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1. Introduction

A triple sequence (real or complex) can be defined as a function x :
NxNxN — R(C), where N, R and C denote the set of natural numbers,

real numbers and complex numbers, respectively. The new classes of
difference sequence spaces and vector valued sequence spaces investigated
by Mursaleen et a. [8-10]. The different types of notions of triple sequence
was introduced and investigated at the initial by Sahiner et al. [12, 13], Esi et
al. [1-3], Datta et a. [4], Subramanian and Esi [14], Debnath et a. [5] and
many others.

A triple sequence X = (Xyk) issaid to betriple analytic if

1
Supp, n,k| Xk | mn+k < oo.

The space of al triple analytic sequences are usually denoted by AS. A tri ple
sequence X = (XK ) iscaled triple entire sequence if

1
| Xmnk |m+n+k — 0 as m, n, k — oo.
The space of all triple entire sequences are usually denoted by s,
2. Definitionsand Preliminaries

Definition 2.1. An Orlicz function (see [6, 11]) isafunction M : [0, «)
— [0, ) which is continuous, non-decreasing and convex with M (0) = 0,
M(x) >0, for x>0 and M(x) »> o as x — oo. If convexity of Orlicz
function M is replaced by M(x + y) < M(x) + M(y), then this function is
called modul us function.

Lindenstrauss and Tzafriri [7] used the idea of Orlicz function to
construct Orlicz sequence space.

Definition 2.2. The four dimensional matrix A is said to be RH-regular if
it maps every bounded P-convergent sequence into a P-convergent sequence
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with the same P-limit. The assumption of boundedness was made because a
triple sequence spaces which is P-convergent is not necessarily bounded.

Definition 2.3. A triple sequence X = (Xynk) Of real numbers is caled
almost P-convergent to alimit O if

r+p-1ys+g-1 ’[+u—1Ix |]/m+n+k
m=r n=s k=t mnk

P—limy g usew Supr,s,tzoﬁZ:
— 0,
that is, the average value of (XK ) taken over any rectangle
{(mnk):r<m<r+p-L,s<n<s+q-Lt<k<t+u-1

tends to 0 as both p, g and u to «, and this P-convergence is uniformin i, ¢

and j. Let denote the set of sequences with this property as [FS].

Definition 2.4. Let (04 ), (Grg)» (g ) be sequences of positive numbers

and

_qll G2 s 0---]
Op1 O2 -+ Ops O

Q= - =+ G2+ +0s#0,
01 %2 - Os O
‘0 0 -0 0 0]
(1 G2 Gs O]
1 G - Ops O

Q=] - =Qu+ 2+ +0s#0,
1 G2 Gs O
o0 0 -0 0 0
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Eh-l @2 ﬁls 0.--
1 O Ops O
Q= =Quq + o+ + Grs # O.
arl arz ars 0--
0 0 .0 0 0

Then the transformation is given by

- L ' " t o 1/m+n+k
Trst = Qr (js= Zm:lznzlzkzlqmqnqﬂ X |

is called the Riesz mean of triple sequence X = (Xpnk)- If P —limyg Trg(X)

=0, 0 € R, then the sequence x = (XyK) iSsad to be Riesz convergent to

0. If X = (Xynk) is Riesz convergent to 0, then we write Py — limx = 0.

Definition 2.5. Thetriple sequence 9; , ; = {(m, n/, k; )} iscaledtriple
lacunary if there exist three increasing sequences of integers such that

Mm=0h=m-m_ > xai—wand
n=0h =n-n_y— o0asl— o,
ko=0,hj =kj —kj_3 > as j > .
Let m , ; =mnkj, b, =hhh;, and 6 , ; isdetermined by
ligj=tmnk)im_y<m<mandn,_q<n<n, andkj_5 <k <kj},

_ M —_ Kj
m(_l ) q/ n/_l ’ q] kJ_l .

