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Abstract 

We study generic lightlike submanifolds M of an indefinite trans-

Sasakian manifold .M  The purpose of this paper is to prove several 
classification theorems of such a generic lightlike submanifold subject 

to the condition that the structure vector field ζ  of M  is tangent                   

to M. 

1. Introduction 

In the theory of Riemannian submanifold, there exists a class of 

submanifolds of an almost contact manifold .M  A submanifold M of M  is 

called generic [12, 13] if the normal bundle ⊥TM  of M is mapped into the 

tangent bundle TM by action of the almost contact structure tensor J of ,M  

that is, 
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( ) .TMTMJ ⊂⊥  

We extended the concept of generic submanifold in case M is a lightlike 
submanifold of an indefinite almost contact manifold .M  In case M is 

lightlike submanifold, the radical distribution ( ) ⊥= TMTMTMRad ∩  is 

non-trivial vector bundle of M and TM is lightlike vector bundle. Thus, we 
have 

.⊥⊕≠ TMTMMT orth  

Consider a complementary vector bundle ( )TMS  of ( )TMRad  in TM, 

i.e., 
( ) ( ).TMSTMRadTM orth⊕=  

We call ( )TMS  a screen distribution of M. It is immediate from the last 

equation that ( )TMS  is non-degenerate. Moreover, if M is para-compact, 

then there always exists a screen distribution ( ).TMS  Along M, we have 

( ) ( ) ( ) ( ) { },0, ≠⊕= ⊥⊥
| TMSTMSTMSTMSMT orthM ∩  

where ( )⊥TMS  is orthogonal complement to ( )TMS  in .MMT |  Although 

( )TMS  is not unique, it is canonically isomorphic to the factor vector bundle 

( ) ( )TMRadTMTMS =∗  [10]. Thus, all ( )sTMS  are mutually isomorphic. 

Moreover, while TM is lightlike, all ( )sTMS  are non-degenerate. Due to 

these reasons, we defined generic lightlike submanifold as follows [6-8]: 

A lightlike submanifold M of an indefinite almost contact manifold M  is 
called generic if there exists a screen distribution ( )TMS  of M such that 

( ( ) ) ( ).TMSTMSJ ⊂⊥  (1.1) 

The geometry of generic lightlike submanifold is an extension of the 
geometry of lightlike hypersurface or 1-lightlike submanifold. Much of its 
theory will be immediately generalized in a formal way to general lightlike 
submanifolds. 
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Oubina [11] introduced the notion of trans-Sasakian manifold of type 
( ),, βα  where α  and β  are smooth functions. Sasakian, Kenmotsu and 

cosymplectic manifolds are three important kinds of trans-Sasakian manifold 
such that 

,0;,0;0, =β=αε=β=α=βε=α  

respectively, where .1±=ε  In this case, if M  is a semi-Riemannian 

manifold, then we say that M  is an indefinite trans-Sasakian manifold of 
type ( )., βα  

Alegre et al. [2] introduced generalized Sasakian space form 
( ).,, 321 fffM  Sasakian, Kenmotsu and cosymplectic space forms are three 

important kinds of generalized Sasakian space forms such that 

;4
1,4

3;4
1,4

3
321321

+==−=−==+= cffcfcffcf  

,4321
cfff ===  

respectively, where c is a constant J-sectional curvature of each space forms. 

We study generic lightlike submanifolds of an indefinite trans-Sasakian 

manifold M  or an indefinite generalized Sasakian space form ( ).,, 321 fffM  

We prove several classification theorems of such a generic lightlike 

submanifold subject such that the structure vector field ζ  of M  is tangent      

to M. 

2. Preliminaries 

An odd-dimensional semi-Riemannian manifold ( )gM ,  is called an 

indefinite trans-Sasakian manifold if there exists a structure set { },,,, gJ θζ  

where J is a (1, 1)-type tensor field, ζ  is a vector field which is called the 

structure vector field and θ  is a 1-form, a Levi-Civita connection ∇  on M  

and two smooth functions α  and β  on ,M  such that 
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( ) ( ) ( ) ( ),,,1,2 ζε=θ=ζθζθ+−= XgXXXXJ  

( ) ( ) ( ) ( ),,,,0 YXYXgYJXJgJ θεθ−==θ  (2.1) 

( ) { ( ) ( ) } { ( ) ( ) },,, XJYYXJgXYYXgYJX εθ−ζβ+εθ−ζα=∇  (2.2) 

for any vector fields YX ,  and Z  on ,M  where 1=ε  or –1 according as 

the vector field ζ  is spacelike or timelike, respectively. In this case, the set 

{ }gJ ,,, θζ  is called an indefinite trans-Sasakian structure of type ( )., βα  

Throughout this paper, we may assume that the structure vector field ζ  

is unit spacelike, i.e., ,1=ε  no loss of generality. From (2.1) and (2.2), we 
get 

{ ( ) } ( ) ( ).,,, YJXgYXdXXXJX α=θζθ−β+α−=ζ∇  (2.3) 

