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Abstract

We study generic lightlike submanifolds M of an indefinite trans-
Sasakian manifold M. The purpose of this paper is to prove several
classification theorems of such a generic lightlike submanifold subject
to the condition that the structure vector field { of M is tangent
to M.

1. Introduction

In the theory of Riemannian submanifold, there exists a class of
submanifolds of an almost contact manifold M. A submanifold M of M is

called generic [12, 13] if the normal bundle TM+ of M is mapped into the
tangent bundle TM by action of the almost contact structure tensor J of M,
that is,
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JAOML) = T™.
We extended the concept of generic submanifold in case M is a lightlike

submanifold of an indefinite almost contact manifold M. In case M is

lightlike submanifold, the radical distribution Rad(TM)=TM NTM Lois

non-trivial vector bundle of M and TM is lightlike vector bundle. Thus, we

have

™ 2= TM ®gy, TM L.

Consider a complementary vector bundle S(TM) of Rad(TM) in TM,
1.e.,

T™ = Rad(TM) @grtp S(TM).

We call S(TM) a screen distribution of M. It is immediate from the last
equation that S(TM) is non-degenerate. Moreover, if M is para-compact,

then there always exists a screen distribution S(TM ). Along M, we have
N 1 L
T™™jp = S(TM) ®grhy S(TM)™, S(TM) N S(TM )~ = {0},

where S(TM ) is orthogonal complement to S(TM) in TI\W|M. Although
S(TM) is not unique, it is canonically isomorphic to the factor vector bundle
S(TM)* = TM/Rad(TM) [10]. Thus, all S(TM)s are mutually isomorphic.
Moreover, while TM is lightlike, all S(TM)s are non-degenerate. Due to

these reasons, we defined generic lightlike submanifold as follows [6-8]:

A lightlike submanifold M of an indefinite almost contact manifold M is
called generic if there exists a screen distribution S(TM ) of M such that

J(S(TM ) = S(TM). (1.1)

The geometry of generic lightlike submanifold is an extension of the
geometry of lightlike hypersurface or 1-lightlike submanifold. Much of its
theory will be immediately generalized in a formal way to general lightlike
submanifolds.
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Oubina [11] introduced the notion of trans-Sasakian manifold of type

(o, B), where o and B are smooth functions. Sasakian, Kenmotsu and

cosymplectic manifolds are three important kinds of trans-Sasakian manifold
such that

respectively, where & = +1. In this case, if M is a semi-Riemannian
manifold, then we say that M is an indefinite trans-Sasakian manifold of
type (at, B).

Alegre et al. [2] introduced generalized Sasakian space form
M (f,, f,, f3). Sasakian, Kenmotsu and cosymplectic space forms are three

important kinds of generalized Sasakian space forms such that

c+3 c-1 c-3 c+1

fi==Fg— h=fh=" h=—= fh=0=""
c
fi=fy=f=1,

respectively, where C is a constant J-sectional curvature of each space forms.

We study generic lightlike submanifolds of an indefinite trans-Sasakian
manifold M or an indefinite generalized Sasakian space form M (f}, f,, f3).
We prove several classification theorems of such a generic lightlike
submanifold subject such that the structure vector field { of M is tangent

to M.
2. Preliminaries

An odd-dimensional semi-Riemannian manifold (M, @) is called an
indefinite trans-Sasakian manifold if there exists a structure set {J, ¢, 6, g},
where J is a (1, 1)-type tensor field, { is a vector field which is called the

structure vector field and 0 is a 1-form, a Levi-Civita connection V on M

and two smooth functions a and p on M, such that
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32X = =X +0(X)C, 6(C) = 1, 8(X) = eg(X., C).
0oJ =0, g(IX, IY)=g(X,Y)-eb(X)o(Y), 2.1
(V)Y = afg(X, Y)C —e0(Y) X} + B{g(IX, Y)C — e0(Y) X}, (2.2)

for any vector fields X, Y and Z on M, where € = 1 or —I according as
the vector field £ is spacelike or timelike, respectively. In this case, the set

{3, €, 0, g} is called an indefinite trans-Sasakian structure of type (a., B).

