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Abstract 

In this paper, we study the uniqueness of meromorphic functions that 
share fixed points. The result obtained in this paper extends the result 
due to Lei et al. [3]. 

1. Introduction and Main Results 

Let f be a non-constant meromorphic function in the whole complex 
plane. We adopt the standard notations in the Nevanlinna theory of 
meromorphic functions: (see [1, 2]) 

( ) ( ) ( ) ( ) ( ) ....,1,,,,,,,,, frNfrNfrNfrmfrT  

By ( ),, frS  we denote any quantity satisfying ( ) ( )( ),,, frTofrS =  as 

,∞→r  possibly outside a set of r with finite linear measure. 
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Let a be a finite complex number and k be a positive integer. We denote 

by 






− afrNk
1,)  the counting function for zeros of ( ) azf −  in rz ≤  

with multiplicity k≤  and by 






− afrNk
1,)  the corresponding one for 

which multiplicity is not counted. Let 






− afrN k
1,(  be the counting 

function for zeros of ( ) azf −  in rz ≤  with multiplicity k≥  and 








− afrN k
1,(  the corresponding one for which multiplicity is not counted. 

Set 

.1,1,1,1, (2( 






−
++







−
+







−
=







− afrNafrNafrNafrN kk  

Let f and g be two non-constant meromorphic functions. We say that f, g 
share the value a CM (counting multiplicities) if f, g have the same a-points 
with the same multiplicities and we say that f, g share the value a IM 
(ignoring multiplicities) if we do not consider the multiplicities. We denote 

by 






− afrNL
1,  the counting function for a-points of both f and g about 

which f has larger multiplicity than g, where multiplicity is not counted. 

Similarly, we have notation .1, 






− agrNL  

Fang and Hua [4] and Yang and Hua [5] obtained the following unicity 
theorem: 

Theorem A. Let ( ) ( )zgzf ,  be two non-constant meromorphic(entire) 

functions, let ( )611 ≥≥n  be a positive integer. If ff n ′  and ggn ′  share     

1 CM, then either ( ) ,1
czeczf =  ( ) ,2

czeczg −=  where 21, cc  and c are 

three non-zero constants satisfying ( ) 121
21 −=+ ccc n  or ( ) ( )ztgzf =  for a 

constant t such that .11 =+nt  
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In 2000, Fang and Qiu [6] proved the following result: 

Theorem B. Let ( ),zf  ( )zg  be two non-constant meromorphic 

functions, let 11≥n  be a positive integer. If ff n ′  and ggn ′  share z CM, 

then either ( ) ( ) ,,
22

21
czcz eczgeczf −==  where 21, cc  and c are three 

non-zero constants satisfying ( ) 14 21
21 −=+ ccc n  or ( ) ( )ztgzf =  for a 

constant t such that .11 =+nt  

In 2002, Fang [7] proved the following result: 

Theorem C. Let ( ) ( )zgzf ,  be two non-constant entire functions, let       

n, k be two positive integers with .42 +> kn  If ( )( )knf  and ( )( )kng  share 

1 CM, then either ( ) ( ) ,, 21
czcz eczgeczf −==  where 21, cc  and c are 

three non-zero constants satisfying ( ) ( ) ( ) 11 2
21 =− knk nccc  or ( ) ( )ztgzf =  

for a constant t such that .1=nt  

Recently, Xu et al. [8] proved the following theorem: 

Theorem D. Let ( ),zf  ( )zg  be two non-constant meromorphic 

functions, let n, k be two positive integers with .113 +≥ kn  If ( )( )knf  and 

( )( )kng  share z CM; ( )zf  and ( )zg  share ∞  IM, then either ( ) =zf  

( ) ,,
22

21
czcz eczgec −=  where 21, cc  and c are three non-zero constants 

satisfying ( ) 14 2
21

2 −=cccn n  or ( ) ( )ztgzf =  for a constant t such that 

.1=nt  

Recently, Lei et al. [3] improved Theorem D as follows: 

