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Abstract 

The purpose of this note is to introduce the notion of generalized      

τw -closed ( )open-τw  sets in an associated τw -space and to study its 

properties. In particular, we find the conditions of continuous 
functions to preserve generalized τw -closed sets or generalized          

τw -open sets. 

1. Introduction 

Siwiec [13] introduced the notions of weak neighborhoods and weak 
base in a topological space. We introduced the weak neighborhood systems 
defined by using the notion of weak neighborhoods in [8]. The weak 
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neighborhood system induces a weak neighborhood space which is 
independent of neighborhood spaces [2] and general topological spaces [1]. 

The notions of weak structure, w-space, W-continuity and ∗W -continuity 
were investigated in [9]. In fact, the set of all g-closed subsets [3] in a 
topological space is a kind of weak structure. Moreover, in [10], we 
introduced the notion of an associated weak space (simply, associated         

τw -space) containing a given topology τ. The one purpose of our research is 

to generalize τw -open sets in an associated weak space τw  in the similar 

way introduced by Levine [3] in topological spaces. So we introduce the 
notion of generalize τw -open sets (generalize τw -closed sets) in an 

associated weak space τw  and study its properties. In particular, we have the 

following theorems: (A) If f is continuous and ∗W -closed, then for every 

τgw -open subset B in Y, ( )Bf 1−  is τgw -open. (B) If f is ∗W -continuous 

and closed, for every τgw -closed set A in X, ( )Af  is τgw -closed. 

2. Preliminaries 

Definition 2.1 [9]. Let X be a nonempty set. A subfamily Xw  of the 

power set ( )XP  is called a weak structure on X if it satisfies the following: 

(1) Xw∈∅  and .XwX ∈  

(2) For .,, 2121 XX wUUwUU ∈∈ ∩  

Then the pair ( )XwX ,  is called a w-space on X. Then XwV ∈  is called a 

w-open set and the complement of a w-open set is a w-closed set. 

The collection of all w-open sets (resp., w-closed sets) in a w-space X 
will be denoted by ( )XWO  ( )( )..,resp XWC  We set ( ) { ( ) :XWOUxW ∈=  

}.Ux ∈  

Let S be a subset of a topological space X. The closure (resp., interior) of 
S will be denoted by clS (resp., intS). A subset S of X is called a preopen set 
[6] (resp., α-open set [12], semi-open [4]) if ( )( )SclS int⊂  (resp., ⊂S  
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( )( )( ) ( )( )).int,intint SclSScl ⊂  The complement of a preopen set (resp.,        

α-open set, semi-open) is called a preclosed set (resp., α-closed set, semi-
closed ). The family of all preopen sets (resp., α-open sets, semi-open sets) in 
X will be denoted by ( )XPO  ( ) ( )( ).,.,resp XSOXα  We know the family 

( )Xα  is a topology finer than the given topology on X. 

Moreover, a subset S of X is said to be g-closed [3] if ( ) UAcl ⊂  

whenever UA ⊂  and U is open in X. 

Then the family ( ) UXUXGO :{ ⊆=  is g-open}, ( ) { UXUXO :⊆=  

is open} and ( ) FXFXCL :{ ⊆=  is closed} are all weak structures on X. 

But ( ) ( )XGPOXPO ,  and ( )XSO  are not weak structures on X. A subfamily 

Xm  of the power set ( )XP  of a nonempty set X is called a minimal structure 

on X [5] if Xw∈∅  and .XwX ∈  Thus clearly every weak structure is a 

minimal structure. 