Throughout this paper, we may assume that the structure vector field
is unit spacelike, i.e., € = 1, no loss of generality. From (2.1) and (2.2), we

get
VG =—adX +B{X - 0(X)¢}, do(X,Y)=ag(X,JY). (23)

An indefinite trans-Sasakian manifold M is called an indefinite
generalized Sasakian space form and denote it by M (f,, f,, f3) if it admits

a curvature tensor R and three smooth functions f;, f, and f; satisfying

R(X,Y)Z = f,{g(Y, Z)X - g(X, Z2)Y}
+ H,{g(X, JZ)JIY - g(Y, JZ)IX +2g(X, IY)JIZ}
+ H{0(X)0(Z)Y - 0(Y)0(Z) X

+9(X, Z2)8(Y)¢ - (Y, Z)8(X)C}. (2.4)

Let (M, g) be an m-dimensional lightlike submanifold of an indefinite
trans-Sasakian manifold (M, @), of dimension (m+ n). Then the radical
distribution Rad(TM)=TM NTM* of M is a subbundle of the tangent
bundle TM and the normal bundle TM*, of rank r(1 < r < min{m n}). In

general, there exist two complementary non-degenerate distributions S(TM )

and S(TM ) of Rad(TM) in TM and TM ™, respectively, which are called
the screen distribution and the co-screen distribution of M, such that
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T™ = Rad(TM) ®¢rny S(TM ), TM = Rad(TM ) @, S(TM L),

where @, denotes the orthogonal direct sum. Denote by F(M) the
algebra of smooth functions on M and by TI'(E) the F(M) module of
smooth sections of a vector bundle E. Also denoted by (2.1); the ith equation

of (2.1). We use the same notations for any others. We use the following
range of indices:

i j, k.. e{l,..,r}, abc .. e{r+1,..,n}.

Let tr(TM) and Itr(TM) be complementary vector bundles to TM in
TMjy and TML in S(TM)L, respectively and let {Nj, .., N,} be a
lightlike basis of Itr(TM),,, where U is a coordinate neighborhood of M,
such that

g(N;, &5) =8, d(Nj, Nj) =0,
where {§;, ..., & } is a lightlike basis of Rad(TM )‘ y- Then we have
™M = TM @ tr(TM) = {Rad(TM) @ tr(TM )} @y, S(TM)
= {Rad(TM) @ Itr (TM )} @iy S(TM) @y S(TM ).
We say that a lightlike submanifold (M, g, S(TM), S(TM 1)) of M is

(1) r-lightlike submanifold if 1 < r < min{m, n};

(2) co-isotropic submanifoldif 1 <r =n<m

(3) isotropic submanifoldif 1 <r =m< n;

(4) totally lightlike submanifoldif 1 <r = m=n.

The above three classes (2)~(4) are particular cases of the class (1) as
follows:

S(TM™) = {0}, S(TM) = {0}, S(TM) = S(TM~) = {0},



66 Dae Ho Jin

respectively. The geometry of r-lightlike submanifolds is more general form
than that of the others. For this reason, we consider only r-lightlike

submanifolds M, with following local quasi-orthonormal field of frames of

M :

{80 s Ers Npy ooy Ny Fr s ooos Fo Epas oo Enl,
where {F; 1, ..., Fm} and {E, 1, ..., E,,} are orthonormal bases of S(TM ) and
S(TM ), respectively. Denote e4 = §(Eg, Ey). Then €584 = §(Eq, Ep).

In the following, let X, Y, Z and W be the vector fields on M, unless
otherwise specified. Let P be the projection morphism of TM on S(TM ).

