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Abstract 

Many inequalities involving Riemann-Liouville, Erdélyi-Kober, and 
k-fractional integrals are available in literature. In this paper, we 
present certain inequalities associated with the recently introduced 
generalized ( )rk; -fractional integrals of Riemann-Liouville type. 
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1. Introduction and Preliminaries 

Recently inequalities associated with the various fractional integral 
operators such as Riemann-Liouville fractional integral operator have been 
actively investigated. In fact, the fractional integral inequalities involving 
Riemann-Liouville one have proved to be one of the most powerful and far-
reaching tools, which are useful in many branches of pure and applied 
mathematics. These inequalities have gained considerable popularity and 
importance during the past few decades due to their demonstrated 
applications in numerical quadrature, transform theory, probability, and 
statistical problems. Among other things, they are the most useful ones in 
establishing uniqueness of solutions in fractional boundary value problems 
and fractional partial differential equations. For details of their various 
applications, one may refer to the works (for example) [1-6, 8, 9, 11, 14, 20]. 

Several interesting and useful k-extensions of some familiar fractional 
integral operators such as Riemann-Liouville one have been investigated 
(see, e.g., [13, 16-18]). Very recently, motivated by those earlier works, Set 
et al. [19] established some Grüss type inequalities involving the k-fractional 
integrals. In the present sequel to the aforementioned investigations, here, in 
this paper, we establish certain generalized inequalities involving generalized 
Riemann-Liouville ( )rk; -fractional integrals. 

Throughout this paper, NRRC ,,, +  and −
0Z  are the sets of complex 

numbers, real and positive real numbers, and positive and non-positive 

integers, respectively, and { }.0:0 ∪++ = RR  Let f, g, p, [ ] R→baq ,:  be 

integrable functions. One defines the following functionals of f and g with 
one weighted function p and two weighted functions p and q, respectively: 

( ) ( ) ( ) ( ) ( )∫ ∫=
b

a

b

a
dxxgxfxpdxxppgfT :;,  

( ) ( ) ( ) ( )∫ ∫−
b

a

b

a
dxxgxpdxxfxp  (1.1) 
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and 

( ) ( ) ( ) ( ) ( )∫ ∫=
b

a

b

a
dxxgxfxpdxxqqpgfT :,;,  

( ) ( ) ( ) ( )∫ ∫+
b

a

b

a
dxxgxfxqdxxp  

( ) ( ) ( ) ( )∫ ∫−
b

a

b

a
dxxgxpdxxfxq  

( ) ( ) ( ) ( )∫ ∫−
b

a

b

a
dxxgxqdxxfxp .  (1.2) 

It is obvious to see that ( ) ( ).;,2,;, pgfTppgfT =  

Further, if [ ] +→ 0,: Rbap  is an integrable function, we have 

( ) ,0;, ≥pgfT  (1.3) 

whose inequality is due to Chebyshev (see [4]). 

Two functions f and g are said to be synchronous on [ ]ba,  if 

( ) ( )( ) ( ) ( )( ) [ ]( ).,,0 bayxygxgyfxf ∈≥−−  (1.4) 

Two functions f and g are said to be asynchronous on [ ]ba,  if 

( ) ( )( ) ( ) ( )( ) [ ]( ).,,0 bayxygxgyfxf ∈≤−−  (1.5) 

If f, g are synchronous on [ ]ba,  and p, [ ] +→ 0,: Rbaq  are integrable 

on [ ],, ba  then the following inequality holds (see, e.g., [10, 12]): 

( ) .0,;, ≥qpgfT  (1.6) 

Ostrowski [15] established the following generalization of the 
Chebyshev inequality: If f and g are two differentiable and synchronous 
functions on [ ],, ba  p is a positive integrable function on [ ],, ba  and 

( ) m≥′ xf  and ( ) [ ]( )baxxg ,∈≥′ r  for some real numbers m and r, 

then 
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( ) ( ) .0,,;, ≥−−≥ paxaxTpgfT mr  (1.7) 

If f and g are asynchronous on [ ],, ba  then the inequality in (1.7) is reversed: 

( ) ( ) .0,,;, ≤−−≤ paxaxTpgfT mr  (1.8) 

If f and g are differentiable functions on [ ],, ba  p is a positive integrable 

function on [ ],, ba  and ( ) ( ) [ ]( )baxxgxf ,, ∈≤′≤′ RM  for some real 

numbers M and R, then 

( ) ( ) .0;,,, ≤−−≤ paxaxTpgfT MR  (1.9) 