Theorem E. Let ( ),zf  ( )zg  be two non-constant meromorphic 

functions, let n, k be two positive integers with .73 +≥ kn  If ( )( )knf  and 

( )( )kng  share z CM; ( )zf  and ( )zg  share ∞  IM, then: (1) ( ) ( )ztgzf =  
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for ;2≥k  (2) either ( ) ( )
22

21 , czcz eczgeczf −==  or ( ) ( )ztgzf =  for 

,1=k  where 21, cc  and c are three non-zero constants satisfying 

( ) 14 2
21

2 −=cccn n  and t is a constant such that .1=nt  

In this paper, we define 

( )




=
>++++=

−
−

,0,
,0,

0

01
1

1
ma
mawawawawP

m
m

m
m  (1) 

where m is a non-negative integer, 0,...,,,0 110 ≠≠ − mm aaaa  are 

complex constants and hence we extend Theorem E by obtaining the 
following result: 

Theorem 1. Let ( ) ( )zgzf ,  be two non-constant meromorphic functions, 

let n, k and m be three positive integers with ,83 ++≥ mkn  ( )fP  be 

defined as in (1). If ( ( ))( )kn fPf  and ( ( ))( )kn gPg  share z CM; ( )zf  and 

( )zg  share ∞  IM, then one of the following two cases holds: 

 (i) ( ) ( )ztgzf ≡  for a constant t such that ,1=dt  where =d  

( ),...,,...,, nimnmnGCD −++  0≠−ima  for some ;...,,1,0 mi =  

(ii) f and g satisfy the algebraic equation ( ) ,0, ≡gfR  where 

( ) ( )011
1

111121, awawawawwwR m
m

m
m

n ++++= −
−  

( ).021
1

2122 awawawaw m
m

m
m

n ++++− −
−  

2. Preliminary Lemmas 

Lemma 2.1 (See [9]). Let ( )zf  be a non-constant meromorphic function 

satisfying ( )( ) ,0≡/zf k  let k be a positive integer. Then 

( ) ( ) ( ).,,1,1, frSfrNkfrN
f

rN k ++




≤








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Lemma 2.2 (See [3]). Let ( )zf  and ( )zg  be two non-constant 

meromorphic functions. If ( )zf  and ( )zg  share 1 CM; ( )zf  and ( )zg  

share ∞  IM, then one of the following cases must occur: 

 (i) ( ) ( )




 





+





≤+ grNfrNgrTfrT 1,1,2,, 22  

( ) { ( ) ( )} ( ) ( );,,,,2,4 grSfrSgrNfrNfrN LL +++++  

(ii) either ( ) ( ) 1≡zgzf  or ( ) ( ).zgzf ≡  

By using the same method as in Lemma 5 of [8], we obtain the following 
lemma: 

Lemma 2.3 (See [8]). Let ( )zf  and ( )zg  be two non-constant 

meromorphic functions, ( )fP  be defined as in (1), 0,0 >> kn  and 0≥m  

be three integers with .12 ++> mkn  If [ ( )]( ) [ ( )]( ) ,knkn gPgfPf =  then 

( ) ( ).gPgfPf nn =  

Lemma 2.4 (See [10]). Let ( )zf  and ( )zg  be two non-constant 

meromorphic functions, ( ),1≥n  ( ),1≥k  ( )1≥m  be three integers. Then 

[ ( )]( ) [ ( )]( ) .2zgPgfPf knkn ≠⋅  

3. Proof of Theorem 1 

Let ( )fP  be defined as in (1). Set ( ),fPfF n=  ( ).gPgG n=  Thus, 

( )

z
F k

 and 
( )

z
G k

 share 1 CM; 
( )

z
F k

 and 
( )

z
G k

 share ∞  IM. Suppose that 

( ) ( )









+








z

GrTz
FrT

kk
,,  

( ) ( )

( )