Let ( )XwX ,  be a w-space. For a subset A of X, the w-closure of A and 

the w-interior of A are defined as follows: 

(1) ( ) { }.,: XwFXFAFAwC ∈−⊆= ∩  

(2) ( ) { }.,: XwUAUUAwI ∈⊆= ∪  

Theorem 2.2 [9]. Let ( )XwX ,  be a w-space and .XA ⊆  Then the 

following things hold: 

(1) If ,BA ⊂  then ( ) ( ) ( ) ( ).; BwCAwCBwIAwI ⊂⊂  

(2) ( )( ) ( ) ( )( ) ( ).; AwCAwCwCAwIAwIwI ==  

(3) ( ) ( ) ( ) ( ).; AwCXAXwIAwIXAXwC −=−−=−  

(4) If A is w-closed (resp., w-open), then ( ) AAwC =  (resp., ( ) ).AAwI =  

3. Main Results 

First, we recall the notion of an associated w-space with τ introduced in 
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[10]. Let X be a nonempty set and let ( )τ,X  be a topological space. A 

subfamily w of the power set ( )XP  is called an associated weak structure 

(simply, )τw  on X if w⊆τ  and w is a weak structure. Then the pair ( )τwX ,  

is called an associated w-space with τ. 

Definition 3.1. Let ( )τwX ,  be an associated w-space with a topology          

τ and .XA ⊆  Then A is called a generalized τw -closed set (simply,               

τgw -closed set) if ( ) ,UAcl ⊆  whenever UA ⊆  and U is w-open. 

Remark 3.2. (1) If ,τ=τw  then the generalized τw -closed set is exactly 

a generalized closed set in sense of Levine in [3]. 

(2) If τw  is the family of all g-open sets in sense of Levine, then the 

generalized τw -closed set is exactly a ∗g -closed set [14]. 

(3) Obviously, every w-closed set is generalized τw -closed, but in 

general, the converse is not true as the next example. 

Example 3.3. Let { },,,, dcbaX =  a topology { }{ }Xb ,,∅=τ  and a 

w-structure { } { } { } { }{ }XdacbawX ,,,,,,∅=  in X. For { },, caA =  obviously 

A is τgw -closed but not w-closed. 

We recall that: A is called a generalized w-closed set (simply, gw-closed 
set) [11] if ( ) ,UAwC ⊆  whenever UA ⊆  and U is w-open. 

Remark 3.4. Let ( )τwX ,  be an associated w-space with a topology τ 

and .XA ⊆  Since ( ) ( ),AclAwC ⊆  every τgw -closed set is gw-closed. But, 

the converse may not be true as the next example. 

Example 3.5. In Example 3.3, let { }.dA =  Then ( ) ,AAwC =  so A is 

gw-closed. Consider a w-open set { }daU ,=  such that .UA ⊆  Since ( )Acl  

{ },,, dca=  A is not τgw -closed. 

Theorem 3.6. Let ( )τwX ,  be an associated w-space with a topology τ. 

Then the union of two τgw -closed sets is a τgw -closed set. 
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Proof. Let A and B be any two τgw -closed sets. Let G be any w-open set 

such that .GBA ⊆∪  Then GA ⊆  and .GB ⊆  Since A and B are τgw -

closed sets, ( ) GAcl ⊆  and ( ) .GBcl ⊆  So, ( ) ( ) ( ) .GBclAclBAcl ⊆= ∪∪  

Hence BA ∪  is τgw -closed. ~ 

In general, the intersection of two τgw -closed sets is not τgw -closed: 

Example 3.7. Let { },,,, dcbaX =  a topology { }{ }Xb ,,∅=τ  and a 

w-structure { } { } { } { } { }{ }XdacbacawX ,,,,,,,,∅=  in X. Now, consider 

{ },,, cbaA =  and { }.,, dcaB =  Then A and B are τgw -closed. But BA ∩  

{ }ca,=  is not τgw -closed because { }ca,  is w-open and { }( ) =cacl ,  

{ }.,, dca  

Theorem 3.8. Let ( )τwX ,  be an associated w-space with a topology τ. 

Then if A is a τgw -closed set, then ( ) AAcl −  contains no non-empty               

w-closed set. 

