Far East Journal of Mathematical Sciences (FIMS)

© 2017 Pushpa Publishing House, Allahabad, India

http://www.pphmj.com

http://dx.doi.org/10.17654/MS101112393

Volume 101, Number 11, 2017, Pages 2393-2403 ISSN: 0972-0871

THE ISOLATION FORM OF BRUNN-MINKOWSKI
INEQUALITY AND MINKOWSKI INEQUALITY
IN L, SPACE

Fengfan Xie and Qian Yin®

College of Science
Wauhan University of Science and Technology
Wouhan, Hubei 430065, P. R. China

Abstract

This article is devoted to the study of inequality form of segregation.
First, we establish the isolate forms of the Brunn-Minkowski
inequality for the dual p-quermassintegrals of the dual Firey linear
combination. Then we give the isolate forms of the new dual
L, -Brunn-Minkowski inequality for dual quermassintegrals of the

Ly -radial Minkowski linear combination. Finally, we improve the

Minkowski inequality for the dual mixed p-quermassintegrals and the
Minkowski inequality of L -dual mixed quermassintegral.
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1. Introduction

Let " denote the set of convex bodies (compact, convex subsets with

non-empty interiors) in the n-dimensional Euclidean space R", k) denote

the set of convex bodies containing the origin in their interiors, S" denote

the set of star bodies in R", and SQ denote the set of star bodies about the
originin R".

The kernel of Brunn-Minkowski theory has been extended in several
important ways (see [6-9]). In [1, 2], Lutwak established the L, -Brunn-

Minkowski theory: The core of Brunn-Minkowski theory is various Brunn-
Minkowski inequalities and Minkowski inequalities (see [3-5]). Recently,
Li and He [12] proved the extension of Brunn-Minkowski inequality for the
dual p-quermassintegrals of the dual Firey linear combination as follows:

Theorem 1.1.If p>1, K,Le S), 0<i<n-1, then

~ p ~ P ~ p
Wi(K +p L)ﬁ < W,(K)ﬁ +Wi(L)ﬁ (1.2)
with equality if and only if K and L are dilates.

Wei and Wang [14] gave the new dual L, -Brunn-Minkowski inequality

for dual quermassintegrals of the L, -radial Minkowski linear combination.
Theorem 1.2. If K, Le 8", p>0, i <n- p, then
~ p o~ P~ P
Wi(K +p L)n—i SWi(K)n—i +Wi(L)n—i (12)

with equality if and only if K and L are dilates.

Li and He [12] defined the dual mixed p-quermassintegrals. Then
they proved the extension of Minkowski inequality for the dual mixed
p-quermassintegrals.

Theorem1.3.1f p>1, K,Le Sh, 0<i<n-—1 then
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W i(K, L™ <Wi(K)"'~Pwi(L)P (1.3)
with equality if and only if K and L are dilates.

Hu [11] gave a new definition of L, -dual mixed quermassintegral, and
established the Minkowski inequality of L, -dual mixed quermassintegral.
Theorem 1.4.1f p>0, K, Le S, i #n, i <n-p, then
Wy i (K, L) < Wi (K)" P (L)P (1.4)

with equality if and only if K and L are dilates. For n— p <i<n ori>n,
(1.4) gets reversed. For i = n — p, there is an equality in (1.4).

2. Preliminaries

If K is a compact star-shaped (about the origin) in R", then its radial

function, px = p(K, -): R"\{0} — [0, +0), is defined by (see [10, 13])

p(K, x) = max{L > 0:ax € £}, x e R"\{0}.

If pk is positive and continuous, then K will be called a star body (about
the origin). Two star bodies K and L are said to be dilates (of one another) if

pk (U)/pL(u) is independent of u e S".

