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Abstract

We introduce the notion of hypervector space graphs as hypergraphs
endowed with an appropriate structure of hypervector spaces. We
study some of their more elementary properties.

1. Introduction

The concept of hyperstructure was first introduced by Marty [4] in 1934.
Some other structures such as hyperrings, hypergroups, hypermodules,
hyperfields, and hypervector spaces were introduced later. These notions
found applications in various disciplines such as geometry, combinatorics,
cryptography, and discrete mathematics. For more information about these
concepts, we refer to [1-3, 5, 7, 8].

In the present paper, we introduce the notion of a hypervector space
graph as a hypergraph endowed with an appropriate structure of a
hypervector space, and also that of a hyperfield graph. We study some of
their elementary properties.
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2. Notation and Earlier Results

Let Hbe aset. Amap o: H xH — p*(H) is called a hyperoperation

or join operation, where p*(H) is the set of non-empty subsets of H. The

join operation is extended to subsets of H in a natural way, so that Ao B is
given by Ao B ={aob|a € A, b e B}. The notations a- A and Ao a are

used for {a} o A and Ao {a}, respectively.

Definition 2.1. Let X be a set, and V(X)) be a subset of X. A (directed)
hypergraph is the power set p*(X) = p(X)\@ together with power subset
p*(V(X)) and two hypermaps o*, t* : p*(X) — p*(V(X)) such that V
(V)N (V), Y7 € p™(V(X)).

The set p*(V (X)) represents the set of hypervertices, while E(p* (X)) =
p ™ (X)\p*(V (X)) represents the set of hyperedges. The symbol o* stands for
the original hypermap and t* for the terminal hypermap.

Definition 2.2. A hypergraph (p*(X), p*(V(X)), o™, t*) s
hyperdiscrete, when p*(X) = p*(V(X)).

Definition 2.3. Let K be a field and V(K) be a subfield. Then the two

*

hypermaps o*, t* : p*(K) — p*(V(K)) are hyperhomomorphisms if the

following hold:

(i) *(X+ V) co™(X)+o"(Y), where X + ¥ = Uw + z forall w € X and
zey.

(i) o*(X.¥) < o*(X).o*(Y¥), where X.§ = Uw.z forallw € X and z € .
(i) t*(X + ) c t*(X) + t*(¥) and

(i) t*(X.y) < t*(X)t* (V).
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Definition 2.4. A hyperfield graph is a quadraplet (p*(X), p*(V (X)),
0¥, ).
Definition 2.5. Let o* be the hyperhomomorphism o* : p*(K) —
p*(V(K)). Then Ker o* is defined as Ker o* = {X € p*(K)|{0} € o*(X)}.
Proposition 2.1. Every hyperfield graph is hyperdiscrete.

Proof. {1} € p*(V(K)), o* is not the zero hyperhomomorphism (since
{I} € o™ {1}). {0} € o (X —o*(X)) as X € o*(X), X € o™ (c*(X)) and o*(X —
o*(X)) < o*(X) — o*(c*(X)) for any X € p*(K). It follows that X — o™(X)

e Ker o*. Hence, the claim.

3. Hypervector Space Graphs

Definition 3.1 [6]. Let K be a field and (V, +) be an abelian group. Then

a hypervector space V over K is a quadraplet (V, +, o, K), where “o” is a
mapping o : K xV — p*(V) such that the following conditions hold:

(i) Vae K, Vx,yeV, ao(x+y)caox+aoy (right distributive
law).

(i) Va,b e K, vx eV, ao(box)=(aocb)o x (associative law).

(iii) Va,be K, VxeV, (@a+b)oxcaox+box (left distributive
law).

(iv) Vae K, VxeV, ao(-x)=(-a)ox =—(ao°Xx).

(V) VxeV, xelox.

Remark 3.1. Let (V, +, o, K) be a hypervector space over a field K. Let

Q =000, where 0 is the zero element of K and 0 is the zero vector of
(V, +). Then Q is a subgroup of (V, +) [4].
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Note 3.1. In (ii), a o (b o X) means the set theoretical union a o (b o x) =

U a-oy.

yebox

Definition 3.2. Let (V, +, o, K) be a hypervector space over K. A

nonempty subset W of V is called a hypersubspace of V if the following
conditions hold:

()W = 2,

(i) VX, yeW, x—yeW,

(iii) Vae K, Vx e W, aex cW.
In this case, we write W < V.