Proof. Suppose that there is a w-closed set F such that ( ) .AAclF −⊆  

Then ,FXA −⊆  and since FX −  is w-open and A is τgw -closed, ( )Acl  

FX −⊆  and ( ).AclXF −⊆  It implies that ( ) ( )( ) .∅=−⊆ AclXAclF ∩  

Hence, .∅=F  ~ 

Corollary 3.9. Let ( )τwX ,  be an associated w-space with a topology τ. 

Then if A is a τgw -closed set, then ( ) AAcl −  contains no non-empty closed 

set. 

Proof. Since X is an associated w-space, every closed set is w-closed. 
The corollary is obtained by the above theorem. ~ 

In Theorem 3.8, the converse is not true as shown in the next example. 

Example 3.10. Let { },,,, dcbaX =  a topology { }{ }Xcb ,,,∅=τ  and 

a w-structure { } { } { }{ }XdacbawX ,,,,,,∅=  in X. Consider { }.aA =  Note 

( ) { }daAcl ,=  and ( ) { } { } { }., dadaAAcl =−=−  Since { }d  is not w-closed, 

( ) AAcl −  contains no non-empty w-closed set, but A is not w-closed. 
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Theorem 3.11. Let ( )τwX ,  be an associated w-space with a topology τ. 

Then if A is a τgw -closed set and ( ),AclBA ⊆⊆  then B is τgw -closed. 

Proof. Let U be any w-open set such that .UB ⊆  Then UA ⊆  and 

( ) ( ).AclBcl ⊆  Since A is a τgw -closed set, ( ) ( ) .UAclBcl ⊆⊆  It implies 

that B is τgw -closed set. ~ 

Theorem 3.12. Let ( )τwX ,  be an associated w-space with a topology τ. 

Then if A is a τgw -closed set and ( ),AwCBA ⊆⊆  then B is τgw -closed. 

Proof. From ( ) ( )AclAwC ⊆  and Theorem 3.11, B is τgw -closed set. ~ 

Corollary 3.13. Let ( )τwX ,  be an associated w-space with a topology 

τ. Then if A is a τgw -closed set and ( ),AwCBA ⊆⊆  then B is gw-closed. 

Proof. It follows from the fact that every τgw -closed set is gw-closed. ~ 

Definition 3.14. Let ( )τwX ,  be an associated w-space with a topology τ 

and .XA ⊆  Then A is called a generalized τw -open set (simply, τgw -open 

set) if AX −  is τgw -closed. 

Theorem 3.15. Let ( )τwX ,  be an associated w-space with a topology τ 

and .XA ⊆  Then A is τgw -open if and only if ( )AF int⊆  whenever AF ⊆  

and F is w-closed. 

Proof. It follows from Definition 3.1. ~ 

Theorem 3.16. Let ( )τwX ,  be an associated w-space with a topology τ. 

Then the intersection of two τgw -open sets is a τgw -open set. 

Proof. It is obvious from Theorem 3.6. ~ 

In general, the union of two τgw -open sets is not τgw -open (see 

Example 3.7). 

Theorem 3.17. Let ( )τwX ,  be an associated w-space with a topology τ 
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and .XA ⊆  Then if A is τgw -open, then ,XU =  whenever ( ) ( )AXA −∪int  

U⊆  and U is w-open. 

Proof. Let U be any w-open set and ( ) ( ) .int UAXA ⊆−∪  Then UX −  

( )( ) ( ) ( ) ( ).int AXAXclAAXclAAX −−−=−=−⊆ ∩∩  Since AX −  

is τgw -closed, by Theorem 3.8, the w-closed set UX −  must be empty. 

Hence, .XU =  ~ 

Corollary 3.18. Let ( )τwX ,  be an associated w-space with a topology τ 

and .XA ⊆  Then if A is τgw -open, then ,XU =  whenever ( ) ( )AXA −∪int  

U⊆  and U is open. 

Proof. Since every open set is w-open, it follows from the above 
theorem. ~ 

Theorem 3.19. Let ( )τwX ,  be an associated w-space with a topology τ. 