An indefinite trans-Sasakian manifold M  is called an indefinite 
generalized Sasakian space form and denote it by ( )321 ,, fffM  if it admits 

a curvature tensor R  and three smooth functions 21, ff  and 3f  satisfying 

( ) { ( ) ( ) }YZXgXZYgfZYXR ,,, 1 −=  

{ ( ) ( ) ( ) }ZJYJXgXJZJYgYJZJXgf ,2,,2 +−+  

{ ( ) ( ) ( ) ( )XZYYZXf θθ−θθ+ 3  

( ) ( ) ( ) ( ) }.,, ζθ−ζθ+ XZYgYZXg  (2.4) 

Let ( )gM ,  be an m-dimensional lightlike submanifold of an indefinite 

trans-Sasakian manifold ( ),, gM  of dimension ( ).nm +  Then the radical 

distribution ( ) ⊥= TMTMTMRad ∩  of M is a subbundle of the tangent 

bundle TM and the normal bundle ,⊥TM  of rank { }( ).,min1 nmrr ≤≤  In 

general, there exist two complementary non-degenerate distributions ( )TMS  

and ( )⊥TMS  of ( )TMRad  in TM and ,⊥TM  respectively, which are called 

the screen distribution and the co-screen distribution of M, such that 
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( ) ( ) ( ) ( ),, ⊥⊥ ⊕=⊕= TMSTMRadTMTMSTMRadTM orthorth  

where orth⊕  denotes the orthogonal direct sum. Denote by ( )MF  the 

algebra of smooth functions on M and by ( )EΓ  the ( )MF  module of 

smooth sections of a vector bundle E. Also denoted by ( )i1.2  the ith equation 

of (2.1). We use the same notations for any others. We use the following 
range of indices: 

{ } { }....,,1...,,,,...,,1...,,, nrcbarkji +∈∈  

Let ( )TMtr  and ( )TMltr  be complementary vector bundles to TM in 

MMT |  and ⊥TM  in ( ) ,⊥TMS  respectively and let { }rNN ...,,1  be a 

lightlike basis of ( ) ,U|TMltr  where U  is a coordinate neighborhood of M, 

such that 

( ) ( ) ,0,,, =δ=ξ jiijji NNgNg  

where { }rξξ ...,,1  is a lightlike basis of ( ) .U|TMRad  Then we have 

( ) ( ) ( ){ } ( )TMSTMtrTMRadTMtrTMMT orth⊕⊕=⊕=  

( ) ( ){ } ( ) ( ).⊥⊕⊕⊕= TMSTMSTMltrTMRad orthorth  

We say that a lightlike submanifold ( ( ) ( ))⊥TMSTMSgM ,,,  of M  is 

(1) r-lightlike submanifold if { };,min1 nmr <≤  

(2) co-isotropic submanifold if ;1 mnr <=≤  

(3) isotropic submanifold if ;1 nmr <=≤  

(4) totally lightlike submanifold if .1 nmr ==≤  

The above three classes (2)~(4) are particular cases of the class (1) as 
follows: 

( ) { } ( ) { } ( ) ( ) { },0,0,0 ==== ⊥⊥ TMSTMSTMSTMS  
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respectively. The geometry of r-lightlike submanifolds is more general form 
than that of the others. For this reason, we consider only r-lightlike 
submanifolds M, with following local quasi-orthonormal field of frames of 

:M  

{ },...,,,...,,,...,,,...,, 1111 nrmrrr EEFFNN ++ξξ  

where { }mr FF ...,,1+  and { }nr EE ...,,1+  are orthonormal bases of ( )TMS  and 

( ),⊥TMS  respectively. Denote ( )., aaa EEg=ε  Then ( )., baaba EEg=δε  

In the following, let X, Y, Z and W be the vector fields on M, unless 
otherwise specified. Let P be the projection morphism of TM on ( ).TMS  

Then the local Gauss-Weingarten formulae of M and ( )TMS  are given by 

( ) ( )∑ ∑
= +=

++∇=∇
r

i

n

ra
a

s
aiiXX EYXhNYXhYY

1 1
,,,  (2.5) 

( ) ( )∑ ∑
= +=

ρ+τ+−=∇
r

j

n

ra
aiajijNiX EXNXXAN i

1 1
,  (2.6) 

( ) ( )∑ ∑
= +=

σ+φ+−=∇
r

i

n

ra
babiaiEaX EXNXXAE a

1 1
,  (2.7) 

( )∑
=

∗∗ ξ+∇=∇
r

i
iiXX PYXhPYPY

1
,,  (2.8) 

( )∑
=

∗
ξ ξτ−−=ξ∇

r

j
jjiiX XXA i

1
,  (2.9) 

respectively, where ∇  and ∗∇  are induced linear connections on TM and 

( ),TMS  respectively, ih  and s
ah  are called the local second fundamental 

forms on TM, ∗
ih  are called the local second fundamental forms on ( ).TMS  
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ai EN AA ,  and ∗
ξiA  are the shape operators and aiiaij φρτ ,,  and αβσ  are 

1-forms. 