The following definitions are also required: 

1. A real-valued function ( ) ( )+∈ Rttf  is said to be in the space 

( )R∈μμC  if there exists a real number μ>p  such that ( ) ( ),tttf pφ=  

where ( ) ( ).,0 ∞∈φ Ct  A function ( ) ( )+∈ Rttf  is said to be in the space 

( )R∈νν
μC  if ( ) .μ

ν ∈ Cf  

2. The Pochhammer k-symbol ( ) knx ,  and the k-gamma function kΓ  are 

defined as follows (see [7]): 

( ) ( ) ( ) ( )( ) ( )+∈∈−+++= RN knknxkxkxxx kn ;12:,  (1.10) 

and 

( ) ( )
( )

( ),\;!lim: 0
,

1
−+

−

∞→
∈∈=Γ ZCR kxk

x
nkknx

kn

k
xn

n
k  (1.11) 

where { }.:: 00
−− ∈= ZZ nknk  It is noted that the case 1=k  of (1.10) and 

(1.11) reduces to the familiar Pochhammer symbol ( )nx  and the gamma 

function Γ. The function kΓ  is given by the following integral: 

( ) ( )( )∫
∞ −− >ℜ=Γ
0

1 .0xdtetx k
t

x
k

k

 (1.12) 
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The function kΓ  defined on +R  is characterized by the following three 

properties: (i) ( ) ( );xxkx kk Γ=+Γ  (ii) ( ) ;1=Γ kk  (iii) ( )xkΓ  is 

logarithmically convex. It is easy to see that 

( ) ( ( ) ).;0
1 +−

∈>ℜ⎟
⎠
⎞

⎜
⎝
⎛Γ=Γ Rkx

k
xkx k

x

k  (1.13) 

3. Mubeen and Habibullah [13] introduced k-fractional integral of the 
Riemann-Liouville type of order α as follows (see also [19]): 

( ){ } ( ) ( ) ( ) ( )∫ >∈ατττ−
αΓ

= +−αα t

a
k

k
ka atdftktfR ,;1 1

, R  (1.14) 

which, upon setting ,1=k  is seen to yield the classical Riemann-Liouville 

fractional integral of order α: 

( ){ } ( ){ } ( ) ( ) ( ) ( )∫ >∈ατττ−
αΓ

== +−ααα t

aaa atdfttfRtfR .;1: 1
1, R  (1.15) 

Sarikaya and Karaca [17] presented ( )rk; -fractional integral of the 

Riemann-Liouville type of order α, which is a generalization of the 
k-fractional integral (1.14), defined as follows: 

( ){ } ( )
( ) ( ) ( )∫ ττττ−
αΓ

+= −α++
α−

α t

a
rkrr

k

kr
ka dftk

rtfR 111
1

,
,

1  

( ),0;;, ≥>∈α + ratk R  (1.16) 

which, upon setting ,0=r  immediately reduces to the k-integral (1.14). 

2. Inequalities Involving Generalized Riemann-Liouville  
( )rk; -fractional Integral 

Here we establish some inequalities involving the generalized Riemann-

Liouville ( )rk; -fractional integral r
kaR ,

,
α  in (1.16). To do this, similarly as in 

(1.2), we begin by defining the following functional of f and g with two 
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weighted functions u and v with respective to the fractional integral (1.16): 

( ) ( ) ( ) ( )( ) ( ){ } ( ) ( ) ( ){ }tgtftvRtuRtvtutgtf r
ka

r
ka

,
,

,
,:,;, αα=I  

( ){ } ( ) ( ) ( ){ }tgtftuRtvR r
ka

r
ka

,
,

,
,

αα+  

( ) ( ){ } ( ) ( ){ }tgtvRtftuR r
ka

r
ka

,
,

,
,

αα−  

( ) ( ){ } ( ) ( ){ }tgtuRtftvR r
ka

r
ka

,
,

,
,

αα−  (2.1) 

provided that α, ,+∈ Rk  a, +∈ 0Rr  and any +∈ Rt  with ;at >  four 

functions f, RR →+
0:g  and u, ++ → 00: RRv  are assumed to be so 

constrained that all involved fractional integrals can exist. 