Then if A is a τgw -open set and ( ) ,ABAwI ⊆⊆  then B is τgw -open. 

Proof. It is similar to the proof of Theorem 3.11. ~ 

Theorem 3.20. Let ( )τwX ,  be an associated w-space with a topology τ. 

Then if A is a τgw -open set and ( ) ,int ABA ⊆⊆  then B is τgw -open. 

Proof. Since ( ) ( ),int AwIA ⊆  it is obtained from Theorem 3.19. ~ 

Theorem 3.21. Let ( )τwX ,  be an associated w-space with a topology τ. 

Then if A is a τgw -closed set, then ( ) AAcl −  is τgw -open. 

Proof. Suppose that A is a τgw -closed set. Then by Theorem 3.8, the 

empty set is the only one w-closed subset of ( ) .AAcl −  So, for the only          

w-closed subset ∅ of ( ) ,AAcl −  ( ) AAcl −⊆∅  and ( )( ).int AAcl −⊆∅  

From Theorem 3.15, ( ) AAcl −  is τgw -open. ~ 

Theorem 3.22. Let ( )τwX ,  be an associated w-space with a topology τ. 

Then if A is a τgw -open set, then ( ) ( )AXA −∪int  is τgw -closed. 
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Proof. Suppose that A is a τgw -open set. Then by Theorem 3.17, the 

whole set X is the only one w-open set containing ( ) ( ).int AXA −∪  So, 

( ) ( ) XAXA ⊆−∪int  and ( ) ( )( ) .int XAXAcl ⊆−∪  Hence, by definition 

of τgw -closedness, ( ) ( )AXA −∪int  is τgw -closed. ~ 

Let ( )τwX ,  be an associated w-space with a topology τ. For a subset A 

of X, τgw -closure of A and τgw -interior of A are defined as the following: 

(1) ( ) { }.closed- is ,: ττ ⊆= gwFFAFACgw ∩  

(2) ( ) { }.open- is ,: ττ ⊆= gwUAUUAIgw ∪  

Theorem 3.23. Let ( )τwX ,  be an associated w-space with a topology τ 

and .XA ⊆  

(1) If A is τgw -open, then ( ) .AAIgw =τ  

(2) If A is τgw -closed, then ( ) .AACgw =τ  

Proof. Obvious. ~ 

But the converses in the above theorem are not always true as shown in 
the next example. 

Example 3.24. In Example 3.7, let { }., caF =  Since { }cba ,,  and 

{ }dca ,,  are τgw -closed sets, ( ) { }., caFCgw =τ  But from the fact that 

{ }ca,  is w-open and { }( ) { },,,, dcacawC =  F is not τgw -closed. Similarly, 

we can show that the converse of (2) in Theorem 3.23 is not true, in general. 

Theorem 3.25. Let ( )τwX ,  be an associated w-space with a topology τ 

and ., XBA ⊆  

(1) If ,BA ⊆  then ( ) ( )BIgwAIgw ττ ⊆  and ( ) ( ).BCgwACgw ττ ⊆  

(2) ( ) ( ) ( ) ( ).; ACgwXAXIgwAIgwXAXCgw ττττ −=−−=−  

(3) ( )AIgwx τ∈  if and only if there exists a τgw -open set U containing 

x such that .AU ⊆  
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(4) ( )ACgwx τ∈  if and only if ∅≠VA ∩  for all τgw -open set V 

containing x. 

Proof. Obvious. ~ 

Theorem 3.26. Let ( )τwX ,  be an associated w-space with a topology τ 

and ., XBA ⊂  

(1) ( ).∅=∅ τCgw  

(2) ( ).ACgwA τ⊆  

(3) ( ) ( ) ( ).BCgwACgwBACgw τττ = ∪∪  

(4) ( )( ) ( ).ACgwACgwCgw τττ =  

Proof. (1) and (2) are obvious. 