For p>1, K,LeS&) and a, B >0 (not both zero), the dual Firey

linear combination oo K +, Bo L € St is defined by (see [12])

plae K+pBol, )P =ap(K, )P +Bp(L, )P (2.5)

Note that “o” rather than “o,” is written for dual Firey scalar

multiplication, which should create no confusion. Obviously, dual Firey and
1
Minkowski scalar multiplications are related by oo K = o.PK.
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For K,LeS", p#0 and o, f=0 (not both 0), the L, -radial
Minkowski linear combination o - K -T-p B-L is a star body defined by

(see [14])
pla- K ¥y B-L u)P =ap(K, u)P +p(L, u)P. (2.6)

For K, L e SQ, p>1and a, >0 (not both 0), Lutwak defined that

the radial sum combination o o K -T-p B oL is a star body defined by (see
[2])
plae K ¥ppol, )P =ap(K, )P +Bp(L, )P (2.7)

For K e 8§ and any real i, the dual quermassintegrals, VVi(K) of K are
defined by (see [10, 13])

1

Wi(K) = ﬁjsn—l o(K, U™ dS(u). (2.8)

For K, Le 8", p>1, 0<i<n-1 the dual mixed p-quermassintegrals

Vpri(K, L) has the following integral representation (see [11, 12]):

Wy (K, L) = Hsnfl o(K, u)"Pip(L, u)PdS(u). 2.9)

Obviously,

Wy i(K, K) = Wi(K). (2.10)

3. Main Results

In this paper, we continuously study the L, -Brunn-Minkowski

inequality. Here, we first give an isolate form of the Brunn-Minkowski
inequality (1.1).

Lemma3.l.1f p>1 K,LeS), 0<i<n-1andA, p>0, then
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~ P ~ P ~ P
Wi(h o K+ po L)n—i < AW;(K)n=i + pWi(L)n-i (3.11)
with equality if and only if K and L are dilates.

Proof. According to (2.5), (2.9), for VQ € S§, we have
~ 1 i
Wy i(Q Ao K+,pol) =ﬁjsn_1p(Q, W' P (ko K45 no L, u)PdS(u)

= MW, i(Q, K)+ pW, i(Q, L).
Using (1.3), we get

Wip,i(Q 2 K +p o L) SW(Q) not (W (KDt + i (L)acr).

Let Q =4 oK+, polL, together with (2.10). Then inequality (3.11) is

proved.

Theorem3.1.1f p>1 K,Le S), 0<i<n-1andae][0,1], then
~ IS P - P
Wi(K +p L)n-i <Wj(hoK +p(L-0a)oL)n-i +Wi((1-a)o K +yooL)n-i

~ p ~ p
SWi(K)E +Wi(L)ﬁ (312)
with equality if and only if K and L are dilates.
Proof. Let

M=aoK+,l-a)oL, N=(@l-a)oK+yacl (3.13)

for o € [0, 1]. Since K, Le S, M, N € Sp. Using (2.9), (2.5) and (3.13),
forany Q € S§, we have
va,i(Q’ K+p L)

1

= ] 01P@ WP TR(K L u)Pas(u)
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1

= ﬁj‘snfl p(Q, u)" P (p(K, u)P + p(L, u)P)dS(u)

3] @ e

(op(K, )P + (1 - a)p(L, u)? + (1 - a)p(K, u)? + ap(L, u)P)ds(u)

1

- ﬁj.sn—l p(Q, )" P (p(M, u)P + p(N, u)P)dS(u)

= [0 aP@ W PTp(M N, 0)PdS(u)

=W, i(Q M +, N). (3.14)
Hence, let Q = K +, L in (3.14) and using (2.10) and (1.3), we get
Wi(K +p L) SWi(M +, N) (3.15)
with equality if and only if K +, L and M +, N are dilates.
Using (1.1), we also have
Wi (M +, N)n_El SVVi(M)n_Ei +Vvi(N)n_Ei (3.16)
with equality if and only if M and N are dilates.

From inequalities (3.15), (3.16) and (3.13), we obtain the first inequality
of inequality (3.12) in Theorem 3.1.

Because of M e Sg and N e Sg are dilates, we know M +, N e Sg
and M (or N) are dilates, since K +, L € Sp and M +p N also are dilates,
thus K+, L and M (or N) are dilates. Associated with (3.13) and (2.5),
we see K € Sf) and L € Sg are dilates. In turn, if K € S§ and L € Sj

are dilates, then we easily know M e Sy and N e Sy are dilates and
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K+, LeSgand M+, N e Sg also are dilates. Hence, the equality holds
in first inequality of inequality (3.12) if and only if K and L are dilates.

Otherwise, using inequalities (3.13) and (3.11), we have
~ P~ P
W;(M )n=i =Wi(a o K +p (I-a)o L)n-i

< Wi (K)T + (1— Wi (L), (3.17)
Similarly,
Wi (N)RT < (L — )W (K)o + oW, (L)

Therefore, the second inequality of inequality (3.12) in Theorem 3.1 is

obtained.