Since ∇  is torsion-free, ∇  is also torsion-free, and both ih  and s
ah  are 

symmetric. From the fact that ( ) ( ),,, iXi YgYXh ξ∇=  we know that each 

ih  is independent of the choice of the screen distribution ( ).TMS  The above 

three local second fundamental forms are related to their shape operators by 

( ) ( ) ( ) ( )∑
=

∗
ξ ηξ+=

r

j
jiji YXhYXhYXAg i

1
,,,,  (2.10) 

( ) ( ) ( ) ( )∑
=

ηφ+ε=
r

i
iai

s
aaE YXYXhYXAg a

1
,,,  (2.11) 

( ) ( ) ( ) ,0,,, =η= ∗
ξ

∗ XAPYXhPYXAg ii kiN  (2.12) 

where iη  is the 1-forms given by ( ) ( )., ii NXgX =η  Applying X∇                

to ( ) ,0, =ξξ jig  ( ) ,0, =ξ ai Eg  ( ) ,0, =ji NNg  ( ) 0, =ai ENg  and 

( ) ,, abba EEg εδ=  we get 

( ) ( ) ( ) ( ),,,0,, XXhXhXh aiai
s
aijji φε−=ξ=ξ+ξ  

( ) ( ) ( ) ( ),,,0 XNXAgXAXA iaaiENiNj aji ρε==η+η  

0=σε+σε baaabb  and ( ) ( ) .0,,0, =ξξ=ξ kjiii hXh  (2.13) 

Denote by RR ,  and ∗R  the curvature tensors of the Levi-Civita 

connection ∇  on M  and the linear connections ∇  and ∗∇  on M and 
( ),TMS  respectively. By using the Gauss-Weingarten formulae (2.5)~(2.9) 

for M and ( ),TMS  we obtain the Gauss equations for M and ( )TMS  such 

that 
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( ) ( ) { ( ) ( ) }∑
=

−+=
r

i
NiNi XAZYhYAZXhZYXRZYXR ii

1
,,,,  

{ ( ) ( ) }∑
+=

−+
n

ra
E

s
aE

s
a XAZYhYAZXh aa

1
,,  

( ) ( ) ( ) ( )∑
= ⎪⎩

⎪
⎨
⎧

∇−∇+
r

i
iYiX ZXhZYh

1
,,  

[ ( ) ( ) ( ) ( )]∑
=

τ−τ+
r

j
jjijji ZXhYZYhX

1
,,  

[ ( ) ( ) ( ) ( )] i

n

ra

s
aai

s
aai NZXhYZYhX

⎪⎭

⎪
⎬
⎫

φ−φ+ ∑
+= 1

,,  

( ) ( ) ( ) ( )∑
+= ⎪⎩

⎪
⎨
⎧

∇−∇+
n

ra

s
aY

s
aX ZXhZYh

1
,,  

[ ( ) ( ) ( ) ( )]∑
=

ρ−ρ+
r

i

s
aiaiia ZXhYZYhX

1
,,  

[ ( ) ( ) ( ) ( )] .,,
1

a

n

rb

s
bba

s
bba EZXhYZYhX

⎪⎭

⎪
⎬
⎫

σ−σ+ ∑
+=

 (2.14) 

( ) ( ) { ( ) ( ) }∑
=

∗
ξ

∗∗
ξ

∗∗ −+=
r

i
ii XAPZYhYAPZXhPZYXRPZYXR ii

1
,,,,  

( ) ( ) ( ) ( )∑
=

∗∗

⎪⎩

⎪
⎨
⎧

∇−∇+
r

i
iYiX PZXhPZYh

1
,,  

[ ( ) ( ) ( ) ( )] .,,
1

i

r

j
jijjij PZYhXPZXhY ξ

⎪⎭

⎪
⎬
⎫

τ−τ+ ∑
=

∗∗  (2.15) 

In the case ,0=R  we say that M is flat. 
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3. Generic Lightlike Submanifolds 

For a generic lightlike submanifold M, from (1.1) we see that 

( )( ) ( )( )TMltrJTMRadJ ,  and ( ( ))⊥TMSJ  are subbundles of ( ).TMS  In 

the following, we shall assume that the vector field ζ  is tangent to M. Călin 

[3] proved that if ζ  is tangent to M, then it belongs to ( ).TMS  Using this 

result, there exists a non-degenerate almost complex distribution ,oH  i.e., 

( ) ,oo HHJ =  such that 

( ) ( )( ) ( )( ){ } ( ( )) .oorthorth HTMSJTMltrJTMRadJTMS ⊕⊕⊕= ⊥  

Denote by H the almost complex distribution with respect to J such that 

( ) ( )( ) .oorthorth HTMRadJTMRadH ⊕⊕=  

Therefore, the general decomposition form of TM in Section 2 is reduced to 

( )( ) ( ( )).⊥⊕⊕= TMSJTMltrJHTM orth  (3.1) 

