JP Journal of Algebra, Number Theory and Applications
© 2016 Pushpa Publishing House, Allahabad, India
\ Published: December 2016
http://dx.doi.org/10.17654/NT038060561
Volume 38, Number 6, 2016, Pages 561-568 ISSN: 0972-5555

ALAAED « INDIA

ON THE ASSOCIATED PRIME IDEALS OF
GENERALIZED d-COHOMOLOGY MODULES

Mirsadegh Sayedsadeghi

Department of Mathematics

Faculty of Science

Payame Noor University (PNU)

P. O. Box, 19395-3697, Tehran, Iran
e-mail: msayedsadeghi@gmail.com

Abstract

Let M and N be R-modules, where R is a commutative Noetherian
ring with identity element. We provide conditions on modules so
that associated prime ideals of generalized d-cohomology module

H(ij (M, N), where d is a nonnegative integer, are finite.

1. Introduction

Throughout this note, R denotes a Noetherian (commutative with
nonzero identity) ring and d a nonnegative integer. Let C(R) denote the

category of R-modules, and M be a finitely generated R-module. The singular
set Sg(M) (k > 0) contains all prime ideals of R satisfying depth(M,,) +
dim(R/p) < k. Let

> ={a:ais an ideal of R with dim(R/a) < d}.
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Then with the reverse inclusion, the set > is a system of ideals of R in
the sense of [2, p. 21]. Following [1], for an R-module M, let Ly(M) =

{meM|3aeX, am=0}, and for i >0, HY(-) be the ith right derived
functor of Lq(-). In[9], the d-transform T4(M) = lim Homg(a, M) on the

aey.

category of R-modules was defined.
Now, we define Ly (-, —), Tq(-, =) : C(R) x C(R) — C(R) by

Lg(M, N) = lim Homg(M/aM, N),

aey.

Tqg(M, N) = lim Homg(aM, N).

aey.

Also, for R-module M, let H&(M, -) = RiLd(M, —) be defined for all
nonnegative integers i. It is clear that

Hi(M, N) = lim Exti(M/aM, N),

aey,

and call it to be the ith generalized d-cohomology module of M, N with
support of dimension < d.

Banica and Stoia [1] have studied d-cohomology module H(ij(M).
Zamani et al. [7-9] have explored T4(M, N) and Hfj(M, N) intimately.

The aim of this paper is to study the associated prime ideals of H(ij(M, N)
and Tq(M, N) whenever M, N are finitely generated R-modules. Also, this

provides some results on sets Supp(Tq(M, N)) and Supp(Hé(M, N)).

2. Preliminaries

In this paper, the associated prime ideals T4(M, N) and Hé(M, N) are

studied. It is obtained that Assg(Tq(M, N)) and Assg(H'(M, N)) are
finite under certain conditions for all i > 0. It is noted that a finite
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dimensional Noetherian ring R is said to be biequidimensional if dim(R/p) +
dim(R,) = dim(R) for all p e Spec(R), and dim(R/p) = dim(R), for all
p € Ass(R), where Ass(R) denotes the set of all associated prime ideals of
R.

The results, collected in Proposition 1, include some connections of the
generalized d-transform functors and modules.

Proposition 1. Let M, N be two R-modules. If M is finitely generated,
then

(i) Tg(Tg(M, N)) = Ty(M, N).
(i) Tg(Homg(M, N)) = Homg(M, T4(N)).
(iii) Tg(Homg(M, N)) =Tq(M, N).

Proof. (i) Using the definition, [6, Theorem 2.75] and [4, Satz 3], tit
follows that:

Tg (Tg (M, N)) = lim Homg(a, Tq(M, N))

ae

I

lim(Homg (a, lim Homg (6M, N)))
beX

aey,

I

lim(lim Homg (a, Homg(6M, N))
ae. beX

n

lim(lim Homg (a ® 6M, N))
aeX be

lim(lim Homg (bM, Homg(a, N)))
beX ae)

I

n

lim(Homg (6M, lim Homg(a, N)))

beX. ae

I

lim Homg (bM, Ty (N)) = T4 (M, Tg(N)).
beX

Now, using [9, Theorem 2.15], we have

Ta(Tg(M, N)) =Tg(M, N).
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(ii) By using the definition and part (i), we obtain
Tq(Homg(M, N)) = lim Homg(a, Homg(M, N))

ae

= lim Homg(a ® M, N)
aey,

N

lim Homg (M, Homg(a, N))

aey,

I

Homg(M, lim Homg(a, N))
aey,

In

Homg(M, T4(N)).

(iii) The exact sequence

0 - Lg(M, N) »> Homg(M, N) - T4(M, N)iHé(M, N)
provides the following exact sequence
0> Lg(M, N) > Homg(M, N) > T4(M, N) > Ima - 0.  (#)
Since Ly(Lg(M, N))=Lg(M, N) and Lg(Ima)=Ima, by [9,
Corollary 2.6], T4(Lg(M, N)) =0 and Tq(Ima) = 0. Hence, by part (i) on

applying the functor T, (-) to the exact sequence (), we have
Ta(Homg(M, N)) =Ty (Tg(M, N)) =Ty(M, N).
Now, by Proposition 1, the result follows. O

Theorem 2. Let M, N be two finitely generated R-modules. Then
Assg(Tg(M, N)) = Supp(M) N Assg(N/Lg (N)) and so Assg(Tq(M, N))
is finite.