(3) It is obvious that ( ) ( ) ( ).BCgwACgwBACgw τττ ⊇ ∪∪  We only 

show that ( ) ( ) ( ).BCgwACgwBACgw τττ ⊆ ∪∪  Suppose that ( )ACgwx τ∉  

( ).BCgwτ∪  Then there exist τgw -closed sets 1F  and 2F  such that 1Fx ∉  and 

;1FA ⊆  2Fx ∉  and .2FB ⊆  So 21 FFx ∪∉  and .21 FFBA ∪∪ ⊆  From 

Theorem 3.6, 21 FF ∪  is τgw -closed, and ( ).BACgwx ∪τ∉  So ( )BACgw ∪τ  

( ) ( ).BCgwACgw ττ⊆ ∪  

(4) It is sufficient to show that ( )( ) ( ).ACgwACgwCgw τττ ⊆  For any 

τgw -closed set F satisfying ,FA ⊆  since ( ) ( ) ,FFCgwACgw =⊆ ττ  

( )( ) ( ){ }closed- is ,: ττττ ⊆= gwKKACgwKACgwCgw ∩  

{ } ( ).closed- is ,: ACgwgwFFAF ττ =⊆⊆ ∩  ~ 

Theorem 3.27. Let ( )τwX ,  be an associated w-space with a topology τ 

and ., XBA ⊂  

(1) ( ).XIgwX τ=  

(2) ( ) .AAIgw ⊆τ  
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(3) ( ) ( ) ( ).BIgwAIgwBAIgw τττ = ∩∩  

(4) ( )( ) ( ).AIgwAIgwIgw τττ =  

Proof. These are easily obtained by Theorem 3.25 and Theorem 3.26. ~ 

Finally, we have a topology induced by τgw -open sets as the following: 

Theorem 3.28. Let ( )τwX ,  be an associated w-space with a topology τ. 

Then the family ( ){ }UIgwUXUw τ
∗
τ =⊆= :  is a topology containing the 

weak structure w, that is, .∗τ⊆⊆τ ww  

Proof. It is easily obtained by Theorem 3.27. ~ 

We recall that: Let ( )XwX ,  be a w-space and .XA ⊆  Then A is called 

a generalized w-open set (simply, gw-open set) [11] if AX −  is gw-closed. 

Then A is generalized w-open if and only if ( )AwIF ⊆  whenever 

AF ⊆  and F is w-closed. 

Let ( ) ( )μ→τ ,,: YwXf  be a function on an associated w-space with τ 

and a topological space ( )., μY  Then f is said to be 

(1) WO-continuous [10] if for Xx ∈  and ( )( ),xfOV ∈  there is ∈U  

( )xW  such that ( ) ;VUf ⊆  

(2) ∗W -continuous [9] if for every ( )( ),xfWA ∈  ( )Af 1−  is in ( ).xW  

Theorem 3.29 [10]. Let ( ) ( )μ→τ ,,: YwXf  be a function on an 

associated w-space with τ and a topological space ( )., μY  Then the following 

statements are equivalent: 

(1) f is WO-continuous. 

(2) ( )( ) ( )( )AfclAwCf ⊆  for .XA ⊆  

(3) ( ( )) ( )( )VclfVfwC 11 −− ⊆  for .YV ⊆  

(4) ( )( ) ( ( ))VfwIVf 11 int −− ⊆  for .YV ⊆  
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Let X and Y be w-spaces. A function ( ) ( )YX wYwXf ,,: →  is said to be 

(1) ∗W -closed [11] if for every w-closed set F in X, ( )Ff  is a w-closed 

set in Y. 

(2) quasi- ∗W -closed [11] if for ,XA ⊆  ( )( ) ( )( ).AwCfAfwC ⊆  

In fact, there is no any relation between the notions of ∗W -closed 

function is quasi- ∗W -closed function. 

