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Abstract 

Uniqueness of a solution to the problem of reconstruction of             
the dielectric layer parameters arising during analysis of a scattered     
field is investigated. The study is concerned with two cases, which         
include determining refractive index of a dielectric material filling          
the layer, and determining thickness of the layer. It is concluded          
that two measurements, conducted at different and “properly chosen” 
frequencies, are sufficient to provide uniqueness of a solution to the 
reconstruction problem. 

1. Introduction 

In development of new technologies for creating layered coatings and 
during testing of the layers in the course of manufacturing as well as in  
many other similar applications encountered in optics and electrodynamics,         
one often requires reconstructing refractive indices of the layered structures. 
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The problem of reconstruction of a one-dimensional profile of the layer’s 
refractive index is an inverse problem that represents the basis in this 
particular field. A search for an unknown profile can be conducted with the 
use of various datasets including data for coefficients of the reflected or 
transmitted fields, input impedance, scattered electric or magnetic fields. 

In case of solving the problems of the profile’s reconstruction, harmonic 
oscillations are often used. By using a similar approach, one can determine 
the required parameters through measuring data at different frequencies in 
case of numerous incidence angles and different waves polarizations. In          
the present study, we consider the case of normally falling plane waves at 
various frequencies. The error of reconstruction of the parameters depends on 
selecting the frequency range [1, 2]. However, exact criteria for selecting the 
frequency ranges are not always easy to predetermine in advance. 

The problem of determining uniqueness of the solution is essential when 
working with the inverse problems. The first concern is about uniqueness of 
a solution to the inverse problem itself. In certain cases, diffracted fields for 
various layers coincide with each other in a rather wide range of frequencies 
[3, 4]. Such situations are crucial when, for example, neural networks are to 
be trained [5], since, to various inputs to the network, there may correspond 
many absolutely identical outputs. 

In the present work, we investigate uniqueness of solutions to the two 
problems: a problem of determining the layer’s thickness in case of the 
known refractive index and a problem of reconstruction of refractive index in 
case of the known layer’s thickness. We show that the problems may have 
more than one solution. For the case of two experiments, we indicate the 
conditions, under which the solution is unique. 

2. Problem Statement 

Let a harmonic electromagnetic wave 0u  fall normally from half-plane 

{ }0<x  on a homogeneous dielectric layer (see Figure 1). As a result, a 

reflected wave 1u  and a transmitted half-plane { }Lx >  wave 3u  appear. 
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Figure 1. Geometry of the problem. 

The inverse problem is such that one needs to determine the layer 
parameters by using some known components of the diffracted field. For the 
known components of the field, we choose an incident wave of the form 

( ) { },exp, 1000 tixnikAtxu ω+−=  

where 0A  is amplitude of the wave; ck ω=0  is wave number; 1n  is 

refractive index of the material filling the half-plane { };0<x  ω is frequency 

of the wave’s propagation. In addition, the known components of the field 
include the incident wave 3u  and the reflected wave .1u  The layer has two 

parameters including refractive index 2n  and layer thickness L. 

Let us determine the conditions, under which the inverse problem has          
a unique solution. We consider two cases: (1) we seek L for the known ;2n   

(2) we seek 2n  for the known L. 

We need to determine whether the stated problems have unique 
solutions. For the case of non-uniqueness of the solutions, we specify the 
algorithms, which ensure uniqueness of the solutions to the problems. 

3. Direct Problem of Diffraction 

Before passing on to studying uniqueness of a solution to the inverse 
problem, we consider a direct problem, i.e., the problem of diffraction of an 
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electromagnetic wave by the dielectric layer. We solve the direct problem for 
a harmonic wave having frequency ω [6]. In this section, we neglect the 
variable ω, considering it as a parameter. Let the plane electromagnetic wave 
of type ( ) { }xnikAxu 1000 exp −=  fall on a layer of thickness L, which has          

a known refractive index ,2n  from a homogeneous isotropic medium (see 

Figure 1). It is required to find a diffracted field or, more precisely, the 
reflected wave 1u  and transmitted wave .3u  

The diffraction problem is reduced to an ordinary differential equation 
[6] 

 ( ) ( ) ,0,02
2
2

2
02 Lxxunkxu <<=+′′  (1) 

with boundary conditions 

 ( ) ( ) ( ) ( ) ,0,200 23201212 =+′−=−′ LuikLuAikuiku  (2) 

where jj nkk 0=  are wave numbers of the media. We solved the direct 

problem analytically. 

As a result, the reflected wave 1u  has amplitude of the form 

 ( ) ( )
( ) ( ) ( ) ( )

,2
2020

2020

32213221

3232
202 niLkniLk
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and transmitted wave 3u  has amplitude of the form 

 
( ) ( ) ( ) ( )

.4
2020 32213221

210
1 niLkniLk ennnnennnn

nnAB
+++−−

= −  (4) 

We assume that one of the amplitudes of the diffracted waves is known. 
In the next sections, we tackle questions of uniqueness of solutions to the 
problems of reconstruction of one of the layer’s parameters for the case of 
the amplitude 1B  being known. 
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4. Uniqueness of a Solution to the Problem of 
Determining the Layer Thickness 

Let us consider the problem, in which the refractive index 2n  is known, 

and the layer thickness L needs to be found. From formulas (3) and (4), it 
follows that since L is introduced into the trigonometric functions in the form 
of a part of the argument, and the argument 20nLk  itself has a period mπ2  

(m is an integer number), the inverse problem of reconstruction of the layer 
thickness has an infinite number of solutions of the form 

 ....,2,1,0,2
220

±±=λ+=π+= mn
mLnk

mLLm  (5) 

Theorem 1. Let the refractive index 2n  be known. In this case,               

one measurement does not ensure uniqueness of determination of L,           
and solutions to the inverse problem become related to each other via         
formula (5). For unique determination of L, it is sufficient to conduct         
two measurements at different frequencies (wavelengths). Ratio of the 
frequencies (wavelengths) of the two measurements must be an irrational 
number. 

