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Abstract

In this paper, the damped wave equation, u; + au = Au, on the

surface of the sphere is considered. Using Lie symmetry approach,
similarity transformations are obtained and certain interesting exact
solutions of the damped wave equation are presented.

1. Introduction

Studies of differential equations arising in mathematical physics
constitute an active area of research [1-4]. Of these, wave equations, in
particular, have attracted most attention for the central role they play in
understanding physical systems which involve propagation phenomena.
Due to their descriptive power, wave equations have much wider applications
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in many areas such as acoustics, hydrodynamics [1], optics [2],
electromagnetism, general relativity, and classical and quantum mechanics
[3], etc.

The significance of wave phenomena was realized at early stages when
Pythagoras studied the connection between pitch and length of string in
musical instruments [4]. Later, advances in these phenomena were made by
Benedetti, Beekman and Galileo [5]. Nevertheless, the most fundamental
breakthrough in the study of wave phenomena was made in the nineteenth
century by Maxwell who founded the electromagnetic field theory [6].

From mathematical stand point, obtaining exact solutions of wave
equations is a major area of interest. In this regard, D’Alembert obtained
the first exact solution to the linear wave equation [7, 8]. Apart from
exact solutions, methods are also developed to obtain different numeric and
approximate solutions of the nonlinear wave equations, see for example
[9-13].

Since the descriptive power of the classical wave equations is limited
when studying physical systems involving the propagation of waves in
dissipative media, the damped wave equation has been introduced. This
equation arises from coupling a damping term to the usual wave equation
where the extra term plays the role of controlling the speed of oscillation.

In fact, different approaches have been implemented to study both
classical and damped wave equations. One of the powerful approaches in this
context is to exploit the symmetry properties of these equations and using
them to find exact solutions. This approach of solving differential equations
has attracted the attention of many researchers [14-16]. In particular,
exploiting Lie symmetries to study wave equation in flat background metric
received considerable attention and a lot of work has been published in
this context [17-22]. This kind of work has also been extended to non-flat
background geometries in order to understand the effect of curvature on the
solutions of the wave equation. In this context, Azad and Mustafa published
an interesting work and gave a complete symmetry analysis of the wave
equation on sphere [23].
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In this note, we extend the investigation of the wave equation in non-flat
background metric by incorporating a damping term. In particular, the
symmetry algebra of the damped wave equation on the surface of the sphere
will be constructed. Then we will implement the obtained symmetries to
perform different similarity reductions of the studied equation. For each case
of reduction, the considered wave equation will be reduced into an ODE

where an exact invariant solution will be derived.
2. The Symmetry Algebra of the Damped Wave Equation

The metric of the surface of the sphere is given by a second rank

symmetric metric tensor
gj = (1, sin” 0). 2.1)
In the light of this metric, the term Au takes the form
Au = cot Qug + ugg + csc? Ot gg- (2.2)

Thus, in the light of above, the damped wave equation on the surface of
the sphere takes the form

u,; + au; = cotOug + ugg + csc? Bt (2.3)

where u is a function of ¢, 8 and ¢.

The procedure of obtaining Lie symmetries of a differential equation is
described in details in several references, e.g., [24-26]. In order to obtain the
symmetry algebra of equation (2.3), we construct the infinitesimal generator

of the form
0 0 0 0
X = (tt:(ea (I): z, U)% + n(e: ¢a Z, u)a_d) + T(ea (I): z, u)E + W(ea ¢a , u)%

(2.4)

Using the invariance criterion [24], i.e., extending the symmetry

generator (2.4) to the jet space, and requiring invariance criterion on equation
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(2.3), yields the following system of determining equations:

Vi =0=7, =0=m, =0=¢, =0, 2.5)
& — 1 =0, (2.6)
T, =& =0, (2.7)
gy +sin®(0)ng = 0, (2.8)
M — esc?(0) 7y = 0, (2.9)
cotBE +my — &g =0, (2.10)
atg + 2yg, + Egp =0, (2.11)
oY, + Yy — csc? Oy — cotOyg —ygg =0, (2.12)
2y, + csc? B14p + 0&p + cot Otg —&; g + Tgg = 0, (2.13)
Aty + 2W 4, — Mgy — cosBsinOng + gy — sin? Ongg = 0. (2.14)

Solving the determining system gives rise to the following infinitesimals:

T=c¢,E=cqco80+c5sind, M =cy —cycotBsind+ c5cosdcoth,

v =cu+ f(tr0), (2.15)

where f is any function satisfying equation (2.3). The six infinitesimal
symmetry generators associated with infinitesimal given in equation (2.15)

arc:

Xlzg Xzzi X3=u%, X4=cos¢%—cotesin¢

9
5

X5 = sin¢%+cos¢cotea%), Xy = f(2, 7, 9)%
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At this stage, we construct the commutator table for the derived

symmetries. Notice that the commutation relation [X;, X j] for two

symmetries X;, X ; is defined by

[Xi, X ;1= X;(X (1) = X;(X;:(f)).
The commutation relation is shown in Table 1:

Table 1. Commutator table for the symmetries of equation (2.3)

X, X, X, X, Xs
X, 0 0 0 0 0
X, 0 0 0 ~Xs X,
X, 0 0 0 0 0
X, 0 Xs 0 0 -X,
Xs 0 -X, 0 X, 0

From above table, it is clear that one can make different choices of
two dimensional subalgebras to perform double reduction. In particular, we

choose the following four subalgebras y; given by:
2 2
<X5, X2 + X4>, —EXI + X3, X4 , —EXI + X3, XS ,
<LZX1 + bX2 + CX3, Xm + €X2 + fX3>} (216)

3. Reductions and Exact Solutions of the Damped Wave Equation

We can use symmetries to reduce PDEs into simpler forms by
introducing new similarity variables. These variables are invariant functions
that can be utilized to reduce the number of variables in the considered
equation by one. The invariant functions are obtained by solving the

characteristic system produced by the equation X (/) =0, where X is a

symmetry generator of the equation [14, 15, 18].
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The procedure for performing the reduction of a given PDE using its
symmetries is explained in many references, e.g., [14, 15, 18, 27]. In this
section, we will perform the reductions corresponding to the four subalgebras
that have been mentioned in the previous section.

3.1. Reduction under the subalgebra y; = (X5, X, + X3)

We can convert equation (2.3) into an ODE by performing double

reduction. The first level of reduction is performed using the symmetry Xs.

This symmetry gives rise to the following characteristic system:

di do dy du
0 sing cospcot® O °

3.1)

Integrating equation (3.1) leads to the following new similarity variables:
E1(¢,0, 0, u) =1, E5(¢ 60,0, u)=sinBcosd, W(E, Ey)=u.
Now substituting the new variables in (2.3) reduces the equation to
_ 2
WE)I&I + OLW};I = —2&2W&2 + (l — &Z)W&,z&z' (32)
At this stage, we perform second reduction by using a linear combination

of symmetries, X = X, + X4. In this case, X(§)=X(W)=0, and X(&,)

= cos 0 — sin Osin ¢. Therefore, the symmetry

0

i (3.3)

0 ) . 0
X =0=—+(cos®—sinBsindp)=——+0
5+ *) e,

is inherited by equation (3.2). Utilizing above symmetry in reducing equation
(3.2) gives rise to the following similarity variables:

v, &) =¢&, VIW)=W. (3.4)
Substituting the new variables in equation (3.2) reduces the equation to
Vyy +ab, =0. (3.5)
Solving equation (3.5) yields

V= —%e‘o‘@l + Ky, (3.6)
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where K; and K, are constants. Finally, we transform the similarity

variables into the original variables of equation (2.3) by substituting for
y=t and V =u in equation (3.6). This substitution gives rise to the

following non-static exact solution of the studied wave equation (2.3)
u(t, 0, ¢) = ——L e + K,. (3.7)

The obvious solution suggests that the amplitude of the wave decreases
drops with time.

3.2. Reduction under the subalgebra y, = <—§ X1 +X3, X 4>

To solve equation (2.3), we use the following linear combination to two
symmetries
2 2 0 0
X__EX1+X3 ——aa‘i‘ua. (38)
The characteristic system corresponding to above symmetry leads to the
following similarity variables:

o
=t
él(tﬂ 0, (I)’ u) =0, {:2([: 0, ¢’ u) = ¢’ W(E.ala éZ) =ue? . (3.9)
The above variables reduce equation (2.3) to

2

—OLT sin§;W = cos élel + sin élWil@l + csc W ELE,. (3.10)

To perform the second reduction via the rotational symmetry X4, it is

noted that equation (3.10) inherits the symmetry:

0 . 0 0
X_COS§26_(21_COt§1S1né2E+OW' (311)

Utilizing this inherited symmetry reduces equation (3.10) to following
Legendre equation:

o

2
(1= )y =20V, + 7

V=0, (3.12)
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where y and V are the new similarity variables given by
V(& &y) =singsin&y, V(y)=W. (3.13)

Obviously, the solution of the Legendre equation, equation (3.12), is

given by the following Legendre function:
V = ¢; Legendre P[0.5(Na? +1 - 1), y]

+ ¢y Legendre 0[0.5(Va? +1 —1), y]. (3.14)

Substituting for y =sinBsin¢ and v = u yields the following Legendre

type solution:
_4,
u(t, 0, ¢) = cje 2 Legendre P[0.5(Va? +1 —1), sin Osin ¢]

o
-2
+cre 2 Legendre Q[0.5(Va? +1 —1), sin0sin¢].  (3.15)

Again, it is evident from the Legendre solution equation (3.15) that the

amplitude of the wave vanishes for large time.