Then the local Gauss-Weingarten formulae of M and S(TM) are given by

r n
VxY = VY + > R (X YN + D h3(X, Y)E,, (2.5)
i=l1 a=r+1
o r n
VxNi = —Ay X + D (XN} + D pia(X)Ea, (2.6)
j=1 a=r+1
o r n
VxEa = —Ag, X + D 0 (XINj + > oap(X)Ep, 2.7)
i=l1 a=r+1
r
VxPY = VXPY + > K'(X, PY)g, (2.8)
i=1
I
V& = =R X =D 15i(X)E, (2.9)
j=1

respectively, where V and V" are induced linear connections on TM and

S(TM), respectively, hé and hy are called the local second fundamental

formson TM, " are called the local second fundamental formson S(TM ).
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Ay, Ag, and %*i are the shape operators and Tjj, pja, o and o,pg are

1-forms.

Since V is torsion-free, V is also torsion-free, and both hf and h3 are
symmetric. From the fact that hf(X, Y) = g(VxY, &), we know that each

h’f is independent of the choice of the screen distribution S(TM ). The above

three local second fundamental forms are related to their shape operators by

(A X, Y) = K (X, Y)+ D hj(X, g)m;(Y), (2.10)
j=1
9(Ag, X, Y) = £an5(X, Y) + D b (X)mi(Y), (2.11)
i=1
g(An, X, PY) = (X, PY), nic(& X) = 0. .12)

where m; is the I-forms given by m;(X)=g(X,N;). Applying Vy
to g(ai: ‘:j) =0, g(ai’ Ea) =0, G(Ni: NJ) =0, G(Ni’ Ea) =0 and
9(Eq, Ep) = &dap, we get

W(X, &)+ hi(X, &) =0, h3(X, &) = —e404 (X),

M (An; X) +1i(An; X) = 0, G(Ag, X, Ni) = ggpial(X),

epOab + £a0ba = 0 and (X, &) =0, h (&}, &) = 0. (2.13)

Denote by R, R and R" the curvature tensors of the Levi-Civita
connection V on M and the linear connections V and V* on M and
S(TM), respectively. By using the Gauss-Weingarten formulae (2.5)~(2.9)
for M and S(TM), we obtain the Gauss equations for M and S(TM) such
that
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R(X,Y)Z =R(X,Y)Z + Zr:{hf(x, Z)AyY — (Y, Z) Ay X}

i=1

o3 RS(X. 2) A - HE(Y. Z) A X)

a=r+l

+ Z{(Vxh[)(Y, Z)- (vyh) (X, 2)
i=1

# D (XY, 2) - T (Y)h{(X, 2)]
j=1

+ D [0 (XY, 2) = dai (Y)hS(X, Z)]}Ni

+1

—

M=

+

{(Vxhi)(Y, Z) - (Vyha)(X, Z)

r+l

+ Y [pia(ON (Y, Z2) - pia(V)NS(X, 2)]

i=l1

+ ) [opa(X)NS(Y. Z) - opa(VS(X. z>]}Ea. 2.14)

b=r+1

R(X, Y)PZ = R (X, Y)PZ + Zr:{h*(x, PZ) A Y - (Y, PZ) A; X}
i=1

+ Z{(Vxh*)(Y, PZ) - (Vy)(X, PZ)
i=1

+ Y [5 (VN (X, PZ) - 5 (X (Y, PZ)]}gi. (2.15)

j=1

In the case R = 0, we say that M is flat.
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3. Generic Lightlike Submanifolds

