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Abstract

Copulas were introduced as a method for modeling the dependence
structure between random variables and for constructing a multivariate
distribution function from its marginals. Many copulas were
introduced in the literature to suit different models having different
properties. Among which is the Cuadras copula introduced by Cuadras
[3]. A drawback of the Cuadras copula is the limited range of
dependence structure that it allows for modeling random variables. In
this paper, we propose a new extension of the Cuadras copula that
permits a wider range of dependence between the involved random
variables, thus opening the way for an increased number of
applications. Properties of the new extended copula with an example
illustrating our findings will be given.

Introduction

Copulas are gaining more interest in high-dimensional statistical
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applications for two main reasons; they allow one to model the dependence
structure between random variables, and construct the multivariate
distribution of random variables from its marginals. A copula function is a
multivariate distribution function which joins or “couples” marginal
distribution functions (cdfs), where the marginal distribution is uniform on
the interval [0, 1]. Many copulas have recently been proposed in the literature

to suit different models with different properties (see Hutchinson and Lai [6],
Joe [7], Drouet-Mari and Kotz [5], Nelsen [10], and Balakrishnan and Lai
[2]). Cuadras copula introduced by Cuadras [3] is one of the most important
bivariate copulas introduced in the literature with one drawback that it does
not allow the modeling of large dependence between the associated random
variables. In [8], Klein and Christa proposed a new extension on the Cuadras
copula with no improvement on the level of dependence structure. In [1],
Abdelghaly et al. proposed another extension which admitted an increased
level of dependence between the associated variables. In this paper, we will
propose a new extension of the Cuadras copula. This new extension has
admitted a wider range of dependence structure between the associated
variables, and hence can be used in a wider range of applications. The rest of
this paper is organized as follows. A brief introduction to copulas and their
properties are given. The Cuadras copula is introduced. The new extended
copula and its properties are then introduced with an example.

Background and Definitions

The concept of copulas dates back to Sklar [12]. Sklar’s theorem, proves
how copulas link joint distribution functions with their marginals.

Sklar’s Theorem. Suppose H is a joint bivariate distribution function
that has marginal distribution functions F and G. Then, C is a copula for all
those X, y € (—o, ©),

H(x, y) = C(F(x), G(y)).

If F and G are continuous, then the copula C is unique; but if F and G are
not continuous, then C is uniquely specified on (Range of F x Range of G).
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On the contrary, if C is a copula and F and G are the marginal cdfs of
variables x and vy, respectively, then H is a joint bivariate distribution
function.

A two-dimensional copula is a bivariate distribution function whose
marginals (F and G) are uniform on [0, 1], then H(x, y) = C(X, y), which
indicates that the copula is in the form of a bivariate distribution function.

The joint density function h(x, y) can be obtained by

h(x, y) = c(F(x), G(y)) f(x)g(y), M)

where

2
o(F(x), 6(y)) = TP SU)

OF (x)0G(y)
is the copula density function, and f(x), g(y) denote the marginal density
functions.
Hence,

O*H(x, y) _ 9*C(F(x), G(y))
oxoy OXoy '
In general, copulas depend on one or more parameters - at least one -

called association parameters related to the level of dependence between
margins.

h(x, y) =

Copula properties

Let C(F(x), G(y)) denote a bivariate copula. Then, (Nelsen [9]):
* Forevery F(x), G(y) € [0, 1], C(F(x), 0) = C(0, G(y)) = 0,
C(F(x). 1) = F(x), C{L G(y)) = G(y).
o For every ug, Uz, Vg, V2 €[0, 1] uy < up, and vy < vy,
C(uz, Vo) = C(ug, vi) — C(uy, v2) + C(ug, v1) 2 0.

¢ C is non-decreasing in each variable.
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Measures of dependence between two variables

Several dependence measures are “scale-invariant” and can be
formulated using copulas. The most widely used measure of dependence
between two random variables is Spearman’s rho (p), which is the

coefficient of correlation of the marginal distribution functions F(X), and

G(Y). Spearman’s rho can be expressed by using the copula function as

1e1
p =12[ | C(F(x). G(y))dF(x)dG(y) -3 @

Cuadras copula

The single-parameter Cuadras copula, introduced by Cuadras [3], takes
the form (Zhang et al. [13])

a(l-u)(1-v)

C(u, v) = uve -1<ax<l

and the copula density function is given by
c(u, v) = AV 4 aluy — ud - v) - v(L - u) + auv(l - u) (L - v)]}.

