(3]

[4]

(5]

(6]

[7]

(8]

(9]

[10]

[11]

[12]

On the Existence and Uniqueness of Solutions ... 135

References

A. Anguraj and S. Kanjanadevi, Existence results for fractional integro-
differential equations with fractional order non-instantaneous impulsive
conditions, Journal of Advances in Applied Mathematics 1(1) (2016), 44-58.

D. Bahuguna and J. Dabas, Existence and uniqueness of a solution to a partial
integro-differential equation by the method of lines, EJQTDE 2008 (2008), 1-12.

R. L. Burden and J. D. Faires, Numerical Analysis, 6th ed., Thomson Learning,
Inc., 1997.

H. Engler, Existence of regular solutions for semilinear parabolic integro-
differential equations, Annali di Matematica Pura ed Applicata 144(1) (1986),
23-47.

S. B. Hadid, A. A. Ta’ani and S. Momani, Some existence on differential equation
of generalized order through a fixed point theorem, J. Frac. Calc. 9 (1996), 45-49.

A. Jerri, Introduction to Integral Equations with Applications, Marcel Dekker,
Inc., 1985.

K. Karthikeyan and J. J. Trujillo, Existence and uniqueness results for fractional
integro-differential equations with boundary value conditions, Commun.
Nonlinear Sci. Numer. Simul. 17(11) (2012), 4037-4043.

H. Learning, R. Yong and R. Sakthivel, Existence and uniqueness of mild solution
for semilinear integro-differential equation of fractional order with nonlocal initial
conditions and delays, Semigroup Form 79 (2009), 507-514.

M. M. Matar, Existence and uniqueness of solutions to fractional semilinear mixed
Volterra-Fredholm integro-differential equations with nonlocal conditions,
Electron. J. Differential Equations 2009 (2009), 1-7.

S. Momani, A. Jameel and S. Al-Azawi, Local and global uniqueness theorems on
fractional integro-differential equations via Bihari’s and Gronwall’s inequalities,
Soochow J. Math. 33(4) (2007), 619-627.

S. Momani, Z. Odibat and I. Hashim, Algorithms for nonlinear fractional
partial differential equations: a selection of numerical methods, Topol. Methods
Nonlinear Anal. 31(2) (2008), 211-226.

K. B. Oldham and J. Spanier, The Fractional Calculus Theory and Applications of
Differentiation and Integration to Arbitrary Order, Elsevier, Vol. 111, 1974.



136

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

Amina Kassim Hussain et al.

R. W. lbrahim and S. Momani, On the existence and uniqueness of solutions
of a class of fractional differential equations, J. Math. Anal. Appl. 334 (2007),
1-10.

M. Reed and B. Simon, Functional Analysis, Academic Press, Inc., New York,
1980.

S. A. Murad, H. J. Zekri and S. Hadid, Existence and uniqueness theorem
of fractional mixed Volterra-Fredholm integrodifferential equation with integral
boundary conditions, International Journal of Differential Equations 2011 (2011),
Article ID 304570, 1-15.

X. Su and L. Liu, Existence of solution for boundary value problem of nonlinear
fractional differential equations, Appl. Math. J. Chinese Univ. Ser. B 22(3)
(2007), 291-298.

V. E. Tarasov, Fractional generalization of Liouville equation, Chaos 14(1)
(2004), 123-127.

A. Tari, On the existence, uniqueness and solution of the nonlinear Volterra
partial integro-differential equations, International Journal of Nonlinear Science
16(2) (2013), 152-163.

L. Xiaorang, Fractional differential equations and stable distributions, Applied
Probability 2 (2003), 33-45.

C. Yu and G. Gao, Existence of fractional differential equations, J. Math. Anal.
Appl. 310(1) (2005), 26-29.



