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Abstract

Earlier, we have noted application of matrix elements in the image
of a circle rotation with respect to the hyperbolic basis in the
representation space of the group SO(2, 1). In this sequel, we aim

to use the matrix elements of the image of a hyperbolic rotation
with respect to the circle basis to derive certain integral and series

representations for the Legendre functions PuV .

1. Introduction

This investigation is a sequel of our work [8], in which we have
obtained several integral and series representations involving Whittaker
or Bessel functions, or their products, which have been derived from certain
connections between so-called circle and parabolic bases in relation to a
representation of the group SO(2, 1) and values of matrix elements of the

representation in some particular cases with respect to the above bases. We
have used the above-mentioned approach for SO(2, 1) in [5], for SO(2, 2)

in [7], and for SO(3,1) in [6]. In particular, in [6], the classical (basic and
modified) Bessel functions have disappeared but the general hypergeometric
functions F3, which are Delerue’s multi-index generalizations of the

modified Bessel functions of the first and second kinds (see [1]), have
emerged.

Here, by using the circle and hyperbolic bases in connection with the
group SO(2, 1), we aim to derive certain integral and series representations

for Legendre functions PHV and B,. It is noted that a different technique,

with a connection between analogical bases for the group SO(3, 1) and the
index general Mehler-Fock integral transform [11], has been used in [4].

2. Notations and Definitions

We choose to recall some necessary notations and definitions which have
been introduced in the authors’ earlier works (see [4-8]). In this sequel, we
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deal with the group SO(2,1) consisting of 3x 3-matrices g satisfying

g diag(1, -1, —1)gT = diag(1, -1, —1). We use the representations
S0(2,1) - GL(®) and SO(2,1) - GL(D*),

where © and ©° are the spaces of infinitely differentiable functions defined
on the cone

. 3,2 2 2
A = {(Xl, X2,X3)ER |X1 — X3 — X3 20}

and satisfy the condition of o- and (—o —1)-homogeneity (c € C\Z),
respectively, and GL(®) defines the corresponding group of linear operators

whose determinants are not equal to zero. Here and in the following, let C,

R and Z be the sets of complex, real numbers and integers, respectively.

The image of T consists of linear operators T(g): f(x)— f(g_lx).

Likewise the representation T*° is defined. More precisely, we deal with the
subgroups H; and H, acting transitively on the circle section y; : X =1

and the hyperbolic section y, : x, = £1 of the cone A, respectively. The

following parameterizations are used:

11 = {X(9) = (1 cosg, sing)| € [-m, m)}
and

Y2 = {X(s) = (coshs, £1, sinhs)|s € R}.

The functionals

F:Ox®' »C, (f,g)r _[y_ F(x)g(x)(dx);,

where (dx); are H;-invariant measures and which coincide and are invariant

with respect to the pair (T, T°).
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In Sections 3 and 4, we obtain matrix elements of some representation
operators with respect to the circle and hyperbolic bases, for example, whose

definitions for the space ©° look as follows (see [10]):
B = {f(x) = X "M (xp + ixg)* [k € 2}
and

B = {11%(X) = (x2); P (3 + x3)'" |p € R}

3. Matrix Elements of the Linear Operators B — B{ and

T* IH, and the Corresponding Integral Representation

of the Legendre Function PCL‘ (cosh 0)

Express an arbitrary function belonging to the basis B; as a linear

combination of the functions belonging to B5 :

K00 = [ [Mep, o () + My 15 (0)dp. (31)
Since
(1300 15 2 00)ly, = exp(ilp + pJs)s = 2m3(p + p)
and
(1500 £, £ 00)y, = (15200 20001, = 0,
we have

1 I
mk,p,i = 2_n|:|(fk’ f—p,i)-
Lemma 1. The following identity holds true: For R(c) > -1,

My o+ = 20t iR F(xK),



Integral and Series Representations of Legendre Functions 987

where
F(k) = (-1 exp(—g[p ri(o+ 1)]) B(—k — 5,1+ 6 — ip)

X oF(-o —ip, -k —o; -k —ip+ 1 -1) + exp(g[—p +i(o+ 1)])

x B(-k — 0,1+ o +ip)yF(-c +ip, -k — o; ip + 1 - k; -1),

where B and ,F; denote the Beta function and hypergeometric function,
respectively (see, e.g., [9, Sections 1.1 and 1.5]).

T

Proof. By using the substitution ¢ = >

2t, we express the integral

TciE : .
My p s = 2_175J+“ 2 exp(ike) (£cos 9)° P (1 + sin ) P do
2
in the form

T
My ot = 261c‘1i"j02 (sint)°*'?(cost)°~'P exp(F2kt)dt,

for which a known integral formula (see [2, Entry 2.5.32.6]) is used. O

In particular, using a known formula (see, e.g., [3, Entry 7.3.6.2]))

l+a-b
SF(a b;l+a—-b;-1)=2"%Vnl] 341 a ,

5 ,§+1—b
we have
mpEmO’p‘i
1 ) -c,1+oc—1p
=n 24271 EXP(_E[PJFi(GJFl)]jF 1-c-ip c—ip
? 2 1t

L i -o,1+oc+ip
+27P eXp(E[—er i(5+1)]jr l1-c+ip c+ip|(
2 1t
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Theorem 1. The following representation holds true: For R(c) > -1,

J.joo exp(—iep)mp(m_lz’_pl LM _)dp = {i'z(cs +1)t P§(cosh 0),
(3.2)

where PCL‘ are the Legendre functions of the first kind (see, e.g., [9, p. 68]).