Consider 2r-local null vector fields iU  and ( )rnVi −, -local non-null 

unit vector fields ,aW  and their associated 1-forms ii vu ,  and aw  defined by 

,,, aaiiii JEWJVJNU −=ξ−=−=  (3.2) 

( ) ( ) ( ) ( ) ( ) ( ).,,,,, aaaiiii WXgXwUXgXvVXgXu ε===  (3.3) 

Denote by S the projection morphism of TM on H and F a tensor field of 
type (1, 1) globally defined on M by .SJF =  Then JX is expressed as 

( ) ( )∑ ∑
= +=

++=
r

i

n

ra
aaii EXwNXuFXJX

1 1
.  (3.4) 

Applying X∇  to (3.2)~(3.4) by turns and using (2.2), (2.5)~(2.13) and 

(3.2)~(3.4), we have 

( ) ( ) ( ) ( ),,,,,, i
s
aaiajiij UXhWXhVXhUXh =ε= ∗∗  

( ) ( ) ( ) ( ),,,,,, i
s
aaiajiij VXhWXhVXhVXh =ε=  

( ) ( ),,, b
s
aaa

s
bb WXhWXh ε=ε  (3.5) 
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( ) ( ) ( )∑ ∑
= +=

ρ+τ+=∇
r

j

n

ra
aiajijNiX WXUXXAFU i

1 1
 

( ) ( ){ } ,ζβ+αη− XvX ii  (3.6) 

( ) ( ) ( )∑ ∑
= =

∗
ξ ξ+τ−=∇

r

j

r

j
jijjjiiX UXhVXXAFV i

1 1
,  

( ) ( )∑
+=

ζβ−φε−
n

ra
iaaia XuWX

1
,  (3.7) 

( ) ( ) ( )∑ ∑
= +=

σ+φ+=∇
r

i

n

rb
babiaiEaX WXUXXAFW a

1 1
 

( ) ,ζβε− Xwaa  (3.8) 

( ) ( ) ( ) ( ) ( ) ( )∑ ∑
= +=

φ−τ−=∇
r

j

n

ra
aiajijiX XYwXYuYu

1 1
 

( ) ( ) ( ),, FYXhXuY ii −βθ−  (3.9) 

( ) ( ) ( ) ( ) ( ) ( )∑ ∑
= +=

ρε+τ=∇
r

j

n

ra
iaaaijjiX XYwXYvYv

1 1
 

( ) ( ) ( )∑
+=

−η−
r

rj
NNjj FYXAgXAYu ii

1
,  

( ) ( ) ( ){ },XvXY ii β+αηθ−  (3.10) 

( ) ( ) ( ) ( )∑ ∑
= +=

+=∇
r

i

n

ra
EaNiX XAYwXAYuYF ai

1 1
 

( ) ( )∑ ∑
= +=

−−
r

i

n

ra
a

s
aii WYXhUYXh

1 1
,,  

( ) ( ){ } ( ) ( ){ }.,, FXYYJXgXYYXg θ−ζβ+θ−ζα+  (3.11) 
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Applying X∇  to ( ) ( ) 0,,0, =ζ=ξζ ai Egg  and ( ) 0, =ζ iNg  by turns 

and using (2.1), (2.3), (2.5)~(2.12), (3.2) and (3.3), we have 

( ) ( ) ( ) ( ),,,, XwXhXuXh a
s
aii α−=ζα−=ζ  

( ) ( ) ( )., XXvXh iii βη+α−=ζ∗  (3.12) 

Substituting (3.4) into (2.3) and using (2.5), we have 

( )( ).ζθ−β+α−=ζ∇ XXFXX  (3.13) 

We denote by abiaiaij κνμλ ,,,  and ijχ  the 1-forms such that 

( ) ( ) ( ) ( ) ( ),,,,, b
s
aaabijjiij WXhXVXhUXhX ε=κ==λ ∗  

( ) ( ) ( ) ( ) ( ),,,,, jiiji
s
aaaiia VXhXVXhWXhX =χε==μ  

( ) ( ) ( ).,, i
s
aaaiai UXhWXhX ε==ν ∗  (3.14) 

Note that, from ( ) 5,35.3  and ( ) ,14.3 4,2  we see that ijχ  and abκ  are 

symmetric. 

Denote by H ′  the distribution on ( )TMH  such that 

( )( ) ( ( )) ., HHTMTMSJTMltrJH orth ′⊕=⊕=′ ⊥  

Definition. We say that a lightlike submanifold M of M  is called 

(1) irrotational [10] if ( )TMiX Γ∈ξ∇  for all { },...,,1 ri ∈  

(2) solenoidal [9] if aWA  and iNA  are ( )TMS -valued, 

(3) statical [9] if M is both irrotational and solenoidal. 