For a generic lightlike submanifold M, from (1.1) we see that
J(Rad(TM)), J(Itr(TM)) and J(S(TM™)) are subbundles of S(TM). In

the following, we shall assume that the vector field { is tangent to M. Calin
[3] proved that if { is tangent to M, then it belongs to S(TM ). Using this
result, there exists a non-degenerate almost complex distribution H, i.e.,
J(Hg) = Hg, such that
S(TM) = {J(Rad(TM)) ® J(Itr (TM )} ®cri I(S(TM ) Drin Ho.
Denote by H the almost complex distribution with respect to J such that
H = Rad(TM) @t J(Rad(TM ) @orth Ho-
Therefore, the general decomposition form of TM in Section 2 is reduced to
™ =H @ J(Itr(TM)) ®grth J(S(TM L)) (3.1)
Consider 2r-local null vector fields U; and V;, (n—r)-local non-null
unit vector fields W,, and their associated 1-forms U;, Vi and W, defined by
Ui =-JN;, Vo =-3, W, =-JE,, (3.2)
U (X) = g(X, Vi), vi(X)=9(X,Uj), Wa(X)=2eag(X,Wa). (3.3)

Denote by Sthe projection morphism of TM on H and F a tensor field of
type (1, 1) globally defined on M by F = J o S Then JX is expressed as

r n
IX = FX + Y G(XON + D wa(X)Eq. (3.4)

i=1 a=r+l
Applying Vx to (3.2)~(3.4) by turns and using (2.2), (2.5)~(2.13) and
(3.2)~(3.4), we have

hf(X, UI) = h*(X, V] )a Sah*(xa Wa) = hg(xa Ui)a
hf(X, VI) = hf(xﬂ Vj )a gahg(xa Wa) = haS(X7 Vl)a

gbhf(x’ Wa) = Sahas(xa V\b): (35)
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VxUi = F(AyX)+ Y ti(XUj + > pia(X)Wa

j=l1 a=r+l

= tom; (X) + BV (X)}¢, (3.6)

VxVi = F(Aé]X)—eri(X)Vj + th(x, &)U |

j=1 j=1
n
= D sabai (X)W, = B (X)G, (3.7)
a=r+l1

VxWa = F(Ag, X) + D da (X)Uj + D oap(X)W,

i=1 b=r+1

— eaPwWa(X)C, (3.8)

(Vxu)(Y) = =2 uj(Nti(X) = > wa(Y)da(X)

j=1 a=r+1

- BO(Y)u (X) R (X, FY), (3.9)

Vx)M) = v+ Y cama(¥)pia(X)

j=1 a=r+l

= > U (Ay X) - g(Ay X, FY)

j=r+1

= 6(Y){om; (X) + v (X)}, (3.10)

(VxF)) = Y uMAgX+ 3 wa(Y)Ag, X

i=1 a=r+l1
r n

=D R IU = D) (X, Y)W,
i=1 a=r+l

+af{g(X, Y)C - 0(Y) X} +B{g(IX, Y)L - 6(Y)FX}. (3.11)
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Applying Vy to §(5,&)=0,9(C, Ea)=0 and g(&, N;) = 0 by turns
and using (2.1), (2.3), (2.5)~(2.12), (3.2) and (3.3), we have

W (X, ) = —ati(X).  h§(X, £) = ~amp(X),
(X, €) = —ovi(X) + B (X). (3.12)
Substituting (3.4) into (2.3) and using (2.5), we have
V€ =—-aFX +B(X = 6(X){). (3.13)

We denote by Ajj, Uia, Via, Kap and yjj the 1-forms such that
A (X) = (X, Uj) = hi(X, M), kap(X) = sahg(X, W),
pia(X) = K (X, Wy) = eah3(X. Vi), %ij(X) = K (X, V)),

vai (X) = KX, Wy) = gah3(X, Uj). (3.14)

Note that, from (3.5); 5 and (3.14), 4, we see that yjj and kg are
symmetric.

Denote by H' the distribution on H(TM) such that

H' = J(Itr(TM)) ®orny J(S(TM L)), TM =H @ H".
Definition. We say that a lightlike submanifold M of M is called
(1) irrotational [10]if Vx& € I'(TM) forall i € {1, ..., r},
(2) solenoidal [9]if Ay, and Ay, are S(TM)-valued,
(3) statical [9] if M is both irrotational and solenoidal.