Proof. Consider the following expression:
T[] =D te(9) .
keZ
It is clear that

4 (9) = AT @I) 1 p). 3

In case where g is a hyperbolic rotation in (x;x3)-plane through angle 6, we

have

tkkA(g)

1 L] *o * A
=5 2 ”(p,ﬁ)eRz My, p,5M ¢ 5 5,F2(TT (9o 5] f5,5,)dpdp
s1 spef+ —

+oo i
= J._OO exp(—lep)(mk,p,er_Kl Lt mk‘pl_m_gl_p‘_)dp. (3.4)

-p,

On the other hand, let us represent g as a product g = 919,93, Where g;
and g3 are the trigonometric rotations in the (x,x3)-plane through angles
0, and 03, respectively, and g, is a hyperbolic rotation in the (x;X,)-plane

through angle 6, (Cartan decomposition). Then
exp(—iko n . ~
the(9) = MIO (cosh 0, —sinh 0, cos ¢)° cos(ke)de

={(c+ 1)|g}_1 exp(—ilZGl) PGIZ (cosh 65), (3.5)



Integral and Series Representations of Legendre Functions 989

where we have used a known formula (see [2, Entry 2.5.16.28]). By solving

the matrix equation gl‘lg = gp03, We obtain 6; = % 06, =0, 03 = 3775 Now

the desired representation (3.2) is seen to follow from (3.4) and (3.5). O

4. Matrix Elements of the Linear Operators By — B; and T* |,

and the Associated Series Representation of the
Legendre Function Pg(| cos$|)

Throughout this section, let h be a trigonometric rotation in the (X,X3)-
plane through angle $ which is not an integral multiple of &. We denote by

ty a,p.p(9) (o, B € {+, —}) the matrix elements of the linear operator T*(h)

with respect to the basis B3, that is,
T 2] = [ (e p e M55+t w5 () 57 )

Lemma 2. The following identity holds true: For R(c) > -1,

to,+ 0 +(h) =1t + o _(h)=—csco- 2F1(G+1 %;1; sinZSJ.

Proof. We have

to,+.0+(h) = (sm 8) ZI (sinhs — (—1)I cot 9)°ds

(-1)' cot 9
and

(= 1)I cot 9

to.+.0,_(h) = (sm S)G Zj (-sinh s + (-1)! cot 9)°ds.

In order to evaluate the first (I = 0) and the second (I = 1) integrals in
to, + 0,+(h), we introduce new variable u = cot$ £sinhs and u = —cot 9

* sinh s, respectively. Thus, we have
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1
to, + 0, +(h) = (sm 8) Zj uu? + (-1)' - 2ucot 9 + 1+ cot? 9) 2 du.

Finally, using a known formula (see [2, Entry 2.2.9.7])

J‘+°° x%Ldx _B(o, 2p-a) Fl( o . 1 sz

’“'__,u-i__,l__
0 (ax® + 2bx + c)* 62‘ n-5 2 2 ac
c

(a>0,b?% < ac, 0 < R(a) < 2R(w)),

we obtain the desired formula. O

A modification of Lemma 2 with the help of a known formula
[3, Entry 7.3.1.41] gives another identity asserted by the following lemma:

Lemma 3. The following identity holds true: For R(c) > -1, 9§ # nk
(k € Z),

to,+,0,+(h) =to,+ 0, (h) = —Ccsc o - Bs(| cos 8 ),

where P, are Legendre functions (see, e.g., [3, Entry 7.3.1.41]).
Theorem 2. Let

0 - smz% (k = 0 (mod 2)),
M(k) =
cosz% (k =1 (mod 2)).

Then

oo 2 (o5

keZ

y {r(“; K +1)}_1M(k)exp(—i9k)

CSCZG

vrals (] cos 31),

where R(c) > -1 and 9 = nt (t € Z).
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Proof. Consider the matrix element my , ., which is defined in Section

3, as a function of o, that is, my , + = my , +(c). Itis easy to establish that
the coefficients of the expression

(00 = Y iy k@) K000

keZ

can be expressed in the form
~ 1 %o
Mo, +,k(0) = 5-FR(f%, fi) = Moy p +(-o - 1). (4.1)

By using the well-known formula connecting the matrices of the linear

operator T°(h) with respect to bases B and Bj, and taking that B;

consists of the eigenfunctions of the operator T*(h), that is, the first of the
above matrices being diagonal, we have

to, .5, s(N) = D My p 15 5 exXp(-i8K), s € {+, -},
keZ

Putting here p = p = 0 and using Lemmas 1 and 2, and (4.1), the proof is

complete. O
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