Remark. From (2.5) and ( ) ,12.3 2  the item (1) is equivalent to 

( ) ( ) ( ) .0,,0, =φ=ξ=ξ XXhXh aii
s
aii  

By using ( ) ,12.3 4  the item (2) is equivalent to 

( ) ( ) ( ) .0,0 =η=ρ=η XAXXA ai EjiaNj  
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Theorem 3.1. Let M be a generic lightlike submanifold of an indefinite 
trans-Sasakian manifold .M  If F is parallel with respect to the induced 
connection ,∇  then the following statements are satisfied: 

(1) M  is an indefinite cosymplectic manifold, i.e., ,0=β=α  

(2) M is statical, 

(3) ( )( ) ( ( ))⊥TMSJTMltrJ ,  and H are parallel distributions on M, 

(4) M is locally a product manifold ,#MMM rnr ×× −  where ,rM  

rnM −  and #M  are leaves of ( )( ) ( ( ))⊥TMSJTMltrJ ,  and H, respectively. 

Proof. (1) As ,0=∇ FX  taking the scalar product with jU  to (3.11), we 

get 

( ) ( ) ( ) ( )∑ ∑
= +=α

+
r

i

n

r
jEajNi UXAgYwUXAgYu ai

1 1
,,  

( ){ ( ) ( )} .0=βη−αθ− YXvY jj  

Replacing Y by ζ  to this equation, we have ( ) ( ) .0=βη−α XXv jj  

Therefore, 0=β=α  and M  is an indefinite cosymplectic manifold. 

(2) From the last equation, we obtain 

( ) ( ) ( ) .0,,0, ==ν= jEaijN UXAgXUXAg ai  (3.15) 

Replacing Y by jξ  to (3.11) such that ,0=β=α  we get 

( ) ( )∑ ∑
= +=

=ξ+ξ
r

i

n

ra
aj

s
aiji WXhUXh

1 1
.0,,  

From this equation and ( ) ,13.2 2  we obtain 

( ) ( ) ( ) .0,,0, =ξ=φ=ξ i
s
aaiji XhXXh  (3.16) 
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Taking the scalar product with jN  to (3.11) such that ,0=β=α  we have 

( ) ( ) ( ) ( )∑ ∑
= +=α

=+
r

i

n

r
jEajNi NXAgYwNXAgYu ai

1 1
.0,,  

From this equation and ( ) ,13.2 4  we obtain 

( ) ( ) ( ) .0,,0, ==ρ= jEiajN NXAgXNXAg ai  (3.17) 

From (3.16) and (3.17), we see that M is statical. 

(3) Taking the scalar product with jV  and bW  to (3.11) by turns, we get 

( ) ( ) ( ) ( ) ( )∑ ∑
= +=

μ+λ=
r

i

n

ra
jaajiij XYwXYuYXh

1 1
,,  

( ) ( ) ( )∑
+=

κ=
n

ra
aba

s
b XYwYXh

1
,,  

due to ( ) .0=ν Xai  Replacing Y by iV  to the second equation, we have 

( ) ( ) ( ) .0,, =ε==μ i
s
aaaiia VXhWXhX  

As ,0=ρia  XA aW  belongs to ( )TMS  by ( ) .13.2 4  As XA i
∗
ξ  and XA aW  

belong to ( )TMS  and ( )TMS  is non-degenerate, from the last three equations 

we get 

( ) ( )∑ ∑
= +=

∗
ξ κ=λ=

r

j

n

rb
babEjij WXXAVXXA ai

1 1
.,  (3.18) 

As ( ) ( ) ,0, ==ν j
s
aaj UXhX  taking jUY =  to (3.11), we get 

( )∑
=

λ=
r

j
jjiN UXXA i

1
.  (3.19) 
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Taking ( )HY Γ∈  and then, taking jVY =  to (3.11) by turns, we have 

( ) ( )∑ ∑
= +=

=+
r

i

n

ra
a

s
aii WYXhUYXh

1 1
,0,,  

( ) ( )∑ ∑
= +=

=+
r

i

n

ra
aj

s
aiji WVXhUVXh

1 1
,0,,  

respectively. Taking the scalar product with jU  and bW  to these two 

equations by turns, for any ( )TMX Γ∈  and ( ),HY Γ∈  we have 

   ( ) ( ) ( ) ( ) ,0,,0,,0,,0, ==== j
s
aji

s
ai VXhVXhYXhYXh  (3.20) 

respectively. Taking the scalar product with ( )oHZ Γ∈  to (3.11), we get 

( ) ( ) ( ) ( )∑ ∑
= +=

∗ =ε+
r

i

n

ra

s
aaaii ZXhYwZXhYu

1 1
.0,,  

Taking kUY =  to this equation, we have 

( ) ( ) ( ).,,0, oi HYTMXYXh Γ∈Γ∈∀=∗  (3.21) 

By directed calculations from (3.1) and by using (2.5), (3.5), (3.7), (3.8), 
(3.16), (3.17), (3.20) and the fact that ,0=ρ=φ iaai  we derive 

( ) ( ) ( ) ,0,,, =∇=∇=ξ∇ iXjiXjiX VYgVVgVg  

( ) ( ) ( ) ,0,,, =∇=∇=ξ∇ aXaiXaiX WYgWVgWg  

for all ( )TMX Γ∈  and ( ),oHY Γ∈  or equivalently, we get 

( ) ( ) ( ).,, HYTMXHYX Γ∈∀Γ∈∀Γ∈∇  

This result implies that H is a parallel distribution on M. 