Lemma 1. In addition to the conditions in (2.1), let f and g be 

synchronous functions on .0
+R  Then the following Chebyshev type inequality 

holds true: For all +∈ Rt  with ,at >  

( ) ( ) ( ) ( )( ) .0,;, ≥tvtutgtfI  (2.2) 

Proof. We find that the functional ( ) ( ) ( ) ( )( )tvtutgtf ,;,I  can be 

expressed as follows: 

( ) ( ) ( ) ( )( ) ( )
( ) ( )∫ ∫ ρτρτ

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

αΓ
+=

α− t

a

t

ak

k ddk
rtvtutgtf ,,1,;,

2
1

HI  (2.3) 

where 

( ) ( ) ( ) 111111:, −α++−α++ ρ−τ−=ρτ krrkrr ttH  

( ) ( )( ) ( ) ( )( ) ( ) ( ) .rrvuggff ρτρτρ−τρ−τ×  

Since f and g are synchronous functions on [ ),,0 ∞  

( ) ( )( ) ( ) ( )( ){ } [ )( )∞∈ρτ≥ρ−τρ−τ ,0,0ggff  (2.4) 
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and so ( ) [ )( ).,0,, ∞∈ρτρτH  Then the inequality (2.2) is seen to be 

proved. ~ 

Theorem 1. In addition to the conditions in (2.1), suppose f and g are 

bounded functions on .0
+R  Let [ ) ( ),sup: ,0 τ=Φ ∞∈τ f  [ ) ( ),inf: ,0 τ=ϕ ∞∈τ f  

[ ) ( ),sup: ,0 τ=Ψ ∞∈τ g  and [ ) ( ).inf: ,0 τ=ψ ∞∈τ g  Then the following 

inequality holds true: For all +∈ Rt  with ,at >  

( ) ( ) ( ) ( )( ) ( ) ( ) ( ){ } ( ){ }.,;, ,
,

,
, tvRtuRtvtutgtf r

ka
r
ka

ααψ−Ψϕ−Φ≤I  (2.5) 

Furthermore, let 21, cvcu ==  be non-negative real constants on .0
+R  

Then we have 

( ) ( ) ( ) ( )( )tvtutgtf ,;,I  

( )( )
( ) ( ).1

2
11

2
21 ψ−Ψϕ−Φ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+
−

αΓα
≤

α
++ krr

k
r

atcc
 (2.6) 

Proof. It is noted that 

( ) ( ) ϕ−Φ≤ρ−τ ff   and  ( ) ( ) ψ−Φ≤ρ−τ gg  (2.7) 

for all ., 0
+∈ρτ R  It is easy to compute that 

{ } ( ) ,1

11
,
,

krr

k

r
ka r

atccR

α
++

α
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+
−

αΓα
=  (2.8) 

where c is a real constant. It follows from (2.3) that 

( ) ( ) ( ) ( )( ) ( )
( ) ( )∫ ∫ ρτρτ

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

αΓ
+≤

α− t

a

t

ak

k ddk
rtvtutgtf .,1,;,

2
1

HI  (2.9) 

Now applying (2.7) and (2.8) to (2.9) successively is easily seen to yield the 
desired inequalities (2.5) and (2.6). 
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Theorem 2. In addition to the conditions in (2.1), suppose f and g are 

differentiable on +
0R  such that f ′  and g ′  are bounded on .0

+R  Let 

[ ) ( )τ′=′ ∞∈τ∞ ff ,0sup:  and [ ) ( ) .sup: ,0 τ′=′ ∞∈τ∞ gg  Then the 

following inequality holds true: For all +∈ Rt  with ,at >  

( ) ( ) ( ) ( )( )tvtutgtf ,;,I  

( ) ( ){ } ( ){ }.,
,

,
,

2 tvRtuRgfat r
ka

r
ka

αα
∞∞ ′′−≤  (2.10) 

Proof. Let t, +∈ 0Ra  such that at >  and ( )., ρ≠τ≤ρτ≤ ta  Then 

use mean value theorem to get 

( ) ( ) ( ) ( )ρ−τξ′=ρ−τ fff  

for some ξ between τ and ρ. We thus find that 

( ) ( ) ( ) ( )atffff −′≤ρ−τξ′≤ρ−τ ∞  (2.11) 

for all τ, ρ between a and t. Similarly, we have 

( ) ( ) ( )atfgg −′≤ρ−τ ∞  (2.12) 

for all τ, ρ between a and t. Finally applying (2.11) and (2.12) to the 
inequality (2.9) is seen to yield the desired inequality (2.10). ~ 