Remark. From (2.5) and (3.12),, the item (1) is equivalent to

(X&) =0, h3(X.&)=da(X)=0.
By using (3.12),, the item (2) is equivalent to

nj(Ay; X) =0, pia(X) = nj(Ag, X) = 0.
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Theorem 3.1. Let M be a generic lightlike submanifold of an indefinite
trans-Sasakian manifold M. If F is parallel with respect to the induced
connection V, then the following statements ar e satisfied:

(1) M isan indefinite cosymplectic manifold, i.e, o = B = 0,

(2) M is statical,

(3) J(Itr(TM)), I(S(TM 1)) and H are paralld distributions on M,

(4) M is locally a product manifold M, xM_, xM*#, where M,
M, , and M* areleavesof J(Itr(TM)), J(S(TM ™)) and H, respectively.

Proof. (1) As Vyx F = 0, taking the scalar product with U j to (3.11), we
get

n

D UMYX U+ D wa(¥)g(Ae, X, Uj)

i=1 a=r+l
= 0(Y){avj(X) = Bn;j(Y)} = 0.
Replacing Y by C to this equation, we have av;(X)-fn;(X) = 0.
Therefore, oo = p = 0 and M is an indefinite cosymplectic manifold.
(2) From the last equation, we obtain
g(Ay X, Uj) =0, vg(X)=7g(Ag,X,Uj)=0. (3.15)
Replacing Yby &; to (3.11) such that o = = 0, we get
r n
DR (X EPU + D RE(X, &)W, = 0.
i=1 a=r+1

From this equation and (2.13),, we obtain

N(X, &) =0, z(X)=h5(X,&)=0. (3.16)
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Taking the scalar product with Nj to (3.11) such that a = = 0, we have
r n
D u(NTAG X, N+ D wa(Y)T(Ag, X, Nj) = 0.
i=1 a=r+l
From this equation and (2.13),, we obtain
g(Alea NJ):Oa pla(x):g(AEaxa Nj):() (317)
From (3.16) and (3.17), we see that M is statical.

(3) Taking the scalar product with Vj and W, to (3.11) by turns, we get

hi (X, ¥) = D uMri(X)+ D wa(Y)uja(X),
i=1 a=r+1

BOGY) = > WalY)kap(X),

a=r+1
due to vg4(X) = 0. Replacing Yby V; to the second equation, we have
l
Ria(X) = K (X, W) = eg3(X, ) = 0.

As pig =0, Aw X belongs to S(TM) by (2.13),. As %iX and Ay, X
belong to S(TM ) and S(TM ) is non-degenerate, from the last three equations

we get

AX =D 0 (X)), A X = ) kap(X)Wh, (3.18)

j=1 b=r+1

As vgi(X) = h3(X, Uj) =0, taking Y = U to (3.11), we get

r
Ay X =D 4ji(X)U. (3.19)

=1
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Taking Y e ['(H) and then, taking Y = V; to (3.11) by turns, we have

RO+ Y RO Y)W =
i=1

a=r+1

r n
DR VU + D (X, V)W, =0,
i=1

a=r+l
respectively. Taking the scalar product with Uj and W, to these two

equations by turns, for any X € I'(TM ) and Y € T'(H), we have
(X, Y)=0, h(X,Y)=0, h(X,Vj)=0, h3(X,V|)=0, (320)

respectively. Taking the scalar product with Z € T(Hg) to (3.11), we get

n

D UMK (X, 2)+ D eawa(Y)ME(X, 2) = 0.

i=1 a=r+1
Taking Y = Uy to this equation, we have
K'(X,Y)=0, ¥vX eT(TM), Y eT(Hy). (3.21)

By directed calculations from (3.1) and by using (2.5), (3.5), (3.7), (3.8),
(3.16), (3.17), (3.20) and the fact that ¢, = pj5 = 0, we derive