By using (3.4), (3.6), (3.15), (3.17), (3.20), (3.21) and ,0=ρia  we derive 

( ) ( ) ( ) ,0,,, =∇=∇=∇ YUgUUgNUg iXjiXjiX  

( ) ( ) ( ) ,0,,, =∇=∇=∇ YWgUWgNWg aXjaXjaX  
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for all ( )TMX Γ∈  and ( ),oHY Γ∈  or equivalently, we get 

( ) ( ) ( ).,, HZTMXHZX ′Γ∈Γ∈∀′Γ∈∇  

Thus, H ′  is also a parallel distribution of M. 

(4) As ,HHTM ′⊕=  and H and H ′  are parallel distributions, by the 

decomposition theorem of de Rham [4], M is locally a product manifold 
,21 MM ×  where 1M  and 2M  are leaves of the distributions H ′  and H, 

respectively. 

Theorem 3.2. Let M be a generic lightlike submanifold of an indefinite 

trans-Sasakian manifold .M  If iU  or iV  is parallel with respect to ,∇  then 

,0=β=α  i.e., M  is an indefinite cosymplectic manifold. 

Proof. (1) If iU  is parallel with respect to ,∇  then, taking the scalar 

product with ζ  to (3.6), we have ( ) ( ) .0=β+αη XvX ii  Thus, 0=β=α  

and M  is an indefinite cosymplectic manifold. Taking the scalar product 
with kV  and bW  to (3.6) by turns, we get 0=τij  and ,0=ρia  respectively. 

Applying J to (3.6) and using (2.1) 1, (3.12)3, we obtain 

( ) ( )∑ ∑
= +=

ν+λ=
r

j

n

ra
aaijjiN WXUXXA i

1 1
.  (3.22) 

Taking the scalar product with jN  to (3.22), we obtain ( ) .0=η XA iNj  

(2) If iV  is parallel with respect ,∇  then, taking the scalar product with 

kk VU ,,ζ  and bW  to (3.7) by turns, we have ( ) 0,,0,0 =ξ=τ=β ijji Xh  

and ,0=φai  respectively. Applying J to (3.7) and using (2.1) and (3.12)1, 

we get 

( ) ( ) ( )∑ ∑
= +=

∗
ξ μ+χ+ζα−=

r

j

n

ra
aiajiji WXUXXuXA i

1 1
.  
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Taking the scalar product with ,kU  we get ( ) .0, =ji UXh  Taking iUX =  

to (3.12)1, we have ( ) ( ) .0, =ζ=α−=α− iiii UhUu  As ,0=α  we obtain 

( ) ( )∑ ∑
= +=

∗
ξ μ+χ=

r

j

n

ra
aiajij WXUXXA i

1 1
.  (3.23) 

4. Submanifolds of Space Forms 

Theorem 4.1. Let M be a generic lightlike submanifold of an indefinite 

generalized Sasakian space form ( ).,, 321 fffM  Then we have the 

following: 

(1) α  is a constant, 

(2) ,0=αβ  

(3) 22
21 β−α=− ff  and ( ) .22

31 ζβ−β−α=− ff  

Proof. Comparing the tangential, lightlike transversal and co-screen 
components of the two equations (2.4) and (2.14), and using (3.4), we get 

( ) ( ) ( ){ }YZXgXZYgfZYXR ,,, 1 −=  

( ) ( ) ( ){ }FZJYXgFXJZYgFYJZXgf ,2,,2 +−+  

( ) ( ) ( ) ( ){ XZYYZXf θθ−θθ+ 3  

( ) ( ) ( ) ( ) }ζθ−ζθ+ XZYgYZXg ,,  

{ ( ) ( ) }∑
=

−+
r

i
NiNi YAZXhXAZYh ii

1
,,  

{ ( ) ( ) }∑
+=

−+
n

ra
E

s
aE

s
a YAZXhXAZYh aa

1
,,,  (4.1) 
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( ) ( ) ( ) ( )ZXhZYh iYiX ,, ∇−∇  

{ ( ) ( ) ( ) ( )}∑
=

τ−τ+
r

j
jjijji ZXhYZYhX

1
,,  

{ ( ) ( ) ( ) ( )}∑
+=

φ−φ+
n

ra

s
aai

s
aai ZXhYZYhX

1
,,  

( ) ( ) ( ) ( ) ( ) ( ){ }.,2,,2 JYXgZuJZYgXuJZXgYuf iii +−=  (4.2) 

