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Abstract

The concepts of (€, €v q)-fuzzy subalgebra, (g, €v q)-fuzzy
subalgebra and (€ v @, € v @)-fuzzy subalgebra are introduced, and

relative relations and properties are discussed. Several conditions for a
semidetached structure in B-algebras to be a semidetached B-algebra
are provided.

1. Introduction and Preliminaries

The idea of quasi-coincidence of a fuzzy point with a fuzzy set, which
is mentioned in [11], played a vital role to generate some different types of
fuzzy subgroups, called (o, B)-fuzzy subgroups, introduced by Bhakat and
Das [1]. In particular, (e, e v q)-fuzzy subgroup is an important and useful
generalization of Rosenfeld’s fuzzy subgroup. In BCK/BClI-algebras and
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B-algebras, the concept of (a, B)-fuzzy B-algebras, which is studied in the

papers [2-6, 12] and [13], is also important and useful generalization of
the well-known concepts, called fuzzy subalgebras. In [10], Jun and Song
introduced the notion of semidetached B-algebras, and investigated their
properties. We provided several conditions for a semidetached structure to be
a semidetached B-algebra. We considered characterization of a semidetached
B-algebra.

In this paper, we introduce the concepts of (€, € v Q) -fuzzy B-algebra,
(@, € v q)-fuzzy B-algebra and (€v{, €vq)-fuzzy B-algebra, and
investigate relative relations and properties. We provide several conditions
for a semidetached structure in B-algebras to be a semidetached B-algebra.

2. Preliminaries

A B-algebra is a set X with a constant 0 and a binary operation ‘=’
satisfying the axioms:

(@1) x*x =0,

(a2) x*0 = x,

@3) (x*y)*xz=x*(z*(0*y))
forall x, y, z € X.

A nonempty subset A of a B-algebra X is called a subalgebra of X if
x*ye A forall x, y e A

A fuzzy set A in a B-algebra X is called a fuzzy B-algebra of X (see [9])
if it satisfies:

(Vx, y € X)(M(x * y) > min{i(x), L(y)}). (2.1)
For any fuzzy set A inaset Xandany t € [0, 1], the set
M = {xe X|Mx) >t}

is called a level subset of A.
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Note that a fuzzy set A in X is a fuzzy B-algebra of X if and only if A; is
a subalgebra of X for all t € (0, 1].

A fuzzy set A in aset X of the form

te(0,1] ify=x

2.2
0 ify#x 22)

My) = {

is said to be a fuzzy point with support x and value t and is denoted by x;.
For a fuzzy set A inaset X, a fuzzy point x; is said to be
e contained in A, denoted by x; e A (see [11]), if A(x) > t,
e quasi-coincident with &, denoted by x.gi (see [11]), if A(x)+t > 1,

e X € VOA if X € A or XQA.
3. Semidetached B-algebras

In what follows, let X denote a B-algebra unless otherwise specified.

Definition 3.1 [7]. A fuzzy set A in X is called an (e, ev q)-fuzzy
B-algebra of X if it satisfies:

X €L Yy € A = (X* Y)ing, r) € VIR (3.1)

forall x, ye X and t, r € (0, 1].

Given a set X and a subinterval Q of [0, 1], a semidetached structure
over Q is defined to be a pair (X, f), where f : Q — P(X) is a mapping

(see [10]).

Definition 3.2 [8]. A semidetached structure (X, f) is called a
semidetached B-algebra over Q with respect to te Q (briefly, t-
semidetached B-algebra over Q) if f(t) is a B-subalgebra of X where P(X)

is the power set of X.
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We say that (X, f) is a semidetached B-algebra over Q if it is a
t-semidetached B-algebra over ©Q with respecttoall t € Q.

Given a fuzzy set A in X, consider the following mappings:

Al Q5 P(X), t e Ay (3.2)
Al 1 Q = P(X), t - Q2 1), (3.3)
Ak 0 5 P(X), t E( 1), (3.4)

where
QA t) ={xe X|xagr} and E(r;t)={xe X|x e vor}

which are called the g-set and v q -set with respect to t (briefly, t-g-set and
t-ev q -set), respectively, of A.

Note that, for any t, r € (0, 1], if t > r, then every r-g-set is contained
in the t-g-set, that is, Q(A; r) < Q(A; t). Obviously, E(A; t) = A; U Q(A; t).

For a € {g, q} and t e (0, 1], we say that x;aA if xal does not hold.

Definition 3.3. A fuzzy set A in X is called an (€, € v q)-fuzzy B-
algebra of X if it satisfies:

(V% y € X)(Vt, r e (0, IP((X* V)mingt, 1} € A= % €VTA
or yy €vagh). (3.5)
We provide a characterization of an (€, € v @) -fuzzy B-algebra.

Theorem 3.4. A fuzzy set A in X is an (€, € v Q) -fuzzy B-algebra of X
if and only if the following inequality is valid:
(Vx, y € X)(max{i(x * y), 0.5} > min{L(x), A(y)}). (3.6)

Proof. Let A be an (€, € v q)-fuzzy B-algebra of X. Assume that (3.6)
is not valid. Then there exist a, b € X such that
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max{i(a * b), 0.5} < min{A(a), M(b)} a4,

Then 05<t<1 a €A, b ei and (axb) € A It follows from (3.5)
that a,gA or bA. Hence

Ma)>t and Ma)+t<1
or

Mb)>t and A(b)+t <1
In either case, we have t < 0.5 which is a contradiction. Therefore

max{A(x * y), 0.5} > min{A(x), A(y)}

forall x, y € X.