Proof. By [8, Theorem 1], Assg(Tq(N)) = Assg(N/Lg(N)). Now, by
Proposition 1,

Assg(Tg(M, N)) = Assg (T (Homg (M, N)))
= Assg(Homg(M, T4(N)))
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= Supp(M ) N Assg(Tg(N))
= Supp(M) N Assp(N/Lg (N)).

Clearly, if N is a finitely generated R-module, then Assg(N/Lg(N)) is
finite and so Assg(T4 (M, N)) is finite. O

Corollary 3. Let M, N be two finitely generated R-modules. Then
Supp(Tg (M, N)) = Supp(N/Lg(N)).

Proof. Let p e Supp(Tq(M, N)). Then there exists q e Assg(Tq(M, N))
so that q < p. Using Theorem 2, q € Assg(N/Ly(N)) and so there exists
0#n+Lg(N)e N/Lg(N) such that g = Anng(n + Lg(N)). It is clear that
%@'(N):& 0 in the R, -module (N/Lq (N))p. Hence, p e Supp(N/Lg(N))
and so Supp(Ty(M, N)) < Supp(N/Lg(N)). O

Corollary 4. Let M, N be two finitely generated R-modules. If
Extk(M, N) = 0, then Supp(H3(M, N)) c Supp(N/Lg (N)).

Proof. Using Proposition 1 and [9, Corollary 2], we can easily show that
Supp(Tg (M, N)) = Supp(Ty(Homg (M, N)))
= Supp(Homg(M, N)/Ly(Homg(M, N))).
Now, the short exact sequence
0 — Homg(M, N)/Lg(Homg(M, N)) = Tq(M, N) - H{(M, N) > 0
yields
Supp(Tg (M, N)) = Supp(Homg (M, N)/Lg(Homg(M, N)))
U Supp(Hg (M, N)).
Hence, by Corollary 3,

Supp(Hg (M, N)) < Supp(T4(M, N)) < Supp(N/Lg(N)). O
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By definition, we can easily show that
Assp(Lg(M, N)) = Assg(Homg(M, Ly(N)))
= Supp(M) N Assg(Lg (N)).
Below is the following general theorem.

Theorem 5. Let M, N be two R-modules and t be a positive integer. If
M is finitely generated, then

t
Assg(H§ (M, N)) < | ] Assg(ExtR(M, HE™'(N))).
i=0

Proof. By [6, Theorem 10.47], there is a convergent spectral sequence
Ey° = EXtR(M, H3(N)) = H (M, N).

For all i > 2, we consider the exact sequence

0.t
i .
0 — Ker dio‘t - Eio‘t - Ei"t_”l. (*)

Since Eio’t = Ker dio_'{/lm dil__li'”i_2 and Eti'j =0 forall j<0, we

may use (*) to obtain
Kerdiy' =By = =
forall 0 <i <t. There exists a finite filtration
0= o IH! c o!H! ¢ - < ptH! < PH! = H{(M, N)
such that Ef,;t‘i = (pth/(pi+lHt forall 0 <i <t. Now, the exact sequence
0 ¢ H! 5 ¢'H! 5> ELTT 50
(0 <i <'t) in conjunction with

ELET = Kerd)' < Kerdbt < ELH
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yields
Assp(o'H') < Assg (@' HH) U Assp(E3')
< Assg(p ™ THY) U Assg(ELT)
= Assg(H{(M, N)) < Assg(e*H') U Assg(EJ'Y)
c Assg(p?HY) U Assg(E3 ™) U Assg(Ex') < ---

c Assg(0) U AssR(Eg’t) U AssR(E%’t_l) Uu---u AssR(EE'O).

Then

t it t i i
Assg(HY (M, N)) < Ui:OAss,R(Egt = Ui:o Assg (Extk (M, HE'(N)))
and the proof is complete. O

Corollary 6. Let R be a ring, quotient of a regular biequidimensional
ring, M, N be two finitely generated R-modules and t be a positive integer. If

dim(S;,q(N)) < d, then Assg(H§ (M, N)) is finite.
Proof. By [1, Theorem of finiteness], Hé (N) is finitely generated for all
i <t and so ExtiR(M, Hé‘i(N)) is finitely generated. Hence, by Theorem
5, Assg(H§ (M, N)) is finite for all t > 0. O
Corollary 7. Let M, N be two finitely generated R-modules and t be a
positive integer. If Ly(N) = N, then Assg(H§ (M, N)) is finite.

Proof. By [9, Corollary 2.5], we have H(ij(N) =0 for all i >1. Hence,
by Theorem 5, we have

t
Assp(Hg (M, N)) < | ] Assg (Extk(M, Hi™ (N)))
i=0
= Assg(Exty (M, Lg(N))).

Since M and Ly (N) are finitely generated, the proof is complete. O
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