Taking the scalar product with iN  to (2.15), and then, substituting (4.1) 

into the resulting equation and using (2.13)4, we obtain 

( ) ( ) ( ) ( )PZXhPZYh iYiX ,, ∗∗ ∇−∇  

{ ( ) ( ) ( ) ( )}∑
=

∗∗ τ−τ+
r

j
jijjij PZYhXPZXhY

1
,,  

{ ( ) ( ) ( ) ( )}∑
+=

ρ−ρε+
n

ra

s
aia

s
aiaa PZYhXPZXhY

1
,,  

{ ( ) ( ) ( ) ( )}∑
=

η−η+
r

j
NijNij XAPZYhYAPZXh jj

1
,,  

( ) ( ) ( ) ( ){ }YPZXgXPZYgf ii η−η= ,,1  

( ) ( ) ( ) ( ) ( ) ( ){ }JYXgPZvJPZYgXvJPZXgYvf iii ,2,,2 +−+  

( ) ( ) ( ) ( ){ } ( ).3 PZXYYXf ii θηθ−ηθ+  (4.3) 

Applying Y∇  to (3.5)1 and using (2.10), (2.12), (3.4) and (3.5), we 

obtain 

( ) ( ) ( ) ( ) ( ) ( )iXjXNjiXijX UYAgVYAgVYhUYh ji ∇−∇+∇=∇ ∗
ξ

∗ ,,,,  

( ) ( )∑
=

∗ ξ+
r

k
jkki YhUXh

1
.,,  
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Using (2.1), (3.2)~(3.7) and (3.12), we have 

( ) ( ) ( ) ( )jiXijX VYhUYh ,, ∗∇=∇  

{ ( ) ( ) ( ) ( )}∑
=

∗τ+τ−
r

k
jkikikkj VYhXUYhX

1
,,  

{ ( ) ( ) ( ) ( )}∑
+=

ρε+φ−
n

ra
j

s
aiaai

s
aaj VYhXUYhX

1
,,  

( ( )) ( ( ))XAFYAgYAFXAg ijij NN ,, ∗
ξ

∗
ξ −−  

{ ( ) ( ) ( ) ( )}∑
=

∗∗ ξ+ξ+
r

k
jkkijkki YhUXhXhUYh

1
,,,,  

( ) ( ) ( ) ( )∑
=

ηα−η−
r

k
ijNkkj XYuYAVXh i

1

2,  

( ) ( ) { ( ) ( ) ( ) ( )}.2 XvYuYvXuYXu ijijij −αβ+ηβ−  

Substituting this into (4.2) such that replace i by j and take ,iUZ =  we have 

( ) ( ) ( ) ( )jiYjiX VXhVYh ,, ∗∗ ∇−∇  

{ ( ) ( ) ( ) ( )}∑
=

∗∗ τ−τ−
r

k
jkikjkik VXhYVYhX

1
,,  

{ ( ) ( ) ( ) ( )}∑
+=

ρ−ρε−
n

ra
iaj

s
aiaj

s
aa YVXhXVYh

1
,,  

{ ( ) ( ) ( ) ( )}∑
=

η−η−
r

k
NijkNijk YAVXhXAVYh kk

1
,,  

( ){ ( ) ( ) ( ) ( )}XYuYXu ijij η−ηβ−α+ 22  
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{ ( ) ( ) ( ) ( )}XvYuYvXu ijij −αβ+ 2  

{ ( ) ( ) ( ) ( ) ( )}.,22 JYXgYXuXYuf ijijij δ+η−η=  

Comparing this equation with (4.3) such that jVPZ =  and using the facts 

that ( )ji VXh ,  are symmetric and ( )XA jNiη  are skew-symmetric with 

respect to i and j due to (2.13)3 and (3.5)3, we get 

{ ( )}[ ( ) ( ) ( ) ( )]YXuXYuff ijij η−ηβ−α−− 22
21  

{ ( ) ( ) ( ) ( )}.2 YvXuXvYu ijij −αβ=  

Taking ji UYX =ξ= ,  and ,, ji UYVX ==  respectively, we have 

.0,22
21 =αββ−α=− ff  

Applying X∇  to ( ) ( )ii NYgY ,=η  and using (2.5) and (2.6), we have 

( ) ( ) ( ) ( )∑
=

ητ+−=η∇
r

j
jijNiX YXYXAgY i

1
.,  

Applying Y∇  to (3.12)3 and using (3.10), (3.14) and the last equation, we 

have 

( ) ( ) ( ) ( ) ( ) ( )YXYvXYh iiiX ηβ+α−=ζ∇ ∗ ,  

( ) ( ) ( ) ( )YXXY ii ηθβ+ηθα+ 22  

( ) ( ) ( ) ( )
⎪⎩

⎪
⎨
⎧

τ−+α+ ∑
=

r

j
ijjNN XYvFXYAgFYXAg ii

1
,,  

( ) ( ) ( ) ( )
⎪⎭

⎪
⎬
⎫

η−ρε− ∑ ∑
+= =

n

ra

r

j
Nijiaaa XAYuXYw j

1 1
 

( ) ( ) ( ) ( ) .,,
1 ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ητ−+β− ∑
=

r

j
jijNN YXXYAgYXAg ii  
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Substituting this and (3.12) into (4.3) such that ,ζ=PZ  we get 