+















+






≤ z

FrN
G

zrN
F

zrN
k

kk ,4,,2 22  
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( ) ( )
( ) ( ).,,,,2 grSfrSz

GrNz
FrN

k
L

k
L ++

















+








+  (2) 

We note that 

( ) ( ) 




+








kk G
rN

F
rN 1,1, 22  

( ) ( ) ( ) 













−






−






≤ kkk F

rN
F

rN
F

rN 1,21,1, 3(3(  

( ) ( ) ( ) .1,21,1, 3(3( 













−






−






+ kkk G

rN
G

rN
G

rN  (3) 

If 0z  is a zero of ( )zf  with multiplicity p, then 0z  is a zero of [ ( )]( )kn fPf  

with multiplicity ,knp −  we have 

( ) ( ) ( ) ( ).1,21,21, 3(3( frNkn
F

rN
F

rN kk −−≥





−






  (4) 

Similarly, 

( ) ( ) ( ) ( ).1,21,21, 3(3( grNkn
G

rN
G

rN kk −−≥





−






  (5) 

By equations (2)-(5), we have 

( ) ( ) 




+








kk G
rT

F
rT 1,1,  

( ) ( ) r
G

zrT
F

zrT kk log2,, +





+






≤  

( ) ( )
( )1log2,, Orz

GrTz
FrT

kk
++








+








≤  

( ) ( ) ( )frN
G

rN
F

rN kk ,41,1,2 +













+






≤  
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( ) 




 





+





−++ grNfrNnk 1,1,22  

( ) ( )
( ) ( ).,,,,2log6 grSfrSz

GrNz
FrNr

k
L

k
L ++

















+








++  (6) 

Note that 

( ) ( ) ( )frS
F

rmFrmfrmmn k ,1,1,1, +





≤





=





+  

( ) ( ) ( ).,1,1, frS
F

rN
F

rT kk +





−






≤  (7) 

Similarly, we have 

( ) ( ) ( ) ( ).,1,1,1, grS
G

rN
G

rTgrmmn kk +





−






≤





+  (8) 

From equations (6)-(8) and Lemma 2.1, we have 

( ) ( ) ( )[ ]grTfrTmn ,, ++  

( ) ( ) ( ) 




 





+





−+++






+






≤ grNfrNnmk

G
rN

F
rN kk

1,1,421,1,  

( )
( ) ( )

















+








+++ z

GrNz
FrNfrNr

k
L

k
L ,,2,4log6  

( ) ( )grSfrS ,, ++  

( ) ( ) ( )frNkgrNfrNmk ,421,1,22 ++




 





+





++≤  

( ) ( )
( ) ( ).,,,,2log6 grSfrSz

GrNz
FrNr

k
L

k
L ++

















+








++  (9) 
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Noting that [ ( )]( )kn fPf  and [ ( )]( )kn gPg  share z CM; ( )zf  and ( )zg  

share ∞  IM, we have 

( ) ( )
( ) ( ).,,,,2 grNfrNz

GrNz
FrN

k
L

k
L +≤

















+








 

From (9), we have 

( ) ( ) ( )( )grTfrTmn ,, ++  

( ) ( ) ( ( ) ( ))grNfrNkgrNfrNmk ,,31,1,22 +++




 





+





++≤  

( ) ( ).,,log6 grSfrSr +++  (10) 

Next, we consider two cases: 

Case 1. Either ( )zf  or ( )zg  is a transcendental meromorphic function. 

If ,83 ++> mkn  then it follows from (10) that 

( ) ( ) ( ) ( ),,,log6,, grSfrSrgrTfrT ++≤+  

a contradiction. If ,83 ++= mkn  then from (10), we get 

( ) ( ) ( ) ( ).,,,,, 2(2( grSgrNfrSfrN ==  

Thus, 

( )
( )

( )
( ).,,,,, grSz

GrNfrSz
FrN

k
L

k
L =








=








 

It follows from (9) that 

( ) ( ) ( ) ( ),,,log6,, grSfrSrgrTfrT ++≤+  

a contradiction. 