The Spearman’s rho (p) of Cuadras copula, which is limited to
[-0.29616, 0.380616], is given by:

© i
b= 122% B(2, i +1)2.
i=1

In [8], Klein, and Christa extended the Cuadras copula with an additional
parameter on the copula defined by

b b
C(u, v) = wed@ W)V 1<a<1 0<b<l
However, this extension did not improve the dependence structure.

In [1], Abdelghaly et al. proposed another extension on the Cuadras
copula defined by

C(u, v) = uvea(l—ub)(l—vb)’
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This extension has admitted an increased level of dependence,
[-0.523848, 0.421596]. In this paper, we will propose a new modification on
the Cuadras copula and determine the range of the parameters in the new
modified Cuadras copula. We will investigate the corresponding level of
dependence that it permits between the associated variables. Properties of the
new modified Cuadras copula will also be provided.

The proposed copula

In this section, we introduce a new modification on the Cuadras copula
defined as

C(u,v) = uvea(l_“)b(l_")b, b>1. (3)

If b =1, we then have the classical Cuadras copula. The new modified
Cuadras copula density is given by

bq_\\P
c(u, v) = e A" 4 apfabuv(t - u)® (L - v)2PL
+ buv(l - u)b_l(l - v)b_l -u(l- u)b_l(l - v)b
(- u)P@ - v, 4
which is reduced to the classical Cuadras copula density when b = 1.

To determine the appropriate range of the parameter a, we determine the
range of values of parameter a for which the copula density is non-negative,

c(u, v) > 0. ®)

Using Maclaurin series, we have

ea(l—u)b @-vP _ i"’:—: a- u)ib(l - V)ib-
i=0

Accordingly, the new Cuadras copula can be expressed as follows
© i
a . .
mwﬁzﬁwrw%wﬂ
1=

and its density as
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%(1 WP - vyP I — (ib + DulL - (ib + v], (6)

'MS

I
o

c(u, v) =

ac(éuu’ V) i"’:—, ib(L— u)®2(1 - v)®2[(ib + 1)u — 2][1 - (ib + Dv] =

e ?—.ib(l — 0y (@ - v)P2[1— (ib + Du] (b + v - 2] =

-

2 and v* = 2
ib+1' T ib+1’

c(u, v). The second partial derivatives are given by:

From which we get u* = as an extreme point of

82c(u, v)
ou®

O i

- Z%ib(ib ~ 1)@ - u)P 3@ - v)P U3 — (ib + 1)u][L - (ib + 1)V]
i=0

8°¢c(u, v)
ov?

C(auu V)__illlb(lb 1){ ( 1)2b_1i(:gii)2ib_l

~ 0+ b(b - 1)(2*1) > 0,
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02 - b+1
_J%b?ll 0+ b(b - 1%i+1) >0,

and

820(u*, V) ' azc(u*, V) B |:620(u*, V*)} 2 (b-1) (b +1) > 0.

ouov b-1

au? av2

,and V¥ = L Hence,

- - . * — 2
c(u, v) attains its minimum when u™ = b1 b+ 1

N-Y5(b) =0

One can easily check that this is a convergent series in a, and accordingly

2b-2
1+a(b 1) > 0,

b+1
or
b+1)\272
a2 —(m) .
Consider a univariate copula density function
< ib-1r -
o(u) = ;ﬁ(l_ u)® 1 = (ib + Lu],
oo(U) w~~a' . b—2 -
% = Zﬁlb(l— u)®=2[(ib + u - 2] =
i=0
from which we get u* = ib2+ 7 asan extreme point of ¢(u),

Za—;lb(ib ~1)(1 - u)®3[3 = (ib + 1)u]

i=0

()
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2%9(u™) g%ib(ib B 1)(:; J_rﬂib—i(:E ;Bib_s

au? :

2
~0+b(b —1)(%) > 0.