Theorem 3. Let α, +∈ Rk  and a, .0≥r  Also let f and g be synchronous 
functions on [ )∞,0  and l, m and n be non-negative real-valued functions on 

[ ).,0 ∞  Then the following inequality holds true: For all +∈ Rt  with ,at >  

( ){ }[ ( ){ } ( ) ( ) ( ){ }tgtftnRtmRtlR r
ka

r
ka

r
ka

,
,

,
,

,
,2 ααα  

( ){ } ( ) ( ) ( ){ }]tgtftmRtnR r
ka

r
ka

,
,

,
,

αα+  

( ){ } ( ){ } ( ) ( ) ( ){ }tgtftlRtnRtmR r
ka

r
ka

r
ka

,
,

,
,

,
,2 ααα+  

( ){ }[ ( ) ( ){ } ( ) ( ){ }tgtnRtftmRtlR r
ka

r
ka

r
ka

,
,

,
,

,
,

ααα≥  
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( ) ( ){ } ( ) ( ){ }]tgtmRtftnR r
ka

r
ka

,
,

,
,

αα+  

( ){ }[ ( ) ( ){ } ( ) ( ){ }tgtnRtftlRtmR r
ka

r
ka

r
ka

,
,

,
,

,
,

ααα+  

( ) ( ){ } ( ) ( ){ }]tgtlRtftnR r
ka

r
ka

,
,

,
,

αα+  

( ){ }[ ( ) ( ){ } ( ) ( ){ }tgtmRtftlRtnR r
ka

r
ka

r
ka

,
,

,
,

,
,

ααα+  

( ) ( ){ } ( ) ( ){ }]tgtlRtftmR r
ka

r
ka

,
,

,
,

αα+  (2.13) 

provided all of the functions f, g, l, m and n are restricted so that all involved 
integrals are convergent. 

Proof. Setting mu =  and nv =  in (2.2) gives 

( ){ } ( ) ( ) ( ){ } ( ){ } ( ) ( ) ( ){ }tgtftmRtnRtgtftnRtmR r
ka

r
ka

r
ka

r
ka

,
,

,
,

,
,

,
,

αααα +  

( ) ( ){ } ( ) ( ){ } ( ) ( ){ } ( ) ( ){ }.,
,

,
,

,
,

,
, tgtmRtftnRtgtnRtftmR r

ka
r
ka

r
ka

r
ka

αααα +≥  (2.14) 

Multiplying both sides of (2.14) by ( ){ }( ),0,
, ≥α tlR r
ka  we have 

( ){ }[ ( ){ } ( ) ( ) ( ){ }tgtftnRtmRtlR r
ka

r
ka

r
ka

,
,

,
,

,
,

ααα  

( ){ } ( ) ( ) ( ){ }]tgtftmRtnR r
ka

r
ka

,
,

,
,

αα+  

( ){ }[ ( ) ( ){ } ( ) ( ){ }tgtnRtftmRtlR r
ka

r
ka

r
ka

,
,

,
,

,
,

ααα≥  

( ) ( ){ } ( ) ( ){ }].,
,

,
, tgtmRtftnR r

ka
r
ka

αα+  (2.15) 

Similarly, replacing u, v in (2.2) by l, n and l, m, respectively, and 

multiplying both sides of the resulting inequalities by ( ){ }tmR r
ka
,
,
α  and 

( ){ },,
, tnR r
ka

α  respectively, we get the following inequalities: 
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( ){ }[ ( ){ } ( ) ( ) ( ){ }tgtftnRtlRtmR r
ka

r
ka

r
ka

,
,

,
,

,
,

ααα  

( ){ } ( ) ( ) ( ){ }]tgtftlRtnR r
ka

r
ka

,
,

,
,

αα+  

( ){ }[ ( ) ( ){ } ( ) ( ){ }tgtnRtftlRtmR r
ka

r
ka

r
ka

,
,

,
,

,
,

ααα≥  

( ) ( ){ } ( ) ( ){ }]tgtlRtftnR r
ka

r
ka

,
,

,
,

αα+  (2.16) 

and 

( ){ }[ ( ){ } ( ) ( ) ( ){ }tgtftmRtlRtnR r
ka

r
ka

r
ka

,
,

,
,

,
,

ααα  

( ){ } ( ) ( ) ( ){ }]tgtftlRtmR r
ka

r
ka

,
,

,
,

αα+  

( ){ }[ ( ) ( ){ } ( ) ( ){ }tgtmRtftlRtnR r
ka

r
ka

r
ka

,
,

,
,

,
,

ααα≥  

( ) ( ){ } ( ) ( ){ }].,
,

,
, tgtlRtftmR r

ka
r
ka

αα+  (2.17) 

Finally, by adding (2.15), (2.16) and (2.17) side by side, we arrive at the 
desired result (2.13). ~ 

To establish our second result, we give the following inequality 
involving the generalized ( )rk; -fractional integral operator in (1.16), which 

is asserted by Lemma 2. 