Case 2. Both ( )zf  and ( )zg  are two non-constant rational functions. If 

( )zf  is a polynomial, then ( )zg  is a polynomial. Thus, from (9), 

( ) ( ) ( )( ) ( ),1log6,,3log8 OrgrTfrTkr +≤++≤  
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a contradiction. Thus, both ( )zf  and ( )zg  are non-polynomial rational 

functions. By (10), we have 

( ) 




 





+





++ grmfrmmk 1,1,22  

( ) ( ( ) ( ) ( ) ( ))grNfrNgrNfrNk ,,,,3 2(2(2(2( −−+++  

( ) ( ) ( )( ) ( ).1log6,,3 Orgrmfrmk +≤+++  (11) 

Set 

( ) ( )
( ) ( ) ( )

( ) ,;
1
2

1
2

zq
zqzgzp

zpzf ==  

where both ( ) ( )zpzp 21 ,  and ( ) ( )zqzq 21 ,  are co-prime polynomials. 

If ,degdeg 12 pp >  then ( ) ( ) .logdegdeg, 12 rppfrm −=  It follows 

from (11) that 

( ) ( ) .0,,0, 2(2( == grNfrN  

Thus, 

( ) ( )
.0,,0, =








=








z

GrNz
FrN

k
L

k
L  

It follows from (9) that 

( ) ( ) ( ) 




 





+





++++≤ grmfrmmkgrTfrTr 1,1,422,,log6  

( ) ( ) ( )( )grmfrmk ,,2 +++  

( ).1log6 Or +≤  

Hence, 

( ) ( ) ( ) ( ) ,;
1
01

1
01

2
2

zz
bzbzgzz

azazazf
−
+

=
−

++
=  (12) 



Harina P. Waghamore and Sangeetha Anand 224 

where 01012 ,,,, bbaaa  are constants with .012 ≠ba  From (12), we have 

( ( ))( ) ( )
( )

( ( ))( ) ( )
( )

,;
11

kmn
kn

kmn
kn

zz
zQgPg

zz
zPfPf ++++ −

=
−

=  

where ( ) ( )zQzP ,  are polynomials with ( )mnP += 2deg  and nQ =deg  

.1−+ m  Thus, ( ( ))( ) zfPf kn −  has ( )mn +2  zeros (counting multiplicity) 

but ( ( ))( ) zgPg kn −  has only ( )1+++ kmn  zeros (counting multiplicity). 

This contradicts ( ( ))( )kn fPf  and ( ( ))( )kn gPg  share z CM. Thus, ≤2deg p  

.deg 1p  If ,degdeg 12 pp <  then ( ) ( ) .logdegdeg1, 21 rppfrm −=  It 
follows from (11) that 

( ) ( ) ( )1log61,22 Orfrmmk +≤++  

and ( ) ( ) .0,,0, 2(2( == grNfrN  Thus, 

( ) ( )
.0,,0, =








=








z

GrNz
FrN

k
L

k
L  

From (9), 

( ) ( ) ( ) ( ),1log61,22,,log8 OrfrmmkgrTfrTr +≤




++++≤  

a contradiction. Thus, .degdeg 12 pp ≥  Hence, .degdeg 12 pp =  Thus, by 
(11), we have 

( ) ( ( ) ( ) ( ) ( ))grNfrNgrNfrNk ,,,,3 2(2(2(2( −−++  

( ).1log6 Or +≤  (13) 

If ( )zf  has a pole with multiplicity atleast 3, then by (13), we have 

( ) ( ),1log6log32log8 Orrkr +≤+≤  

a contradiction. If ( )zf  has two multiple poles, then by (13), we have 

( ) ( ),1log6log32log8 Orrkr +≤+≤  
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a contradiction. Thus, ( )zf  has at most one multiple pole and its multiplicity 

is 2. Similarly, we can get that ( )zg  has one multiple pole with multiplicity 

2. If both ( )zf  and ( )zg  have one multiple pole, then by (13), we have 

( ) ( ),1log6log32log8 Orrkr +≤+≤  

a contradiction. If ( )zf  has single multiple pole and ( )zg  has only simple 

poles, then 

( )
( ) ( ) ( )