{ [ ( )] ( )} ( )YXffX iηθβ−α−−+β 22
31  

{ [ ( )] ( )} ( )XYffY iηθβ−α−−+β− 22
31  

( ) ( ) ( ) ( ).XvYYvX ii α−α=  

Taking ζ=X  and ,iY ξ=  and taking kUX =  and iVY =  by turns, we get 

.,0,22
31 iUff i ∀=αζβ−β−α=−  

Applying X∇  to ( ) ( )YuYh ii α−=ζ,  and using (3.9) and (3.13), we get 

( ) ( ) ( ) ( ) ( )YXhYuXYh iiiX ,, β−α−=ζ∇  

( ) ( ) ( ) ( )
⎪⎩

⎪
⎨
⎧

φ+τα+ ∑ ∑
= +=

r

j

n

ra
aiajij XYwXYu

1 1
 

( ) ( ) .,,
⎪⎭

⎪
⎬
⎫

++ FXYhFYXh ii  

Substituting this and (3.12) into (4.2) such that ,ζ=Z  we obtain 

( ) ( ) ( ) ( ).XuYYuX ii α=α  

Replacing Y by iU  to this, we obtain .0=αX  Thus, α  is a constant. 

Theorem 4.2. Let M be a generic lightlike submanifold of an indefinite 
generalized Sasakian space form ( ).,, 321 fffM  If one of { }ii VUF ,,  is 

parallel with respect to the induced connection ,∇  then ( )321 ,, fffM  is 

flat. 

Proof. (1) If F is parallel with respect to ,∇  then, by Theorem 3.1, we 

get (3.19) and the results: 0=β=α  and ( ) .0=η=ρ=φ XA jNiaiia  As 

,0=α  we see that 321 fff ==  by Theorem 4.1. 
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Taking the scalar product with jU  to (3.19), we get 

( ) .0, =∗
ji UXh  

Using this result, (3.6), (3.19) and the facts that 0=ρai  and ,0=iFU  we 

get 

( ) ( ) .0, =∇ ∗
jiX UYh  

Substituting the last two equations into (4.3) with ,jUPZ =  we have 

{ ( ) ( ) ( ) ( )} { ( ) ( ) ( ) ( )} ,021 =η−η+η−η YXvXYvfYXvXYvf jijiijij  

due to ( ) .0=η=ρ XA jNiai  Taking iX ξ=  and jVY =  to this equation, 

we obtain .01 =f  Therefore, 0321 === fff  and ( )321 ,, fffM  is flat. 

(2) If iU  is parallel with respect to ,∇  then we get (3.22), 0=β=α  and 

( ) 0=η=ρ=τ XA iNjiaij  by (1) of Theorem 3.2. As ,0=α  by Theorem 

4.1, we have .321 fff ==  Taking the scalar product with jU  to (3.22), we 

get 

( ) .0, =∗
ji UXh  

Applying F to (3.22) and using the facts that ,0== ai FWFU  we see 

that ( ) .0=XAF iN  Applying X∇  to ( ) 0, =∗
ji UYh  and using (3.6), we 

obtain 

( ) ( ) .0, =∇ ∗
jiX UYh  

Substituting the last two equations into (4.3) with ,jUPZ =  we have 

{ ( ) ( ) ( ) ( )} { ( ) ( ) ( ) ( )} ,021 =η−η+η−η YXvXYvfYXvXYvf jijiijij  

due to ( ) .0=η=ρ=τ XA iNjiaij  Taking iX ξ=  and jVY =  to this equation, 

we obtain .01 =f  Therefore, 0321 === fff  and ( )321 ,, fffM  is flat. 
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(3) If iV  is parallel with respect to ,∇  then we get (3.23), 0=β=α  

and ( ) 0, =ξ=φ=τ ijiaij Xh  by (2) of Theorem 3.2. As 0=β=α  by 

Theorem 4.1, .321 fff ==  Taking the scalar product with kU  to (3.23), we 

get 

( ) .0, =ji UYh  

Applying X∇  to this equation and using (3.6) and (3.12), we have 

( ) ( ) ( ( )) ( ) ( )∑
+=

∗
ξ ρ−−=∇

n

ra
aijaNjiX WYhXXAFYAgUYh ji

1
.,,,  

Substituting the last two equations into (4.2) with ,jUZ =  we obtain 

( ( )) ( ( ))XAFYAgYAFXAg jiji NN ,, ∗
ξ

∗
ξ −  

{ ( ) ( ) ( ) ( )}∑
+=

ρ−ρ+
n

ra
aijaaija WYhXWXhY

1
,,  

{ ( ) ( ) ( ) ( ) ( )}.,22 JYXgYXuXYuf ijjiji δ+η−η=  (4.4) 

As ( ) 0, =ξ Xh ji  and ( ) ,0, =XUh ji  we have 0=ξ∗ξ jiA  and .0=∗
ξ jUA i  

Taking jX ξ=  and iUY =  to (4.4), we obtain .02 =f  Therefore 21 ff =  

.03 == f  
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