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Abstract

We aim to present certain interesting, new and potentially useful
formulas for the Saigo fractional integral operators involving the
Gauss hypergeometric function ,F which have the generalized
k -Struve function as one of the kernel factors. The main results
presented here are also shown to reduce to yield the corresponding
identities regarding the Riemann-Liouville fractional integral operators
and the Erdélyi-Kober fractional integral operators.

1. Introduction and Preliminaries

The Fox-Wright function p g is due to Fox [4] and Wright [17-19] who

studied the asymptotic expansion of the generalized (Wright) hypergeometric
function defined by (see [13, p. 21])

(01, ), o (0, Ap); } =]
P‘P‘*[(Bl, B (B B %)~ 2

where the coefficients A, ..., Ay € R” and By, ..., By € R™ such that

q p
1+ZBJ- —ZAJ- > 0.
j=1 j=1
A special case of (1.1) is

v {(al, D), ... (ap, 1); Z} e i {al, - Z}
2o (B, 1) o B D5 )T TT9 gy PO By o B L

p
[1.rep
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where Fq(p, q € Ng) is the generalized hypergeometric function defined

by (see [9, p. 73]; see also [12, Section 1.5]):

O, o ~ (ag), - (ap)n
F [Bl: Ay B ; Z:| Z (Bl)n (Bq)n
= pFqloq, - otp; By, ooy By 2),

where (1), denotes the Pochhammer symbol defined (for 2, v € C) by

YER) (v =0, e C\{0)),

)y :—W: {;L(;LJrl)...(;mL n-1), (v=neN;xeC), 2

where T is the familiar Gamma function, among several useful equivalent
forms, whose Euler’s integral is recalled (see, e.g., [12, Section 1.1]):

I(z) = j 0°° et gt (R(z2) > 0).

Here and in the following, let C, R, R, Zgy, and N be the sets of

complex numbers, real numbers, positive real numbers, non-positive integers,
and positive integers, respectively, and let Ny := N U {0}.

Diaz and Pariguan [2] introduced the k -Pochhammer symbol as follows:

Fk(y+nk) c N e +. c
e =1 k@ (heNkeRTyeCloy), (1.3)

vy + k) (v +(n-1k), (neN;yeC),
where Ty is the k -gamma function defined by
ik
*® k21 +
rk(z)z.[0 e ktZ gt (R(z) > 0; k e RY), (1.4)

which has the following relationships:

(2 +K) = 20 (z) and Ti(y) = k%_lr(%).
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Saigo [10] introduced the following left- and right-sided generalized
fractional integral operators involving the Gauss hypergeometric function

oFp (see, e.g., [14-16, 20, 21]), respectively, defined (for x e RY) as

follows:

—o—B o x
(I&B’”f)(x) = XF(—U,)J.O(X - t)“‘1 2F1(a +B, - o 1 %) f (t)dt (1.5)
and
(1P 1) (x)
= ﬁj’:} (t—x)* P 2F1(0L +B, - o l— %j f(t)dt, (1.6)

where a, B, n € C and R(a) > 0.

The particular case of (1.5) and (1.6) when B =-o leads to the
classical Riemann-Liouville left- and right-sided fractional integrals of order

a (R(a) > 0), respectively, as follows (see, e.g., [7, 11]): For x € R™,

(18, 1) (0 = 75 [ (=0 et (L7)
and
(1%£)(x) = ﬁfj(t — )% ). (1.8)

When B =0, (15) and (1.6) reduce to give the well-known
Erdélyi-Kober fractional integral operators, respectively, as follows (see,

e.g., [7, 11]). For x € R¥,

(000 = (K5 D00 =X [0 e @)
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and

(A0 E) (%) = (Ko F)(X)

n
= % :O(t — X))t (1.10)
where o, n € C with R(a) > 0.

The generalized k -Struve function is defined by (see [8])

0 n 20+~ +1
k —C z k
ske0= 3, (%)
n=0 Fk(nk +V+ TJF(n + E)n!

(ke R*;ceR;v>-1), (1.11)

where T} is the k-gamma function in (1.4). Setting k > 1 and c=1
(1.11) reduces to yield the well-known Struve function of order v defined by

(see [1])

0

z

INGEDY (2
Zifevs ) I

)2n+v+1

n+v+—|Tn++
2 2

We recall some known formulas for the fractional integral operators
(1.5), (1.6), (1.9) and (1.10) as in the following lemma (see [6]).

Lemma 1. Let o, B,mAeC with R)>0 and RMR)>
max{0, R(B — n)}. Also, let x € R*. Then

and

TM-A+DIE-2+1)  ap-1
FrA-MT(e+p+n-2r+1) '

(1%Pr =1y (x) =



60 G. Rahman, K. S. Nisar, J. Choi, S. Mubeen and M. Arshad

We also have
(5o )00 = o
(R(a) > 0; R(X) > —R(M); x e R)
and

(K5 (0 = =t D)yt

(R(a) > 0; R(X) <1+ R(M); x e RY).

In this paper, we present certain interesting, new and potentially useful
formulas for the Saigo fractional integral operators involving the Gauss
hypergeometric function ,F; in (1.5) and (1.6) which have the generalized
k-Struve function (1.11) as one of the kernel factors. The main results
presented here are also shown to reduce to yield the corresponding identities
regarding the Riemann-Liouville fractional integral operators (1.7) and (1.8)
and the Erdélyi-Kober fractional integral operators (1.9) and (1.10).