9(Vx&i» Vi) = 9(VxV, Vj) = g(VxY, M) = 0,
a(Vx&i, Wa) = 9(VxVi, Wy) = g(VxY, Wy) = 0,
forall X e (TM) and Y € I'(H,), or equivalently, we get
VxY el(H), VX el(TM), VY eIl(H).
This result implies that H is a parallel distribution on M.
By using (3.4), (3.6), (3.15), (3.17), (3.20), (3.21) and pj5 = 0, we derive
9(VxUi, Nj) = 9(VxUj, Uj) = g(VxU;, Y) =0,

9(VxWa, Nj) = g(VxWa, Uj) = g(VxWs, Y) =0,
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forall X e (TM) and Y € I'(H,), or equivalently, we get
VxZeT(H'), VX el(TM), ZeT(H").
Thus, H' is also a parallel distribution of M.

(4) As TM = H @ H', and H and H' are parallel distributions, by the
decomposition theorem of de Rham [4], M is locally a product manifold

M; x M,, where M; and M, are leaves of the distributions H' and H,

respectively.

Theorem 3.2. Let M be a generic lightlike submanifold of an indefinite
trans-Sasakian manifold M. If U; or V; is parallel with respect to V, then

o =p =0, ie, M isanindefinite cosymplectic manifold.
Proof. (1) If U; is parallel with respect to V, then, taking the scalar
product with £ to (3.6), we have oan;(X)+Bv(X)=0. Thus, a =B =0

and M is an indefinite cosymplectic manifold. Taking the scalar product

with Vi and W, to (3.6) by turns, we get 1j; = 0 and pja = 0, respectively.
Applying Jto (3.6) and using (2.1) , (3.12);, we obtain
r n
A X = D 000U+ > v (X)W, (3.22)
j=1 a=r+l

Taking the scalar product with Nj to (3.22), we obtain 1 (Ay, X) = 0.

(2) If V; is parallel with respect V, then, taking the scalar product with
€, Uy, Vi and W, to (3.7) by turns, we have B =0, 1j; = 0, h{(X, &) =0

and ¢, = 0, respectively. Applying J to (3.7) and using (2.1) and (3.12),,

we get

A X = —ai (X)E + ZXij(X)Uj + Z Hia(X)Wa.

j=1 a=r+l
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Taking the scalar product with U, we get i/ (X, U j) = 0. Taking X =U;
to (3.12), we have — a0 = —au (U;) = h'(U;, €) = 0. As o = 0, we obtain

r n
AX =D 1 (XU + D (X)W, (3.23)
j=1

a=r+1
4. Submanifolds of Space Forms

Theorem 4.1. Let M be a generic lightlike submanifold of an indefinite
generalized Sasakian space form M(f;, f,, f;). Then we have the
following:

(1) o isaconstant,
(2) ap =0,
@) fi-f=0o’-pPand f, - f3 = (a® - B*) - B

Proof. Comparing the tangential, lightlike transversal and co-screen

components of the two equations (2.4) and (2.14), and using (3.4), we get
R(X,Y)Z = fi{a(Y, Z)X - g(X, 2)Y}

+ £,{9(X, JZ)FY - g(Y, JZ)FX +2g(X, JY)FZ}

+ £3{6(X)0(Z)Y — 6(Y)0(Z) X

+9(X, 2)6(Y)C - g(Y, 2)6(X)¢}

+ 3NV, Z) Ay X - (X, 2)AyY)

i=1

+ Zn: {h3(Y, Z)Ag_ X - h3(X, Z) Ag Y}, (4.1)

a=r+l
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(Vxh)(Y, 2) - (Vyh)(X, Z)

+_hﬂmmna—wm%w1»

j=1
+ ) {0 (XONA(Y. 2) - 0ai ()NE(X, 2)}

a=r+l

= H{u(Y)a(X, I2) - 4(X)g(Y, IZ2) + 26 (Z)g(X, JY). (4.2)