Definition 3.3. A hypervector space graph T = (L, V(L), 5, f) is called
hypercombinatorial provided for x, X' € L and 3(x) = 3(x’), t(x) = {t(x"),
x—x e Q.

Definition 3.4 [6]. Let (V, +,0, K) and (V', +', <, K") be two hypervector
spaces over K. A hyperhomomorphism between V and V' is a mapping f :V
— V' satisfying

VX, y eV, fx+y)=f(x)+ f(y),
Vae K, VxeV, f(aox)cad f(x).

Definition 3.5. Let K be a field. Then a directed hypervector space graph
over K is a quadraplet (L, V(L), 5, t), where L is a hypervector space graph
over K and V(L) is a hypersubspace of L, and two hyperhomomorphisms
5, t: L — V(L) aresuch that 5(v) = t(v) = v, Vv e V(L).

We call V(L) to be the set of vertices, and E(L) = L\V(L) to be the set
of edges.

For the definition of a vectorspace graph over a field, see [5].
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Definition 3.6. Let (L, +, o, K) be a hypervector space and (L, V(L),
5, t) be a hypervector space graph over a field K. Then Ker(3) and Ker(t)
are defined by Ker(5) = {x € L|5(x) € Q} and Ker(f) = {x e L|{(x) € Q).

Proposition 3.1. Let (L, V(L), 3, t) be a hypervector space graph over
a field K. Then Ker(3) and Ker(f) are hypersubspaces of L.

Proof. It is straightforward.

Proposition 3.2. Let (L, V(L), 5, f) be a hypervector space graph. Then
L < V(L) + Ker(3) and L < V(L) + Ker(t).

Proof. If x e L, then x =(x—o(x))+o(x) and 3(x —3(x)) = 3(x) —
5(3(x)) = 3(x) —3(x) = 0 as 3(s(x)) = 3(x). Since (0.1)c0=00(1-0) and
0€100, by Definition 3.1, it follows that 0 € 0.0 = Q and thus x —
5(x) e Ker(s). From 5(x) e V(L), it follows that L < V(L) + Ker(3), and

similarly L < V(L) + Ker(f), proving the assertion.

Remark 3.2. If (L, V(L), o, t) is a vectorspace graph in the sense of
Ribenboim [5], L = V(L) ® Ker(c) = V(L) ® Ker(t), and L/V(L) = Ker(o)
=~ Ker(t).

Theorem 3.1. Let (L, V(L), 5, t) be a hypervector space graph over a
field K. If for any two vertices v, V', there exists an edge x such that v =
3(x) and v' = t(x), then t(Ker(5)) = V(L) and 3(Ker(f)) = V(L).

Proof. Let veV(L), v =0, so there exists an edge x such that 5(x)
€ Q, e, x € Ker(3) and £(x) = v. Hence, v e t(Ker(3)) which implies that
V(L) c t(Ker(3)). Conversely, assume that v e V(L). As 0 e V(L), there
exists an edge x e L\V (L) such that 3(x) = 0 and t(x) = v which means that

x € Ker(3) and v € t(Ker(s)). Hence, the claim.
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Theorem 3.2. Let I" = (L, V(L), 5, t) be a hypervector space graph over
a field K. Then T is hypercombinatorial if and only if Ker(s) N ker(f) c Q.

Proof. Let " be hypercombinatorial and x € Ker(6) N ker(f). Then 6(x)
€ Q and t(x) € Q. Hence, x € Q. Thus Ker(6) N ker(f) < Q.

Conversely, let x, X' € L be such that 6(x) = 6(x) and £(x) = f(x"). Then
6(x — x') e Q and f(x - x) e Q. It follows that x — x" € Ker(6) N ker(f)

c Q. Hence, x — x' < Q. Thus I is hypercombinatorial.
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