Ok

We use the notations of lacunary sequence and Riesz mean for triple
sequences. 6; , j = {(m, ny, k;)} beatriplelacunary sequence and GGGk

be sequences of positive real numbers such that Qn, = > me(0,m] Pm Qn,

= 2ncon ] P Qnj = 2o,k 1Py A4 Hi =201 Pmy H =
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2neon 1Pt H = 2ieco,k; 1 Py - Clearly, Hi = Quy = Qy_yo Hy = Qo

—Qn, ;» Hj = Q¢ — Q1. If the Riesz transformation of triple sequencesis

RH-regular, and H; = Qnm —Qm_l—>ooasi—>oo,ﬁ=z Pn, = ®

ne(0,ny]
asl! — o, H = zke(O,kj]pkj —was | — o, then6f , ; = {(m, n, kj)}
= {(Qm anQkk )} isatriple lacunary sequence. If the assumptions Q, — o
asr—>wo Qg >wass—>w anda — o ast — o« may be not enough
to obtain the conditions Hj — o asi — o, H, - as / — « and Hj|
—> o as j — oo, respectively. For any lacunary sequences (m), (n,) and
(kj) are integers. Throughout the paper, we assume that Q; = ¢y + Gyo
++ Qs > 0(r > @), Qg =Thy+ T+ +Trg > 0(S>0), G =
T+ T + -+ Oy = o (t > ), such that H; =Qm ~Qm_, > x &
i —> oo, H, =Qn, —Qn ; > & (> and ﬁj :ij —ij_l — ©

as | »> .
Let Q. n,.k; = QmQn,Qk;» Hig = HiF, A,
g ={mn, K) 1 Qpn_, <M< Qy,Qn_, <N<Qy,
and c_gkj_l <k< ij }

Qm — Qnﬂ

g Q; _
= y ﬁ = —
Qm -1 an -1

Vi and Vj = o Vi =ViV,V;.
i-1

If we take gy, =1, G, =1 and G =1 for al m, nand k, then Hj;, Qy,
Viﬁj and ”gj reduce to hﬁj’ qigj, Vng and IiEj'

Let f be an Orlicz function and p = (pyK) be any factorable triple

sequence of strictly positive real numbers, we define the following sequence
spaces:
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) 1
[FS, Big. 0, f, p]= {P— |'mi,/i,j—>ooH_—
I,fj

T, . . NP _
X Zielm Zfewj Zjeli[j qmqnqk[fq Xm+|,n+£,k+] |) mnk] = 0}!

uniformly in i, ¢ andj,

1
[A?h! elfjv q1 fv p]: {X: (ank): P—g.lpi,(,j iy
R

T . - | Pmnk
XZie“ﬂj Zk'iﬂj Zjelm qmqnqk[f| Xmei, n0, k+ | mk ] < OO}’

uniformly in i, ¢ andj.

Let f be an Orlicz function, p = pynk be any factorable double sequence
of strictly positive real numbers and qy,,, T, and G be sequences of positive
numbersand Q; = th3 + -+ Ors, Qs = Ty Trs ad Q = Ty -+ s

If we choose g, =1 g, =1 and ﬁk =1 for al m, n and k, then we
obtain the following sequence spaces.

1

I3, q f, p]=4P-li e
k. 9 p] { My st Q.00

r s t _
X Zmzlznzlzk:1qunqk[f (| Xmi, ner, K+ | ) Provk ] = O},
uniformly in i, £ andj,
s 01 P e A
Qr Qs
r s t _
X Zmzlznzlzk:1(1mqnqk[f (| Xenei, ne s, ket | ) Provk ] < Oo}v

uniformly in i, ¢ andj.
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Definition 2.6. Let f be an Orlicz function and p = (pk) be any

factorable triple sequence of strictly positive real numbers, we define the
following sequence space:

0;,7,j = 1M, ny, kj)} beatriplelacunary sequence

. 1
r?[ACeMj , p] = {P —limj o R,
]

. Y MK Pk _
Xzieh‘g'jZnehjyjzkehy/jyj[f(' Xm+i, n+0,k+j |) ] 0},

uniformly in i, ¢ andj.
We shall denote 1"?[AC9i o p] as I"S[ACQi L p], respectively, when
Pmk =1 foral m, nand k. If xisin 1“3[AC9i L p], we shall say that x is

almost lacunary rs strongly p-convergent with respect to the Orlicz function

f. Also noteif f(x) =X, pmk =1 for al m, n and k, then F?[ACQMJ , Pl

= 1"3[AC9i 0 ] which are defined as follows:

3 . 1
F [Acei,f,j]:{P_“mivajh_f_
J

) o nYmen+kq _
szdi,e,j Zneli,m Zkeli%j [f( Xmii, n+0, k+j ) 1= O}’

uniformly in i, ¢ andj.
Againnoteif pynk =1 for all m, nandk, then
?[AC ]=T3[ACy ]
fLACy , 0 P fLAE -

We define
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3 : 1
T¥[ACq , ;» Pl = {P —limi g R,
")

_ O NYmEn+K 1Pk
% Zmelk'“ Zneh’m Zke'i,é,j [F( Xmei,ne, ke j ) JFmk = O}-

uniformly in i, ¢ andj.