Taking the scalar product with N; to (2.15), and then, substituting (4.1)

into the resulting equation and using (2.13),, we obtain

(VxR)(Y, PZ) - (VyR) (X, PZ)

+ D {5 (VN](X, PZ) = 7 (X)hj(Y, P2)}
j=1

+ 2 calpia(Y)PR(X, PZ) = pia(X)NS(Y, PZ)}

a=r+1
£ 3 0] (X, PZ)mi(Ay,Y) - (Y, PZ)mi(Ay, X))
j=1
= fi{g(Y, PZ)ni(X) - g(X, PZ)n;(Y);
+ f,{v(Y)a(X, IPZ) - vi(X)a(Y, IPZ) + 2v,(PZ)g(X, JY)}
+ £3{0(X)n;i (Y) - 6(Y)n; (X)};6(PZ). (4.3)
Applying Vy to (3.5); and using (2.10), (2.12), (3.4) and (3.5), we

obtain

(Vi) (Y. Ui) = (Vi RO)(Y. V) + g(Ag Y. VVj) - 9(A,Y. VxUi)

+ D R (X Uh(Y, &5).

k=1
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Using (2.1), (3.2)~(3.7) and (3.12), we have

(Vth)(Y, UI) = (th*)(Y’ V])

= {rg CORCY, Up) + g O R(Y, V)

k=1

= D {0g(X)NS(Y, Uj) + eapia(X)RS(Y, V) )}

a=r+l

- 9(A, X, F(AGY)) - 9(A, Y. F(Ay X))

+ Z{h*(Y’ Uk)hﬁ(xs &j)"' h*(x’ Uk)hﬁ(Y’ i])}

k=1

= D (X Viomk (A Y) = a?uj (V)i (X)

k=1
= B2 )i (Y) + aBfu; )V (Y) = uj (V) (X)}.

Substituting this into (4.2) such that replace i by j and take Z = U;, we have

(VY. V) = (VR (X, V))

- Z {Tik X (Y, V) = ti (Y) (X, V)

k=1

- Z galh3(Y, Vj)pia(X) = R3(X, V)pia(Y)}

a=r+1

= D (Y, V)i (Ag X) = B (X, V)mi (A, Y}

k=1

+ (a = B?) {u; COm; (V) = uj (V)i (X)}
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+2aB{uj (X)vi (Y) = uj(V)v (X)
= o {u; (Y)n; (X) = u (X)mi (V) + 28;; (X, IY)}.
Comparing this equation with (4.3) such that PZ =V; and using the facts
that h'(X, Vj) are symmetric and (ANJ- X) are skew-symmetric with
respect to i and j due to (2.13); and (3.5);, we get
= o = (@ = )} uj (V)i (X) = u; )i (V)]
= 2aB{uj (V)i (X) = uj (X)vi (Y)}.
Taking X =¢j, Y =Uj and X =V, Y =Uj, respectively, we have
fi— f, =a? —p, op =0.
Applying Vx to m;(Y) = g(Y, N;) and using (2.5) and (2.6), we have

r

(Vxm)Y = =g(Ay, X, Y) + D 1 (X)m; (Y).

j=1
Applying Vy to (3.12); and using (3.10), (3.14) and the last equation, we

have
(Vxh)(Y, ) = <(Xa)vi (Y) + (XB)n;(Y)
+ o 0(Y)n; (X) + BO(X )i (Y)

+ oc{g(ANi X, FY)+ g(AyY, FX) - Zvj (Y)7;i(X)

=1

- SaWa(Y)Pia(X)_Zuj(Y)ni(ANjX)}
=1

a=r+l1

- B{Q(ANi X, )+ g(AyY, X) = D7 (X)n; (Y)}

j=1
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Substituting this and (3.12) into (4.3) such that PZ = {, we get
(XB+[f = f5 - (0® = B*)]0CX)}mi(Y)
=B+ [f = f5 = (o = B2)JO(Y)Ini(X)
= (Xa)Vi (Y) = (Yoo v (X).
Taking X =C and Y =&, and taking X =Uy and Y =V; by turns, we get
fi—fy=a?-p>-¢B, Uja=0, Vi
Applying Vy to K (Y, ¢) = —au;(Y) and using (3.9) and (3.13), we get