2. Formulas for the Saigo Fractional Integrals Associated with the
Generalized k -Struve Function

Here, we present formulas for the Saigo fractional integrals (1.5) and
(1.6) associated with the generalized k -Struve function (1.11), which are
expressed in terms of the Fox-Wright function ¥y in (1.1).

Theorem 1. Let o, B, m, A € C and v € R, k € R™ such that %(a) > 0

and v+k >0

R(A) + v > kmax{0, R(B — n)}.
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Then, for x e R*,

Ay
(18P Ts K () (x)

ALY
X k
= \'
oK k2
vV A vV A .

(K+E+l’2’ 1+E+E+”_B’ 2) ox2
xaa) Vo 3.\ 4k
g i e E 39 (3

2.1)

Proof. Let £ be the left-hand side of (2.1). Applying (1.5) to (1.11) and
interchanging the order of integral and summation, which is valid under the
given conditions in this theorem, we have

Y ion+1
o (—o)" 1 k A+v
+2n
zz k 3 (&P (x).
n=0 (nk+v+ )F(n+—)n
2 2
Using (1.12), we obtain
X%—B 0 (k i+2n+1jl"(%+% —B+2n+1j
E_
tn=0ll—++--B+2n+1Il—-+—-+a+n+2n+1
@i+t 0T+ B+ 20+ dr({ ras e 2n o)
1 (—cx?)"
§ 3\(v .3 (4k)"nt’
F(n+§)r(ﬁ+§+n) :

which, upon expressing in terms of the Fox-Wright function ¥ in (1.1),

leads to the right-hand side of (2.1). This completes the proof. O
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Theorem 2. Let o, B, AeC and veR keR" such that
R(@)>0andv+k >0

R() < v+ k + k min{R(), Rl

Then, for x e R*,

)
(18P ek sk @) (x)

AV
x k
Y v
Kk T2
AoV AoV .
. (B—E+E+2,2),(H—E+E+2,2j, c
2V — |
ALV ALV Vo3 (3 ) 4k
(2 k+k,2),(a+[3+n k+k+2,2j,(k+2,1j,(2,n],

Proof. Here, applying (1.6) instead of (1.5), the proof would run parallel
to that of Theorem 1. We omit the details. O

Setting B = —a. and B = 0 in the results presented in Theorems 1 and 2,

we obtain four formulas for the Riemann-Liouville fractional integrals
and the Erdélyi-Kober fractional integrals associated with the generalized
k -Struve function, which are recorded in the following corollary.

Corollary 1. Each of the following formulas holds:

(i) Let a,m,AeC and veR keR" such that R(a)>0 and

v+k>0

R(A) + v > kmax{0, —R(a + n)}.
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Then, for x e R*,

A

=1
(I5+t*% Sy e (D) (%)
%+%+a (%+%+1, 2); 2
X cx
Z—V v 1 11113 v 7\( v 3 3 —K . (22)
k2 I+—+—+a, 2| —+=,1]|=,1}
2k gk 2 kK 'k Y kT2 )20 )

(i) Let a,m,AeC and veR,keR" such that R(a)>0 and
v+k>0

R(L) + v > k max{0, —R(n)}.

Then, for x € RY,

Ay
(Kg otk Sy () (x)

VoA vV A .
aan (1+E+E+n' 2), 9
Xy, X 23)
%ﬂ %J“% (1+V+7‘+oc+n 2) (V+3 1) (3,1), 4k
2 k E E ] ] E E’ y E! )

(iii) Let a,m,AeC and veR, k eR" such that R(a) >0 and
v+k >0

R(L) < v+ k + kmin{~=R(a), R(n)}.

Then, for x e R¥,

2y
(1%k 7S (WD) (x)
v AV
) X%——Hx (Z—OL——+E, 2), .

=¥ - . (2.4
v Yl ALV (VL3 (8 ) 4k
(2)k+1kk > (Z_k i 2), (k+2,1),(2,1).
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(iv) Let o,, L eC and veR,keR" such that R(a) >0 and
v+k>0

R(A) < v+ k + kmin{0, R(n)}.

Then, for x € RY,

A
2
(Kz otF'SE@0) ()
AV
G et :
TR S PRI TR e
2k kk 2 k k n’ I k 21 i 2’ )

We can express the results in Theorems 1 and 2 together with

Corollary 1 in terms of the generalized hypergeometric function ,Fy, by

using the following duplication formula for the gamma function (see, e.g.,
[12, Section 1.1]):
2z-1

r(2z) = 2 T +12) 2.6)

together with (1.2). Here, we choose the result in Theorem 1 to demonstrate
it as in the following corollary.

Corollary 2. Let o, B,mAeC and veR, keR" such that
R(@)>0andv+k >0

R(L) + v > kmax{0, R(B —n)}.

Then, for x € RY,

A
A
(18P ek sl (1) (%)
AoV AV AV
WKk p F(E+E+1)F(E+E+n_ﬁ+l)

v v 1 AoV AoV v 3 3
—+1 —+= AT o4 = — 4+ = et
ok KK Zr(k+k [3+1)F(k+k+oc+n+1)1“(k+2)l"(2)
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AV A v 1 A v n-B

+tl s, ot +]

x 4Fg 2k 2k 2k 2k 2’2k 2k 2
1+§ § L+L_E+1 L_FL_M & 1+O€+T’|+1
k 222k 2k 2 2k 2k 2 'k k 2 ’
A v -p+1
Tt o
L+L+a+n+1_ 4k
2k 2k 2 '
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