Lemma 2. Let α, β, +∈ Rk  and a, .0≥r  Also let f and g be 
synchronous functions on [ )∞,0  and u and v be non-negative real-valued 

functions on [ ).,0 ∞  Then the following inequality holds true: For all +∈ Rt  

with ,at >  

( ){ } ( ) ( ) ( ){ } ( ) ( ) ( ){ } ( ){ }tuRtgtftvRtgtftuRtvR r
ka

r
ka

r
ka

r
ka

,
,

,
,

,
,

,
,

αβαβ +  

( ) ( ){ } ( ) ( ){ } ( ) ( ){ } ( ) ( ){ },,
,

,
,

,
,

,
, tgtuRtftvRtftuRtgtvR r

ka
r
ka

r
ka

r
ka

αβαβ +≥  (2.18) 

provided all of the functions f, g, u and v are restricted so that all involved 
integrals are convergent. 
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Proof. Multiplying both sides of (2.4) by 

( )
( )

( ) ( ),1 111
1

ρ>ρρ−
βΓ

+ −
β

++
β

−
tt

k
r r

k
rr

k

k  

and integrating the resulting inequality with respect to ρ from a to t, in view 
of (1.16), we are led to the desired result (2.18). ~ 

Theorem 4. Let α, β, +∈ Rk  and a, .0≥r  Also let f and g be 
synchronous functions on [ )∞,0  and l, m and n be non-negative real-valued 

functions on [ ).,0 ∞  Then the following inequality holds true: For all +∈ Rt  

with ,at >  

( ){ }[ ( ){ } ( ) ( ) ( ){ }tgtftnRtmRtlR r
ka

r
ka

r
ka

,
,

,
,

,
, 2 βαα  

( ){ } ( ) ( ) ( ){ }tgtftmRtnR r
ka

r
ka

,
,

,
,

βα+  

( ){ } ( ) ( ) ( ){ }]tgtftmRtnR r
ka

r
ka

,
,

,
,

αβ+  

( ) ( ) ( ){ }[ ( ){ } ( ){ } ( ){ } ( ){ }]tmRtnRtnRtmRtgtftlR r
ka

r
ka

r
ka

r
ka

r
ka

,
,

,
,

,
,

,
,

,
,

βαβαα ++  

( ){ }[ ( ) ( ){ } ( ) ( ){ }tgtnRtftmRtlR r
ka

r
ka

r
ka

,
,

,
,

,
,

βαα≥  

( ) ( ){ } ( ) ( ){ }]tftnRtgtmR r
ka

r
ka

,
,

,
,

βα+  

( ){ }[ ( ) ( ){ } ( ) ( ){ }tgtnRtftlRtmR r
ka

r
ka

r
ka

,
,

,
,

,
,

βαα+  

( ) ( ){ } ( ) ( ){ }]tftnRtgtlR r
ka

r
ka

,
,

,
,

βα+  

( ){ }[ ( ) ( ){ } ( ) ( ){ }tgtmRtftlRtnR r
ka

r
ka

r
ka

,
,

,
,

,
,

βαα+  

( ) ( ){ } ( ) ( ){ }],,
,

,
, tftmRtgtlR r

ka
r
ka

βα+  (2.19) 

provided all of the functions f, g, l, m and n are restricted so that all involved 
integrals are convergent. 
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Proof. Here, using the result in Lemma 2, a similar argument as in the 
proof of Theorem 3 will establish the inequality (2.19). So the detailed 
account of the proof is omitted. ~ 

Remark 1. The inequalities in Lemmas 1 and 2, and Theorems 3 and 4 
are reversed if the functions f and g are asynchronous on [ ).,0 ∞  The case 

β=α  of (2.19) reduces to the inequality in Theorem 3. 

All results presented here can yield those involving k-fractional integral 
of the Riemann-Liouville type of order α in (1.14) and, further, the classical 
Riemann-Liouville fractional integral operator in (1.15). 
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