Theorem 3.30. Let ( ) ( )YX wYwXf ,,: →  be a function on w-spaces 

X and Y. Then the following statements hold: 

(1) If f is WO-continuous and ∗W -closed, then for every gw -open subset 

B in Y, ( )Bf 1−  is gw-open. 

(2) If f is continuous and ∗W -closed, then for every τgw -open subset B 

in Y, ( )Bf 1−  is τgw -open. 

Proof. (1) Let B be any τgw -open subset B in Y and F be a w-closed set 

in X such that ( ).1 BfF −⊆  Now, we show that ( ( )).1 BfwIF −⊆  Since f 

is ∗W -closed, ( )Ff  is w-closed. Moreover, since B is τgw -open, ( ) ⊆Ff  

( ).int B  From Theorem 3.29, it follows that ( )( ) ( ( )).int 11 BfwIBfF −− ⊆⊆  

Hence, ( )Bf 1−  is gw-open. 

(2) It is similar to the proof of (1). ~ 

Corollary 3.31. Let ( ) ( )YX wYwXf ,,: →  be a function on w-spaces 

X and Y. Then the following statements hold: 

(1) If f is WO-continuous and ∗W -closed, then for every open subset B in 

Y, ( )Bf 1−  is gw-open. 

(2) If f is continuous and ∗W -closed, then for every open subset B in Y, 

( )Bf 1−  is τgw -open. 
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Proof. From the fact that every open set is τgw -open set and the above 

theorem, the things are obtained. ~ 

Theorem 3.32. Let ( ) ( )YX wYwXf ,,: →  be a function on w-spaces 

X and Y. Then the following statements hold: 

(1) If f is ∗W -continuous and closed, for every τgw -closed set A in X, 

( )Af  is τgw -closed. 

(2) If f is ∗W -continuous and quasi- ∗W -closed, for every τgw -closed 

set A in X, ( )Af  is gw-closed. 

Proof. (1) Let A be any τgw -closed subset A in X, and U be a w-open set 

in Y such that ( ) .UAf ⊆  Now, we show that ( )( ) .UAfcl ⊆  Since f is       
∗W -continuous and A is gw-closed, ( )Uf 1−  is w-open and ( ) ( ).1 UfAcl −⊆  

Since f is closed, ( )( ) ( )( ) ( ) ,1 UUffAclfAfcl ⊆⊆⊆ −  and hence, ( )Af  is 

τgw -closed. 

(2) Let A be any τgw -closed subset A in X, and U be a w-open set in Y 

such that ( ) .UAf ⊆  Now, we show that ( )( ) .UAfcl ⊆  Since f is          
∗W -continuous and A is gw-closed, ( )Uf 1−  is w-open and ( ) ( ).1 UfAcl −⊆  

Since f is quasi- ∗W -closed, ( )( ) ( )( ) ( ) ,1 UUffAclfAfwC ⊆⊆⊆ −  and 

hence, ( )Af  is gw-closed. ~ 

We get directly the following corollary: 

Corollary 3.33. Let ( ) ( )YX wYwXf ,,: →  be a function on w-spaces 

X and Y. Then the following statements hold: 

(1) If f is ∗W -continuous and closed, for every closed set A in X, ( )Af  is 

τgw -closed. 

(2) If f is ∗W -continuous and quasi- ∗W -closed, for every closed set A in 
X, ( )Af  is gw-closed. 
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4. Conclusion 

In this paper, we introduced the notion of generalized w-closed (w-open) 
sets in an associated weak space and studied some basic properties. In 
Theorem 3.30, particularly, we established that if f is continuous and           

∗W -closed (resp., WO-continuous and ∗W -closed), then for every τgw -open 

subset B in Y, ( )Bf 1−  is τgw -open (resp., gw-open). In the next research, 

we will intensively investigate the notions of functions from an associated 
weak space to an associated weak space satisfying for every τgw -open subset 

(or open set) in the codomain, its preimage is τgw -open. 
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