Definition 2.7. Let f be an Orlicz function p = (pynk) be any factorable

triple sequence of dtrictly positive real numbers, we define the following
sequence space:

3 . 1
I'f[p]= {P - I'mr,s,t—mﬁ

r S t
S S S [ e DR P o},

uniformly in i, ¢ andj.
If wetake f(X) =X, Pk =1 foral m, nandk, then I'}[p] = I'.

Definition 2.8. Let 6; , j beatriplelacunary sequence; the triple number

sequence xis Sgi ni T p -convergent to 0. Then

P - Iimi,g, j —1 - maxi,m

hi o,
Kyely it F( X o™k =
x| {(m, n, k) e WA ( Xmi, n+2, K+ 1) j]=0.

In this case, we write §H\J = Iim(f | Xmyinerkej =0 Ymentk _ g,

3. Main Results

Theorem 3.1. If f be any Orlicz function and a bounded factorable

positive triple number sequence pynk, then 1"?’[Acei T P] islinear space.



Riesz Almost Lacunary Multiple Triple Sequence Spaces of re 351
Proof. The proof is easy. Therefore we omit the proof.

Theorem 3.2. For any Orlicz function f, we have

3 3
F [ACei,f,j ] C Ff [Acei,ﬂ,j ]
Proof. Let x e FS[ACei , j] so that for each i, ¢ andj,

3 . 1
F [Acei,f,j]:{“mi'['jhi_g,
J

) CyYmentky _
XZmeli’m Zneli,k,jzkeli,k‘,j d X, el ke ) | 0}

Since f is continuous at zero, for ¢ > 0 and choose & with 0 < 6 <1 such
that f(t) < ¢ for every twith 0 <t < 8. We obtain the following:

I
h_fj(hm )+ hfj Zme'i,ﬂ,j Zneli,f,j

« FI01 Xoon - nyYm+n+k
Zke'i,ﬁ,ja”d\xm+i,n+(,k+j—0\>5 [(l M-+i, N+0, K+ |) ]

1 1 -
xhi_fj(mjg) R K& (2R T3[ACq, , 1.

Hence i, ¢ and j goesto infinity, we are granted x e F?[ACGMJ. ].

Theorem 3.3. Let 6; , j = {m, ny, k;} be a triple lacunary sequence
with fig; >1, liminf,q, >1 and liminf; q; >1. Then for any Orlicz

; 3 3
function f, T'f(P) < I'f (ACei’m. , P).

Proof. Suppose liminf; ¢; > 1, liminf, g, > 1 and liminf; gq; > 1 then

there exists & > 0 such that ¢, >1+3, g, >1+38 and q; >1+38. This
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h hy o 8 hj 5 3
mphasﬁ_l+ n—21+8andk—> 8.ThenforXGl"f(P), we

can writefor each r, sand u,

Bi s j
1 _ Y m+n+K 1Pmnk
h—a_zm&lw Dty s 2o, et Pm

k:
S S X, e e YK Prme

f‘m

n ki
hif] Z " 12 1f (| Xmi, n+0, k+ |)]/m+n+k]pmnk

1 m -1 Kj-1 _ YMn+K 1Pk
_hi_ﬁj m:m71+1z K1 FIA Xmei, nee ks j 1) ]

k
hifj Zk K;j +1Zn ny_1+1 k 1 f[(l Xmei,net,k+ |)]/m+n+ J Pk

mn n ki
f (mngk Z Znilzkalf[(l Xmi, n 0, k+ j |)]/m+n+k]pm”kJ

fi
Mgk j—l( Z nz 1
hiyj m_qn,_ 1kJ

K- k
1 X e YK P )