Proof. The fact that the mL  values are related to each other via         

formula (5) was shown above. Now we assume that one conducted two 
measurements. For unique determination of L, it is required that, for different 
measurements (different values ,λ′≠λ  where λ′  is wavelength corresponding 

to the second experiment), the mL  values must be different. Namely, it is 

required that 

22 n
mLn

mL ′λ′+≠λ+  

for any integers m and .m′  
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From this, it follows that .mm′≠λλ′  Hence, ratio of wavelengths 

should not be a rational number. By virtue of the fact that ,λ=ω c  where c 

is speed of light, the same statement also holds true for ratio of frequencies. 

Thus, the theorem is proved.  

It is worth noting that the layer thickness L can be also expressed through 
amplitude of the transmitted wave .1B  For that purpose, equation (4) can be 

presented in the form 

( ) ( ) ( ) ( ) 20

20

2
32213221

210
1

4
niLk

niLk

ennnnnnnn
ennAB

+++−−
=  

and the equation can be converted into a quadratic equation with respect to 
{ }.exp 20niLk  The equation has following solution: 

( ) ( )
( ) ( ) .42

32211
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From the equation, one can obtain L having period .2nmλ  In a similar 

way, one can express L via 2A  having the same period. 

5. Uniqueness of a Solution to the Problem of 
Determining Refractive Index 

Now we investigate the problem of reconstruction of the layer’s 
refractive index 2n  based on the transmitted wave. Let the transmitted 

wave’s amplitude 1B  be known. We assume that the media (filling the half-

planes) before and after the layer are identical; thus, .13 nn =  In this case, 

amplitude of the transmitted wave takes the following form: 

( ) ( )
.4

2020 2
21

2
21

210
1 niLkniLk ennenn

nnAB −−−+
=  
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Theorem 2. Let the layer thickness L be fixed. Amplitudes of the 
transmitted waves coincide with each other at different positive values of 
( )1
2n  and ( ),2

2n  when 

 ( ) ( ) ( ) ( ) ,,
0

222
102

20

222
101

2 Lk
mmnLknLk

mmnLkn π+π+
=

π−π+
=  (6) 

for the same ....,2,1=m  

Proof. We denote .00 LkL =  Then, from equation (5), it follows that it is 

sufficient to investigate the following expression: 

 
( ) ( )

.
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 (7) 

Expression (7) can be converted to the form 

( )
,

sincos22 22
0

xxRixRx
xL
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where .; 1020 nLRnLx ==  

The obtained expression has the same form for various jx  if 
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From equation (8), it follows that ,212 π+= mxx  ....,2,1 ±±=m  Then, 

from the second equation, it follows that 

( ) .2
2
1

22
1

1

22
1

π+
+π+=+

mx
Rmx

x
Rx  

The last equation has two solutions 

.222
1 Rmmx +π±π−=  
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Since 2n  is positive, for ...,,2,1=m  it follows that 

,222
1 π−+π= mRmx  

.222
2 π++π= mRmx  

This proves the theorem.  

Corollary 3. Values of refractive indices ( )1
2n  and ( ),2

2n  which 

correspond to the same transmitted wave, must satisfy the condition 

( ) ( ).2
21

1
2 nnn <<  

At that, 

( )

( ( ) )
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where λ is wavelength in vacuum, ....,2,1=m  

Proof. We solve equation (6) with respect to 0Lk  for various 2n  and 

obtain 

( )

( ( ) )

( )

( ( ) )
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From formula ,20 λπ=k  the corollary’s statement is proved.  

Despite the fact that there exist two solutions, for practical applications 
,12 nn >  one can find the sought parameter 2n  from Corollary 3. 

Corollary 4. Two measurements of amplitude of the transmitted wave 
conducted at different frequencies are sufficient for unique determination of 
the layer’s refractive index, if ratio of the frequencies is an irrational 
number. 
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Proof. Let the condition (6) be satisfied for a certain frequency. After 
rearrangement with respect to ,0k  we obtain 

( )
.2

2
1

2
2

2
0

nnL
mnk
−

π±=  

From this equation, it follows that if for the two different frequencies, at 
which the measurements of amplitude of the transmitted wave are conducted, 
the ratio 0k  is an irrational number, then it is impossible to pick the number 

m such that the ratio (6) is satisfied. ~ 

6. Conclusions 

The problem of determination of the dielectric layer’s thickness L has         
an infinitely large number of solutions. However, by conducting only two 
measurements at different frequencies 1ω  and ,2ω  such that their ratio is       

an irrational number, it is possible to achieve unique determination of the 
thickness. 

For some dielectric materials, there can be two solutions for refractive 
index of the substance ,2n  filling the layer. This scenario can occur, if 

refractive index of the layer is equal to 

( )
0

222
10

2 Lk
mmnLkn π±π+

=  

for any integer m. Here 0k  is wave number of vacuum; 1n  is refractive  

index of a medium surrounding the layer. Two measurements at different 
frequencies, such that their ratio is an irrational number, provide unique 
determination of .2n  

Thus, two measurements guarantee uniqueness of a solution to the 
problem of reconstruction of the homogeneous dielectric layer parameters. 
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