(Vxh)(Y, ©) = (Xa)ui(Y) - BR' (X, Y)

+a Zuj(Y)Tji(X)+ Z Wa (Y)dgi (X)

j=1 a=r+l1
+h (X, FY)+ K(Y, Fx)}

Substituting this and (3.12) into (4.2) such that Z = {, we obtain
(Xa)ui (Y) = (You)u; (X).
Replacing Y by U; to this, we obtain Xow = 0. Thus, o is a constant.

Theorem 4.2. Let M be a generic lightlike submanifold of an indefinite
generalized Sasakian space form M(f;, f,, f;). If one of {F,U;, i} is
parallel with respect to the induced connection V, then M(f;, f,, f3) is
flat.

Proof. (1) If F is parallel with respect to V, then, by Theorem 3.1, we
get (3.19) and the results: o =B =0 and ¢j5 = pgy = ni(ANj X)=0. As

o =0, wesee that f; = f, = f; by Theorem 4.1.
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Taking the scalar product with U to (3.19), we get
h(X,Uj)=0.

Using this result, (3.6), (3.19) and the facts that p5; =0 and FU; =0, we
get

(VxK)(Y,U})=0.

Substituting the last two equations into (4.3) with PZ = U, we have

fi v (V) (X) = v X (N} + F240% (V)1 (X) = vi (X)n ()} = 0,
due to py = ni(ANj X)=0. Taking X =& and Y =V; to this equation,
we obtain f; = 0. Therefore, f; = f, = f; = 0 and M(f}, f,, f3) is flat.

(2) If U; is parallel with respect to V, then we get (3.22), a = 3 = 0 and
Tij = Pia = T]J-(ANi X) =0 by (1) of Theorem 3.2. As a = 0, by Theorem

4.1, we have f; = f, = f;. Taking the scalar product with U to (3.22), we

get
h(X,Uj)=0.

Applying F to (3.22) and using the facts that FU; = FW, = 0, we see
that F(Ay, X) = 0. Applying Vy to h (Y, Uj)=0 and using (3.6), we
obtain

(Vxh)(Y,Uj) = 0.
Substituting the last two equations into (4.3) with PZ = U, we have

fi{vi (Y (X) = v XM (Y)} + F2{v (V)N (X) = v (X)n;(Y)} = 0,

due to Tj; = pja =N j(Ay, X) = 0. Taking X = &; and Y =V to this equation,

we obtain f; = 0. Therefore, f; = f, = f3 = 0 and M (f;, f,, f3) is flat.
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(3) If V; is parallel with respect to V, then we get (3.23), a =B =0
and Tjj = dja = hf(X, &) =0 by (2) of Theorem 3.2. As aa = =0 by
Theorem 4.1, f; = f, = f3. Taking the scalar product with U}, to (3.23), we
get

! -
h (Y, U j) = 0.
Applying V to this equation and using (3.6) and (3.12), we have

(Vxh)(Y,Uj) = —g(ALY, F(Ay, X) = D pja(XOR (Y. Wy).

a=r+l

Substituting the last two equations into (4.2) with Z = U, we obtain

9, X, F(Ay,Y)) - 0(AL Y, F(Ay, X))

+ ) PR (X, Wa) = pjaOR (Y, Wa )

a=r+l1

= fH{U (Y)n;(X) =5 (X)n;(Y) + 25;;g(X, IY)}. (4.4)

As hf(gj,x)=o and hf(uj,x)=o, we have Agié';j =0 and A::in =0.
Taking X =¢&;j and Y =Uj to (4.4), we obtain f, =0. Therefore f; = f,
= f3 = 0
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