Thus, u® is a minimum point of ¢, and accordingly,

LSRR ib—1
* a (ib-1
Hu”) = _Zﬁ(ib +1] =0
=0
and the nonnegative condition becomes

b-1 b-1

or equivalently,

b+1)°t

Therefore, the admissible range of a is

_ (M)Zb‘z e (M)b‘l
b-1 - " \b-1 '

Using the Maclaurin series, the Spearman’s rho for X and Y is given by

SERE ib 1 i
P=12§FJOV(1—V)bI0u(1—u)bdudv—3
o _
:12;?[5(2,|b +1)? -3

= 122?—:[5(2, ib +1)]°.
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If a =0, the Spearman’s rho (p) will equal zero, and then X and Y are
independent. If b =1 we obtain the Spearman’s rho for the classical
Cuadras copula which is restricted to [-0.29616, 0.380616]. However, our

new proposed copula has permitted a wider range of dependence structure
between the associated variables as can be seen from Table 1, where the
strongest positive correlation p =0.47826 and the weakest negative

correlation p = —0.53857 are attained.

Table 1. Spearman’s rho (p) for the new extended copula

a p
b Lower bound | Upper bound | Lower bound | Upper bound
1 -1 1 -0.29616 0.380616
1.0001 -1.00198 1.000991 -0.29664 0.380976
1.001 -1.01532 1.00763 -0.29971 0.383256
1.01 -1.1119 1.054464 -0.32014 0.397404
11 -1.83842 1.355882 -0.42818 0.456216
1.2 -2.6095 1.615394 -0.49102 0.476388
1.25 -3 1.732051 -0.5103 0.47826
1.3 —-3.39441 1.842392 -0.52369 0.476532
1.4 —-4.19296 2.047673 -0.53704 0.465516
1.45 —-4.59577 2.143775 -0.53856 0.457368
1.451 -4.60384 2.145657 -0.53857 0.457188
1.46 —-4.67652 2.162527 -0.53854 0.45558
15 -5 2.236068 -0.53748 0.44802
1.7 -6.61869 2.572681 -0.51536 0.403944
2 -9 3 -0.45696 0.334092
3 -16 4 -0.26591 0.167124
5 —25.6289 5.0625 -0.09232 0.049452
10 -37.0427 6.086275 -0.01342 0.006156
50 -50.4268 7.101183 —-4.8E-05 2.4E-05
100 —-52.4643 7.243221 0 0
1000 -54.3803 7.374298 0 0
10000 -54.5763 7.387578 0 0
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Example: Exponential distribution

Let X and Y be random variables that follow the exponential distribution
with parameters A, and A,, respectively, and extended Cuadras copula C

given by (3). The cdfs for X and Y are
F(x)=1-e% x>0, >0,
and
G(y)=1-eY y>0, %, >0.
Then,
H(x, ¥) = C(F(x). G(y)) = C(L- e, 1-e72Y)
_ (- e M%) g oY )gall-(-e ) PL--e 2P

_ (L= e Xy (1 g P2V ygae U2

and with density copula given by

A A
D) L ablab(l— e M) (1 — e M2V

b
o(F (), G(y) = e
e—(2b—1) (7»1X+7\.2y) + b(l _ e—?x1X)(1 _ e—?x.zy)
e—(b—l) (Mx+ry) (1 _ e—xlx)e—b(x1x+k2y)+klx
— (1— e*2Y)e DX +Rr2y)+hay Yy
Hence, the joint density function is

h(X y) 3 eae—b(k1x+k2y)

x {1+ ab[ab(1 — e ) (1 — e 2Y g~ (20D (x+22y)

+b(1- e"“lx)(l _ e—XZY)e—(b—l)(MX”»zy) _(1- e—MX)
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e—b(X1X+7u2y)+7\1X _ (l _ e—lzy)e—b(K1X+7x2y)+K2y]}
(Agh e~ RX+R2Y)y

Conclusion

In this paper, we have proposed a new extension of the Cuadras copula

and determined the range of the parameters for the new extended copula. The
new extension has permitted a wider range of dependence structure between
the random variables involved. This opens the scope for an increased number
of applications in various fields.
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