3.3. Reduction under the subalgebra y; = <—§ X1 + X3, X5>

The first reduction in this case is already performed in the previous case
which led into equation (3.2). Therefore, we deal only with second reduction
via the rotational symmetry, Xs. It turns out that X5 reduces equation (3.2)
again into Legendre equation (3.12) but with different similarity variables

given by
y(&), &) =singjcos &y, V(y)=W. (3.16)

Similarly, substituting the new similarity variables in equation (3.10)
leads again to Legendre equation (3.12) which ultimately leads to the

following exact solution of equation (2.3):



Symmetry Analysis and Exact Solutions of the Damped Wave ... 329
_e,
u(t, 0, ¢) = cje 2 Legendre P[0.5(Va? +1 —1), sin 6 cos ¢]

(04
+ che 2tLegendre 0[0.5(Va? +1-1), sinOcos¢].  (3.17)

3.4. Reduction under the subalgebra y, = (aX| + bX, + cX3, dX| +
€X2 + fX3>

In this case, the constants a, b, ¢, d, e and f are parameters that will be

fixed later. The first level of reduction will be performed using the symmetry

0

X=a<
aat+

ba%) + cua%. The characteristic system corresponding to this

symmetry gives rise to the following similarity variables:
E1(2, 6,9, u)=0,85(1,0, b, u)=bt —ad, V(&;, Ep, u) =ct —aln|u|. (3.18)

Using the above variables, equation (2.3) can be reduced to the following

expression:
2 2
2 b c b c b
((l CSC él —7JVg2§2 +(E_EVE~'2J + Q(E_EV§ZJ
cot & 1 12 2.2
+ P V&l + Z V&l&l - a—z VE)] = CSC E"lVéz . (3.19)

In order to reduce equation (3.19), we consider the second level

of reduction performed via the symmetry, X = d%+ea%)+ fu%.

Consequently, equation (3.19) is reduced to

(£+ b(cd - af))2 N (c b(cd —af)j

a al(ae—bd) ¢ ;Jra(ae—bd)
2 2
___ cotx Wy N W + esc? (cd — af)
a(ae —bd) * a(ae - bd) a*(ae — bd)? (ae — bd)*’

(3.20)
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where x and W are the new similarity variables given by
X1, &) = &1, W(x) = (cd —af )&, + (ae = bd)V. (3.21)

In order to further simplify equation (3.20), we fix the parameters as

follows:
b=d=0, a=e=f=1 c¢=-o

Notice that our choice of the values of the parameters is valid since the

considered subalgebra x4 in this case becomes

Y (A
X4 =\ 5 ou’ o0 “ou/
It is clear that the commutation relation for this two dimensional subalgebra

in this case is given by

g—aui i-I—ui =0
ot ou’ 0 oul|

Hence, substituting the chosen values of the parameters a, b, ¢, d, e and fin

equation (3.20) yields
cotxW, + W, — sz —csc? x = 0. (3.22)

We can solve equation (3.22) by making certain assumption. In

particular, assume that
W, = csc xh(x). (3.23)
This reduces equation (3.22) to
h?(x) = sinxh'(x) +1 =0, (3.24)

whose solution is given by

h(x) = tan(cl +In

tan% D (3.25)
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Using equations (3.25) and (3.23) yields

W, =cscx tan(cl +In

tan% D (3.26)

which on integrating gives

W =-In

cos(cl +In

X
tan 5 D

After some simplifications, it is easy to see that the solution, equation
(3.27), is reduced to the form:

+ 0. (3.27)

u(t, 0, ¢) = K™% cos(cl +1In

tan% D (3.28)

The exact solutions corresponding to the remaining subalgebras are listed
in the following table:

Table 2. Exact solutions of the damped wave equation

Algebra Exact solution
(X5, X3 + Xg) u(t, 6, ¢) = —%e_w +Kj

o
2 u(t, 0, ¢) = e 2tLegendreP[O.S(\l o +1 —1), sin Osin ¢]
<—EX1 + X3, X4>

o

-=t
+cye 2 Legendre 0[0.5(Va® +1 —1), sin 0 sin ¢]
5 u(t, 8, ) = cje 2 Legendre P[0.5(Va® +1 —1), sin 6 cos ¢]
<—EX1 + X3, X5>

o
-=t
+cse 2 Legendre 0[0.5(Wa + 1 —1), sin 0 cos ¢]

0
tan 5 D

(Xl - O(.X3, X2 + X3> u(t, 0, (I)) = K€¢_w COS(Cl +In

4. Conclusion

In this note, it has been shown that the damped wave equation on the
surface of the sphere is spanned by five finite dimensional symmetry algebra
which is the same algebra that spans the classical wave equation on the
sphere. This means that coupling the wave equation with a damping term
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has no effect on the symmetry properties of the wave equation in the case of

constant curvature of the sphere. Furthermore, four similarity reductions have

been performed. In each case of reduction, an exact solution has been

obtained. The common feature of all obtained solutions is that the amplitude

of the wave decreases as time evolves.

The study presented in this paper paves the way for further investigation

regarding the properties and solutions of the damped wave equations on

non-flat background metric. In particular, the damped wave equation on

nonconstant curvature metric could be considered.
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