Conversely, suppose that (3.6) is valid. Let (x * y)min{tyr} €\ for

X, ye X and t,r €(0,1]. Then A(x*y)<min{t, r}. If max{A(x*y), 0.5} =
Mx=*y), then min{t, r} > A(x * y) > min{i(x), A(y)} and so A(x) <t or
My)<r. Thus, x € A or y, € A, which implies that x; €vgi or
yr € vaA. If max{i(x*y), 0.5} =0.5, then min{i(x), A(y)} <0.5. Suppose
X €l ory,ehi Thent <A(x) <05 orr <A(y)<0.5 andso

Mx)+t<05+05=1
or
My)+r<05+05=1

Hence xQA or y,QA. Therefore, Xy € vQA or y, € v {gA. This shows that
A isan (€, € v{q)-fuzzy B-algebra of X. O

Theorem 3.5. A fuzzy set A in X is an (€, € v Q) -fuzzy B-algebra of X
if and only if (X, .A{j) is a semidetached B-algebra over Q = (0.5, 1].
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Proof. Assume that A is an (€, € v{)-fuzzy B-algebra of X. Let

x, y e Al (t) for t € Q = (0.5,1]. Then A(x) >t and A(y) >t. It follows
from (3.6) that

max{A(x * y), 0.5} > min{A(x), A(y)} > t.

Since t > 0.5, it follows that A(x * y) >t and so that x * y Aﬁ (t). Thus,
Aﬁ (t) is a subalgebra of X, and (X, Afj ) is a semidetached B-algebra over

Q = (05, 1]

Conversely, suppose that (X, Afj) is a semidetached B-algebra over
Q = (0.5, 1]. If (3.6) is not valid, then there exist a, b € X such that

max{A(a * b), 0.5} < min{A(a), A(b)} 2 t.

Then t € (0.5,1], a,be Afj(t) and ab ¢ A{j(t). This is a contradiction,
and so (3.6) is valid. Using Theorem 3.4, we know that A isan (€, € v Q)-

fuzzy B-algebra of X. O

Theorem 3.6. A fuzzy set A in X is an (€, € v Q) -fuzzy B-algebra of X
if and only if (X, A’é) is a semidetached B-algebra over Q = (0, 0.5].

Proof. Assume that (X, Aé) is a semidetached B-algebra over Q =

(0, 0.5]. If (3.6) is not valid, then there exist a,b e X, t € Q and k € [0, 1)
such that

max{i(a *b), 0.5} +t <1 < min{i(a), A(b)} +t.

It follows that a;gA and bgi, thatis, a, b e Aé(t), but (a =b).gn, ie.,

ab ¢ Aé(t). This is a contradiction, and so (3.6) is valid. Using Theorem

3.4, we know that A isan (€, € v{q)-fuzzy B-algebra of X.
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Conversely, suppose that A is an (€, € v{)-fuzzy B-algebra of X.
Let X, yeAé(t) for te Q=(0,0.5]. Then xqA and y;qA, that is,
Mx)+t>1and A(y)+t > 1. It follows from (3.6) that

max{A(x * y), 0.5} > min{i(x), My)} >1—-t > 0.5
and so that A(x*y)+t>1 thatis, x*ye Aé(t). Therefore, Az‘g(t)
is a subalgebra of X, and (X, A7Q”) is a semidetached B-algebra over Q =
(0, 0.5]. O

Definition 3.7. A fuzzy set A in X is called an (€ v @, € v q)-fuzzy B-
algebraof X if forall x, y e X and t, r € (0, 1],

(x * y)min{t’r} Evar= X evgrory, €vagh (3.7)

Theorem 3.8. Every (€ v {, € v ) -fuzzy B-algebra is an (€, €v{q)-
fuzzy B-algebra.

Proof. Let x, y € X and t, r (0, 1] be such that (X * Y)ping 1 € M-

Then (X* Y)ying,ry € VAL, and so x € vgA or y € vgr by (3.7).

Therefore, & isan (€, € v q@)-fuzzy B-algebra of X. O

Definition 3.9. A fuzzy set A in X is called a (7, €vq)-fuzzy B-
algebraof X if forall x, y e X and t, r e (0, 1],

(x * y)min{tlr}ﬁk = X € vQA Or Yy, € VA (3.8)
Theorem 3.10. Assume that min{t, r} < 0.5 for any t, r € (0, 1]. Then
every (7, € v q)-fuzzy B-algebra is an (€, € v @) -fuzzy B-algebra.

Proof. Let . be a (G, €v{)-fuzzy B-algebra of X. Assume that
(X* Y)ming,ry € & for x, y e X and t, r € (0, 1] with min{t, r} <0.5.
Then A(x * y) < min{t, r} < 0.5, and so
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Mx*y)+min{t, r} <05+05=1,
that is, (x * y)min{t‘r}qk. It follows from (3.8) that x; € v\ or y, € QA

Therefore, & isan (€, € v @) -fuzzy B-algebra of X. O

Theorem 3.11. Assume that min{t, r} > 0.5 for any t, r € (0, 1]. Then
every (€, €vQq)-fuzzy B-algebrais a (7, € v @) -fuzzy B-algebra.

Proof. Let A be an (€, €v{)-fuzzy B-algebra of X. Assume that
(X * Y)ming, y 02 for x, y € X and t, r € (0, 1] with min{t, r} > 0.5. If

(X* Y)ming, ry € A then A(x * y) = minit, r} and so

Mx*y)+ min{t, r} >05+05=1.

Hence (X * Y)ying, i@, a contradiction. Thus (X * Y)ying ry € A, Which
implies from (3.5) that x €v i or y, €v{A. Therefore, L is a

(@, € vQq)-fuzzy B-algebra of X. O
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