,
12

2
1

0
1

1

−

−
−

−−−

+++
=

t

t
t

t
t

zzzzzz
azazazf  

( ) ( ) ( ) ( ) ,
121

0
1

1
−

−
−

−−−
++

=
t

t
t

zzzzzz
bzbzg  (14) 

where lz  ( )1...,,2,1 −= tl  are distinct complex numbers and ia  

( ) ( )1...,,1,0,...,,1,0 −== tjbti j  are constants with .01 ≠−ttba  From 

(14), we have 

( ( ))( ) ( )
( ) ( ) ( )

,
12

22
1

1
kmn

t
kmnkmn

kn

zzzzzz
zPfPf ++

−
++++ −−−

=  

( ( ))( ) ( )
( ) ( ) ( )

,
121

1
kmn

t
kmnkmn

kn

zzzzzz
zQgPg ++

−
++++ −−−

=  

where ( ),1 zP  ( )zQ1  are polynomials with 12deg 1 −−++≤ kmtktntP  

and .12deg 1 −−−++≤ knmtktntQ  Thus, ( ( ))( ) zfPf kn −  has ktnt +  

1+−+ kmt  zeros (counting multiplicity) but ( ( ))( ) zgPg kn −  has only 

( )1+−−++ knmtktnt  zeros (counting multiplicity). This contradicts 

( ( ))( )kn fPf  and ( ( ))( )kn gPg  share z CM. Similarly, if ( )zg  has single pole 

and ( )zf  has only simple poles, then we get a contradiction. Therefore, both 

( )zf  and ( )zg  have only simple poles, then we have 
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( ( ))( ) ( )
( ) ( ( ))( ) ( )

( ) ,;
2
2

2
1

zP
zhgPgzP

zhfPf knkn ==  

where both ( ) ( )zPzh 21 ,  and ( ) ( )zPzh 22 ,  are co-prime polynomials with 

{ } .degdeg,degmax 221 Phh <  Since ( ( ))( )kn fPf  and ( ( ))( )kn gPg  share        

z CM, ( ) ( ).21 zhzh ≡  Thus, ( ( ))( ) ( ( ))( ).knkn gPgfPf ≡  Therefore, by 

Lemma 2.2, we get either 

 (i) ( ( ))( ) ( ( ))( )knkn gPgfPf ≡  or 

(ii) ( ( ))( ) ( ( ))( ) .2zgPgfPf knkn ≡⋅  

By Lemma 2.4, Case (ii) is impossible. By Lemma 2.3, we get ( )fPf n  

( )gPgn≡  from Case (i). 

( )0
1

1 afafaf m
m

m
m

n +++⇒ −
−  

( ).0
1

1 agagag m
m

m
m

n +++≡ −
−  (15) 

Let ,gfh =  if h is constant. Then substituting ghf =  in (15), we get 

( ) ( ) ( ) 0111 0
11

1 =−++−+− −+−+
−

++ nnmnmn
m

mnmn
m hgahgahga  

which implies ,1=dh  where ( ),...,,...,, nimnmnd −++=  0≠−ima  

for some ....,,1,0 mi =  Thus, tgf =  for a constant t such that ,1=dt  

where ( ) 0,...,,...,, ≠−++= −imanimnmnd  for some ....,,1,0 mi =  

If h is not constant, then f and g satisfy the algebraic equation ( ) ,0, =gfR  

where 

( ) ( )011
1

111121, awawawawwwR m
m

m
m

n ++++= −
−  

( ).021
1

2122 awawawaw m
m

m
m

n ++++− −
−  

Hence the proof of Theorem 1. 
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Note. When ( ) ,0awP =  then the above theorem reduces to Theorem E. 
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