Lemma3.2.1f p>1 K,LeS), 0<i<n-1andA, p>0, then
~ ~ P ~ P~ P
W|(7\, -K +p p- L)n—i < lWi(K)n—i + uWi(L)n—i (318)

with equality if and only if K and L are dilates.

Proof. According to (2.6), (2.8), we have

Wi(% K Fpp-L)
_EJA (k-KI -L u)n—p—i (}L.KI L U)pdS(u)
“nlgnP ph-bL p p L,

1 - o

=AW (A K Fp oL K)+ W (- K Ty L L),
Using (1.3), the inequality (3.18) is proved.

Theorem3.2.1f K, Le S", p>0, i<n-p, a<c[0, 1], then
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~ ~ P = ~ P = ~ P
Wi(K *p L)n—i SWi(OL -K *p (1— OL)' L)n—i +Wi((l— OL)- K tp o L)n—i

~ p ~ p
< W, (K)n=i +W;(L)n=i (3.19)
with equality if and only if K and L are dilates.

Proof. The Minkowski integral inequality, together with (2.6) and (2.8),
gives

~ - P
Wl(K +p L)E

p

Hsn_l p(K ¥y L, u)“idS(u)jm

p

|

p
n—i

:[% [ 2 (@p(,0)P +@-0)p(L, 1))+ (@-)p(K,u)° +ap(L,u>p>>”—st<u>j

P
=

< [% [ oa(ap(k, 0P + @-a)p(L, u)p>”—?ds<u>j
S

P
1

’ (ﬁjsn—l (@-0)p(K, u)? + ap(L, U)'O))n_p_;ids(u)jn_i

P
=

- (Hsn—l (Pla-KTp-a)-L, u)p)n_pidS(U)]

L
+ (Ej L P@-a) Kty a-L, U)p)TdS(U)jn_l
S

n

=W K T (1 @) Lot + (- o) K Fp 0 LT,

this is just first inequality of inequality (3.19) in Theorem 3.2.
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Using Lemma 3.2, the second inequality of inequality (3.19) in
Theorem 3.2 is obtained.

We establish an isolate form of the Minkowski inequalities (1.3) and
(1.4).

Theorem3.3.1f p>1, K,Le Sj, 0<i<n-1 then
Wi i (K, L' W) PR (K 4+ Lt ~ (K)o
< W; (K" PW; (L)P (3.20)
with equality if and only if K and L are dilates.

Proof. Let Q e Sg. Then, using (2.5) and (2.9), we get

Wp,i(Q K +p L) = %LH p(Q, u)" P p(K +, L, u)PdS(u)

= %Ln—l p(Q, W) P (p(K, u)P + p(L, u)P)dS(u)

=W, i(Q, K)+Wpi(Q, L). (3.21)
Let Q = K in (3.21) and using (2.10), we get
W i(K, K+, L) =Wi(K) +W, (K, L). (3.22)

Using (1.3), we have

n—i—p

Wp (K, K +p L) Wi(K) 70 Wi(K +p LT, (3:29)

From inequalities (3.22) and (3.23), we obtain the first inequality of
inequality (3.20) in Theorem 3.3.

Using (1.1), the second inequality of inequality (3.20) in Theorem 3.3 is
obtained.

Theorem3.4.1f p>1 K,Le S), 0<i<n-1 then
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Wy (K, L™ < W0OM P0G (K T LT - (K)o

Swi(K)n_i_pWi(L)p (324)

with equality if and only if K and L are dilates. For n— p <i<n ori>n,
(3.24) gets reversed. For i = n — p, there is an equality in (3.24).

Proof. Using (2.7), (2.9) and (2.10), we get
~ . 1 A -
Wy i(K, K+, L) = ﬁjsn_lp(K, u)" P p(K ¥ L, u)Pds(u)

1

- ﬁjsn—l (K, W) P (p(K, u)P + p(L, u)P)dS(u)

= Wi(K) + W, i(K, L). (3.25)
Using (1.4), we have
Wp (K, K Fp L) sti(K)—nEi__ivai(K T, Lyas. (3.26)

From inequalities (3.25) and (3.26), this is just first inequality of
inequality (3.24) in Theorem 3.4.

Using (1.2), the second inequality of inequality (3.24) in Theorem 3.4 is
obtained.
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