k'—l 1 m n K
- . (k-_ Zm=m_1+1z o 1Zk 1f[(| Xpi, n+0, k+ j |)J,/m+n+ ] Pk

Nja( 1 my n_q K
- : (__Zm=”k—1+1z Zk 1f[(| Xpi, n 0, k+ |)J,/m+n+ ]pmnkj
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B h,gj (rrk 1Zk 1Zn ny_q1+1

mk— k
x Zmzll f[( Xpti, n+0, k+ |)J/m+n+ ]pmnk)-

Since X F?(P) the last three terms tend to zero uniformly in m, n, kin the

sense, thus, for eachr, sand u,

Birj

mine N ok k
: (mn/k Z Znil kalf[(l Xmii, nt0, k+ | |):I/m+n+ ]pmnkj

15]
~ M1k 1 Zm NN
higj M _1Ny_1Kj_g =m=14=n=1

k
X k 1 f[(| Xmi, ne 0, k+ |)1/m+n+ ]pm”k] + 0().

Since hy; = mnk; - m_n,_1k;_1 we are granted for each i, ¢ and j the
following:

mk 1+ o M-ah-ikja
hg ~— o hyj

1
&
The terms

1 m n ki k
[mngkj Zm:lZnilzkalf[q Xmei,nef,k+ DJ/mHPr ]pmnk]

and

1 My 1/m+n+K 1Pk
(M—lné—lkj—l Zmzl Zk FLO Xmei, e, ke j 1) JFm

are both chi sequencesfor al i, ¢ andj. Thus B, isachi sequence for each

i, ¢ andj. Hence x F?(ACGMJ. , P).
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Theorem 34. Let ; , ; = {m, n, k} beatriple lacunary sequence with

limsup, g, <o and limsup; gj <. Then for any Orlicz function f,

T{(ACy, o Pe $(p).

Proof. Since limsup; g; < oo and limsup; G < « thereexists H > 0 such
that g < H, g, < H and qj < H forall i, / andj. Let x e [} (ACy, , (o P).

Also thereexistip > 0, /o > 0 and jo > O such that for every a>ig, b> /g

and c > jpandi, ¢ andj,
Pope = —— 3 3
habc melg b,c nela b, c
k
D ketyp o e nes o FTHIPE — 0 8 k> oo

Let G' = max{Aypc:1<ac<ipl<b</gandl<c< jo} andp,qandt
besuchthat m_; <p<m, n,y<qg<n, and mj_; <t <m;j. Thuswe

obtain the following:

1 p q t k
o Dot Dons Dl X e e [P

k.
Z ijzlm Xmti, n+£,k+]j |)]/m+n+k]pmnk

- m 1”/ 1Kj—1

1 i 1
= m_lng_lkj_l Za:le:l
] C \YmEn+K1pmnk
X(Zmda,b,cZne'a,b,czk€|a,b,c[(| Xmi, n+4, k+ ) ]Pmn j
Z 0 Zc 1 ha, b, cAa,b,c

1”4 m_gny_qKj_1
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1 /
T mon ki Z(i0<aﬁi)U(fo<bS4)U(io<CSi) Na.b.cfa.b.c

G’ io ) I
<= h
”\—1“/,—1kj—1 Zazl bzlzczl a,b,c

1 '
* m _1né_1kj -1 Z(i0<aﬁi)U(f0<bS€)U(j0<CSj) ha’ b, CA&’ b,c

G,mOnfokjoiOEOjO 1
< +
M _1Ny_aki 1 M _1Ny_1Kj_1

% Z(i0<asi)U(/io<b££)U( jo<c<i) fa,b,cAa,b,c

. G'MgMrgk;,lofolo
m_any_1Ki1

1
m_1ny_1Kj_1

+ (SUPasigUb>/Uc> jo Aa.b,c)

% Z(i0<a£i )U(€0<bS€)U( j0<CS ]) ha, b,c

< G'monfokjoiofojo € Z h
+ . . . .
m_lnf_lki 1 m_lng_lkj_l (ig<a<i)U({g<b<)U(jg<c<i) a,b,c

G'm,ny k. iofolo
0 o +8H3
m_1ny_1kKi_1

Since m, n, and k; both approaches infinity as both p, g and t approaches
infinity, it follows that

1 p q t k
ﬁzmzlznzlzkzlfm Xmei, n+0, k+ |)]/m+n+ ]Pmok = 0,
uniformly in i, ¢ andj.

Hence x e Ff3(P).
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Theorem 3.5. Let 6; , j beatriplelacunary sequence. Then

—

0) (i) > T3Sy, ).
(i) (ACGLM) isa proper subset of (é.;;),
(iii) If x e A% and (X ) A r3(§.;;),then Xerk) A 1“3(AC9M’J. ),
(iv) (S, , )N A =T3[AC, , 1N A%
Proof. (i) Sincefor al i, ¢ andj,
Mo k) e bt ( Xmeinerksj —0DY™ ™K1= 0]

<D, 2
meli’/,j neli,m-

y . 0 1/m+n+k
Zke'i,f,j and | Xmqi nss,k+ j \=0(| Ml N+l ke )

) o Ymen+k
= Zmeli’/,j Zneli,m Zkeli,m ( Xm+i,n+¢,k+j — O ) )

foral i, ¢ andj,

. 1
P—Ilim , i ———
i,2,] h,f,j Zmeli’g’jzndi,(’,j

k
X Zkeliym (| Xmi,ner,kej = O |)J/m+n+ =0.

Thisimpliesthat for al i, ¢ andj,
. 1 . y
P—llmi,g,jhi—“|{(m, 0, k)€ lig, i ( Xmei,ner, ke O Y™K = 0}

=0,

(i) let X = (XK ) be defined asfollows:
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_”[4/—h,f,j ]m+n+k .

1 2 3 @ k
[4 h,f, . ]m+n+
1 2 3 .0 (’1)! 0

' m+n+k
(Xmk)=[1 2 3 ---[4Vh"’(11}| 0

Here x isatrible sequence and for dl i, ¢ andj,

1

, . K
P—lim; Ao 1Mo k) e 1g it (Xmione ke j — ODY™ ™ = 0}

=P- -0,

lim; . 1 [4hi,[,j]m+”+k /m+n+k
LRy (2)

Therefore ( Xk ) R r3s,

i,m‘)' Also

1 ) nYm+n+k
P—lim; 4 j g Zmeli,m Znelim Zkeli,m (| Xmi,nee, ke 1)

—P-

| =

1 (Whi,f,j ]Wn+k[m]mn+k[m]mn+k ]/rTHn+k+1

> |imi,f,j hi,f,j L (1)!
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1
=2

P
Therefore (Xynk) 1"3(ACM, i)

o —

e P P
(i) If x e A® and (X ) — 1“3(89Mj ), then (Xpi) — F3(ACM,J-).

Suppose x € A3 then for all i, ¢ and j, (| Xmsi,ner, ke j _0|)1/m+n+k
<M foralm,n,k.

Also for given ¢ > 0 and i, ¢ andj largefor all i, ¢ and j we obtain the
following:

1 1/m+n+k
R X . . _O
hilij Zmeli'mZneli’(’jzkeli’(’jd M, N+0, K+ |)
1
B hgl Zmelk’f Znelilélj

2 : k
x ( X . 0 ):I/m+n+
keli, ¢, j and | Xmsi n+e,k+j [20 [ X,k |

1
+hi_£jzmeli’m Zneli'“

X X . _0 1/m+n+k
Zke'i,é,j and [ Xmei,n+r, k+ j \Soq M, el ke )

<M

. K
v Mo k) e tig i ( Xmeineeksj —0DY ™MK = 0] +e.

P I
Therefore x € A® and (X ) — FS(Sei,é,j ) then

P
(Xmk) —> T3(ACq 4 )-

(iv) r3(samj )N A3 = r3[AcM 1N A3 follows from (i), (i) and (iii).
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Theorem 3.6. If f be any Orlicz function, then
3
ri[AC, , 1S, , )
Proof. Let X e F?[ACQMJ. ], fordl i, ¢ andj.

Therefore we have

(] x _ o [Ym+n+k
|€J ZmelI 0] Znel, 0 Jzkeh 0 [(| M+, N+, K+ |) ]

hé] Zmell /, jZnEII 4] Zke'l ¢,jand| Xmyi ns+r k+j =0

~0 |)]/m+n+k]

IO Xmai, nse, ke

hij f(0)[ {(m, n, k) e Lo A X, N0, k+ _0|)]/m+n+k} 0.

L —

Hence x eF3(Sei , J_).
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